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A generalization of Hu’s algorithm for resource leveling

Péter Gyorgyi! and Tamas Kis!

HUN-REN SZTAKI
gyorgyi.peter, kis.tamas@sztaki.hu
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1 Introduction

Resource leveling is a traditional challenge in project scheduling that focuses on manag-
ing the demand for shared resources across multiple projects. A primary goal is to maintain
consistent workload levels, which is the central focus of this paper. Due to the problem’s
complexity, polynomial-time optimization or approximation algorithms are generally infea-
sible, leading to the predominance of exact methods and heuristics in this area (Ballestin et.
al. (2007), Hartmann and Birskorn (2022)). The problem has several practical applications,
e.g., in construction industry (Kreter et al. 2014) and in chemical engineering (Megow et
al. 2011).

In this paper we study a variant of the resource leveling problem, in which there is a
set of n unit-time jobs, each one requiring one unit from a common resource. The jobs
have a common deadline d. There is a precedence relation among the jobs inducing a set
of in-trees. In addition, there is a convex function f of the resource usage. A schedule S
specifies a start time S; € {0,...,d — 1} for each job j. A schedule is feasible if it respects
the precedence constraints, that is, S; < S; whenever job ¢ precedes job j in the precedence
relation. The cost of a schedule S is cost(S) := Zf;ol F(£5(t)), where £°(t) is the resource
usage in time interval [¢,¢ 4 1]. The goal is to find a feasible schedule of minimum cost.
Note that a feasible schedules exists if and only if the length of the longest directed path
in the precedence graph is at most d. We emphasize that f can be any convex function,
which permits to model some popular objective functions in resource leveling. For instance,
using f(¢) = max{0, ¢ — ¢}, we can penalize resource usage exceeding a threshold ¢, which
was studied by (Bendotti 2024). If f(¢) = (¢ — ¢)?, then the squared deviation from c is
minimized.

2 Preliminaries

The height of job j, denoted by h(j) is the length of the path between j and the
root of its in-tree in the precedence graph. Let r be such that h(j) < r for each job j.
Let V; := {j : h(j) = i} for i« = 0,...,r. The scheduling graph G has a set of nodes
N ={0}uU{d—r,...,d} and a set of edges E = {(a,b) € N x N | a < b}. The set of
jobs J(t,.u) corresponding to an edge (¢,u) of G is |J!_, Vi, where & = d — u, and y = r if
t=0,and y = d—t—1 otherwise. Let s ») = |T(1,u)l/(u—1). For any edge (t,u) of G, its
ideal profile is a mapping p : {¢,...,u — 1} — Z<¢ such that Z;‘;lp(T) = |Jt,u)| and
[y =pt) > pt+1) > - > p(u—1) = |- Observe that for any edge (t,u) of
@G, the ideal profile p always exists and is unique.

We construct the optimal schedule by concatenating partial schedules corresponding
to the edges of a path P of the scheduling graph G from node 0 to node d. For an edge
(t,u) € P, the jobs of J; ., will be scheduled in the time interval [t,u]. The shape of such
a partial schedule will be determined by the ideal profile of (¢, u). However, such a schedule
may not be feasible for an edge (¢, u).



Definition 1. Let (t,u) be an edge of G, and p its ideal profile. A schedule S of J )
specifies a time point S(j) € {t,...,u — 1} for each j € J1 ), and it is feasible for p if
i € Tuw | S(G) =7} = p(7) for each T € {t,...,u—1}, while S(j) < S(j') for each pair
of jobs such that j must precede j'. The ideal profile p is feasible if there exists a feasible
schedule for p.

Note that if the ideal profile of (¢, u) is feasible, then the cost of the feasible schedule of
Tty in [t u] is Zz;tl f(p-), and one can prove that any other schedule of J(; ) in [t,u]
cannot have a smaller cost.

Definition 2. Let (t,u) be an edge of G, and p its ideal profile. Consider an assignment
(mapping) o : JTuuy — {t,...,u—1}. We say that o satisfies the Generalized Hu Con-
dition (shortly GHC) for p if (i) [{j € Jtu) = o(j) = 7} = p(r) for each time point
Te{t,...,u—1}, and (ii) o(j) +h(j) < d—1 for each job j € T .y. We say that an ideal
profile p is GHC if there exists an assignment o as above satisfying the GHC for p.

Note that the assignment o in the above definition may not respect the precedence con-
straints among the jobs of Jiy ).

Ezample 1. Consider an instance with jobs ji, ja, ..., j22, and deadline d = 8. Figure 1(a)
depicts the precedence graph. The red ellipses indicate the jobs with the same height, e.g.,
jobs with height h(j) = 3 are in V3. The corresponding scheduling graph G is depicted in
Figure 1(b). The blue rectangle in Figure 1(a) indicates the jobs correspond to edge (3, 7) of
G, i.e., the jobs of J(3 7). Since |J3,7)| = 9, p = (3,2,2,2) is the ideal profile of edge (3,7).
Let 0(j2) = o(js) = 6, o(js) = 0(js) =5, 0(js) = 0(j7) = 4, 0(js) = o(jo) = 0 (jr0) = 3
be an assignment of jobs of J(3 7y to time points in {3,...,6}. Note that o is not a feasible
schedule for these jobs, since o(js5) = o(ja). Nevertheless, o satisfies the GHC for ideal
profile p, thus p is GHC.

Fig. 1. (a) precedence graph for the example, (b) the corresponding scheduling graph G.

Consider any edge (¢,u) of G, and its ideal profile p. If p is feasible, then the feasible
schedule of J(; ., in the interval [t,u] constitutes an assignment of J(; ., to time points in
{t,...,u— 1} which satisfies the GHC. Hence, p is GHC. One can prove that the converse
also holds using a modified version of the method of (Hu 1961).

Theorem 1. The ideal profile p for an edge (t,u) of G is GHC if and only if p is feasible.

We can further filter the edges of G by the following definitions.



Definition 3. We say that edge (t,u) of G is good if its ideal profile is feasible. Edge (t,u)
is a maximal good edge if it is good, and there exists no t1 < t such that (t1,u) is a good
edge of G. We call a feasible schedule for the ideal profile of the edge an ideal schedule.

As it will turn out in the next section, there exists an optimal solution which corresponds
to a path P in G from node 0 to node d consisting of maximal good edges only.

6

Jo | J7 | 43 | J2

Jio| Jg | Js | Ja
m
2/

(a) (b)

Fig. 2. (a) Good edges of G, and (b) ideal schedule for edge (3, 7).

Observe that a good edge always has an ideal schedule and edge (¢,u) of G is good
if and only if its ideal profile is GHC. To decide if an edge (¢,u) of G is good, we define
an assignment o,y as follows. We index the jobs of J; . in monotone decreasing height
order, that is, if j, j* are distinct jobs in J( .y, then j < 5 if h(j) > h(j). Consider the
ideal profile p of edge (t,u). We assign the first p(t) jobs of J(;,,) (in the < order) to time
point ¢, the next p(t+ 1) jobs to time point ¢ + 1, etc. By the definition of the ideal profile,
each job of J( ., is assigned to a time point in {¢,...,u — 1}.

Proposition 1. Edge (t,u) of G is good if and only if o, ) satisfies the GHC for the ideal
profile p of edge (t,u). Moreover, for any u € N \ {0}, there exists a mazimal good edge
(t,u) in G.

Ezample 2. Consider the previous example. Figure 2 (a) depicts the good edges of G. The
red and blue edges are the maximal good edges of G. Among them, the red edges constitute
a path from node 0 to node d. Moreover, observe that (5,8) is a good edge of G, while
(6,8) is not. Part (b) of the same figure depicts an ideal schedule for edge (3, 7). The ideal
profile of edge (3,7) is p3,7) = (3,2,2,2), since a3 7y = | T3] /(7 — 3) = 2.25.

Proposition 2. If edge (t,u) of G is good, then for any convex cost function, any ideal
schedule of (t,u) has the least cost among all feasible schedules of J 4 ., in the time interval
[t,u].

3 The main algorithm

The algorithm Optimize seeks a path P in G consisting of maximal good edges only. In
Step 3a, a maximal good edge is sought which ends in u. Such a maximal good edge exists
by Proposition 1. In Step 3b, path P is extended with the edge (¢,u) from the left.

Algorithm Optimize

1. If r+ 1 > d, then exit (no feasible solution exists).
2. Let P = empty path, u = d.
3. While u > d — r do:
(a) Find the smallest t € {0} U{d —r,...,u— 1} such that edge (¢,u) is good by using
Proposition 1.
(b) Let P := (t,u) + P. Compute the ideal schedule of interval [t,u]. Set u = t.



4. Output the schedule S%9 obtained by concatenating the schedules of consecutive edges
of path P.

Ezample 3. Continuing our previous example, Algorithm Optimize determines P as the
red edges of Figure 2 (a). It outputs the schedule depicted in Figure 3.

J22|J18 |14

j21 |d17 313|310

J20 |J16|d12 | Jo | J7 | I5 | 93

Jji9|Jd15 |J11| 8 | de6 | ja | d2 | J1

Fig. 3. Schedule obtained by Algorithm Optimize.

Theorem 2. Algorithm Optimize provides an optimal solution of the resource leveling
problem on a set of in-trees with a convex cost function in O(r3 +r-nlogn) time.

4 Computational evaluation

To better appreciate our polynomial time method, we have also formalized our resource
leveling problem in a mixed-integer program with a quadratic objective function f(¢) = ¢2.
When solving this model, the solver (FICO Xpress) struggled with proving optimality of
the solutions found even for 20 jobs. We have also reformulated the objective function as
a piecewise linear function, and then we could solve problems with up to 70 jobs within
a second, but for 200 jobs the solution time was more than 7 seconds, and for 400 jobs it
was more than 3 seconds. In contrast, our dedicated algorithm solves these instances in a
split of a second.
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1 Introduction

Earned Duration Management (EDM) is a project duration forecasting ap-
proach that measures project progress directly in duration units, fully decou-
pling time from cost to avoid the inconsistencies of traditional EVM schedule
indicators [Khamooshi and Golafshani, 2014]. Empirical studies show that EDM
provides a more reliable assessment of schedule performance and can match or
even outperform advanced EVM-based forecasting methods [Batselier and Van-
houcke, 2015]. Within EDM, three forecasting methods are distinguished by
how the remaining duration is scaled when calculating the time Estimate at
Completion (EAC(t)). EDMI bases its forecasts directly on the planned sched-
ule, while EDM2 and EDM3 adjust the remaining duration using the Schedule
Performance Index (SPI) and the Schedule Cost Index (SCI), respectively. Fur-
thermore, recent research shows that the forecasting accuracy of these EDM
methods depends on project characteristics such as network topology, resource
flexibility, and time-cost correlation [Khamooshi et al., 2021]. Given the three
EDM methods and their sensitivity to project characteristics, selecting the most
appropriate method for a specific project remains challenging.

To address this challenge, we propose a novel methodology to determine
the most suitable EDM method for each project class. To achieve this, the
study employs the Chi-squared Automatic Interaction Detector (CHAID) re-
gression [Kass, 1980], a transparent tree-based classification technique designed
to identify the project characteristics that most strongly influence forecasting
accuracy. As a tree-based model, CHAID evaluates project characteristics and
performs splits, where each split represents a statistically significant division of
the data based on the variable most closely associated with the target. Through
this sequential partitioning, the algorithm creates nodes that group structurally
similar projects. The process continues until terminal nodes are generated, each
representing a final class of projects with highly homogeneous characteristics.



Building on this classification, we apply a node-specific uplift adjustment
inspired by Reference Class Forecasting (RCF). In RCF, an uplift is defined
as a data-driven correction term that accounts for the typical forecasting de-
viation observed in a comparable reference class of past projects [Flyvbjerg
and COWI, 2008]. Following the same principle, for each terminal node in the
CHAID tree, the signed percentage forecasting errors of the projects within that
structural class are collected, and their median is computed as the uplift fac-
tor. This median-based uplift quantifies the characteristic bias of that project
class—indicating whether its forecasts tend to be systematically optimistic or
pessimistic. Applying this class-specific uplift to the predicted completion time
yields an adjusted and more realistic EAC(t) estimate for any new project as-
signed to that cluster.

The objective of this research is to develop a interpretable forecasting frame-
work that: (i) classifies projects into homogeneous structural groups using CHAID
regression; (ii) selects the most suitable EDM method per group; (iii) quanti-
fies class-specific forecasting error as an uplift factor; and (iv) improves EDM
duration predictions through targeted uplift adjustments.

2 Methodology

The analysis consists of four main stages. In the first stage, a large set of ar-
tificial data is generated. In the second stage, a CHAID regression model is
trained to identify the characteristic profiles associated with different forecast-
ing behaviours. In the third stage, a node-specific uplift factor is derived from
the median forecasting error of similar projects and incorporated into the se-
lected EDM method. In the fourth stage, the quality of the CHAID clustering
and the effectiveness of the uplift adjustments are evaluated. Each of these four
stages is explained in detail in the following paragraphs.

In the first stage, a large set of static and dynamic data is generated using
artificial project instances introduced by [Vanhoucke et al., 2008] to ensure suf-
ficient variation in project characterization. The static data consist of project
characteristics available before the project start, including network-related in-
dicators (Coefficient of Network Complexity (CNC), Order Strength (OS), Se-
rial/Parallel indicator (SP), Activity Distribution (AD), Long Arcs (LA), Topo-
logical Float (TF)) and resource-related indicators (Resource Factor (RF), Re-
source Use (RU), Resource Constrainedness (RC), Resource Strength (RS)). For
a detailed discussion of these indicators, readers are referred to [Vanhoucke and
Coelho, 2021]. The dynamic data consist of simulated project execution and
follow the framework proposed by [Unsal Altuncan and Vanhoucke, 2025]. More
precisely, each project is scheduled using a priority-rule-based approach under
the Earliest Start Schedule (ESS), after which activity durations are sampled
under three uncertainty settings (low, medium, and high) using lognormal dis-
tributions calibrated with different scale parameters. During the simulations,
project progress is monitored and EAC(t) is computed at three tracking peri-
ods (early, middle, and late stages) using the three EDM methods individually.



Forecast accuracy is assessed using the Mean Percentage Error (MPE). At the
end of this stage, the complete dataset is randomly divided into a training set
(75%) and a test set (25%) for subsequent modelling and evaluation.

In the second stage, a CHAID regression model is applied to the training
set to identify how project characteristics shape the forecasting behaviour of
the EDM methods. Using EDM performance at the three tracking periods as
the target variables, and the indicators and uncertainty levels introduced earlier
as predictors, CHAID selects the predictor that best differentiates forecasting
accuracy and recursively partitions the data. This process continues until no
additional meaningful splits remain. The resulting terminal nodes represent dis-
tinct structural classes, and for each class the EDM method with the lowest
median absolute forecasting error is selected as the best-performing method.

In the third stage, node-specific uplift factors are computed. For each node
¢, all projects assigned to that node provide their signed percentage forecasting
errors from the selected EDM method. The median of these deviations defines
the uplift factor u., representing the typical adjustment needed for projects in
that structural class.

In the fourth stage, the CHAID classification and uplift factors are evalu-
ated using the test set. Each project is assigned to its corresponding terminal
node based on its characteristics, and its EDM estimate is corrected using the

— a

d —

adjustment formula FAC(t), o EAC(t),(1+u.). The accuracy improvement
gained by integrating CHAID-based clustering with node-specific uplifts is then
assessed by comparing adjusted forecasts with realised durations.

3 Preliminary Results

Applying the CHAID regression model to the training dataset resulted in 28
terminal nodes, each representing a structurally homogeneous class of projects.
For every node, the characteristic forecasting deviation is captured by its uplift
factor u., and the best EDM method is selected based on the lowest median
absolute forecasting error. Each project assigned to node c receives an uplift-
adjusted forecast FAC;(t)*Y, and the resulting accuracy is re-evaluated.

Table 1. Summary of representative CHAID nodes and uplift adjustments.

Stage Best Method Node N Uplift Rule AErr (%)
Late EDM1 21 30 -0.005 OS > 0.63, RU > 3.30, RS > 0.55 4.16
Early EDM2 24 207 0.013 OS > 0.79, LA > 0.07, RU > 1.90 3.25
Late EDM2 27 68 -0.026 U > 0.50, SP > 0.33, OS > 0.45 2.51
Middle EDM1 25 31 -0.339 U > 0.50, SP < 0.33, TF < 0.17 6.82
Late EDM3 22 46 0.004 U > 0.50, RU > 3.90, RC > 0.37 8.29

Table 1 summarises a representative subset of these nodes, reporting their
tracking stage, selected EDM method, uplift factor, dominant structural charac-



teristics, and the improvement in mean absolute forecasting error after applying
the uplift.

The CHAID results show that measures related to network complexity fre-
quently appear in the upper splits of the tree, indicating that structural complex-
ity plays a major role in differentiating forecasting behaviour. Resource-related
characteristics also contribute meaningfully to the model, though their influence
varies across branches.

The preliminary results show that node-specific uplift factors systematically
reduce forecasting bias and improve accuracy across a wide range of structural
classes. Across the representative nodes analysed, the uplift adjustment leads
to improvements of approximately 2%—8% in mean absolute percentage error.
Although the magnitude of improvement varies across project types, the find-
ings indicate that combining structural segmentation with uplift correction can
support more adaptive and context-sensitive duration forecasting.
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1 Introduction

An increasing share of value-adding activities in companies is nowadays organized as
projects. A key component of planning such projects is project scheduling, i.e., the al-
location of scarce resources to project activities over time. A technique that has gained
importance for solving project scheduling problems in recent years is mixed-integer lin-
ear programming (MILP), driven by substantial improvements in solver performance and
the convenient off-the-shelf availability of modern MILP solvers for practitioners (cf. Ar-
tigues et al. (2015)).

We consider the resource-constrained project scheduling problem (RCPSP), which can
be described as follows: given is a set of precedence-related activities that require time and
capacities of scarce resources for execution. The resources are renewable, i.e., a constant
number of units of each resource type (e.g., personnel or equipment) is available in each
time period, and each activity requires a prescribed amount of each resource type from
its start until its completion. Sought is a schedule with a minimum project completion
time (makespan) that respects the precedence relations and resource availabilities.

Various approaches to formulating the RCPSP as a MILP model have been proposed
in the literature. These models are typically categorized into discrete-time (DT) and
continuous-time (CT) models. In DT models, the planning horizon is divided into equal-
length intervals, with binary variables indicating whether an activity starts at the beginning
of an interval (cf. Pritsker et al. (1969)). In CT models, the start times of the activities are
represented via continuous variables, and binary variables are used to indicate completion-
start sequencing relations between pairs of activities; different approaches have been pro-
posed to formulate the resource constraints: the resource-flow model represents resource
usage as a flow in a corresponding network (cf. Artigues et al. (2003)), and the resource-
assignment model assigns individual resource-units to activities (cf. Rihm and Trautmann
(2017)). When comparing the linear programming (LP) relaxations of DT and CT models,
those of CT models are weaker than those of DT models (cf., e.g., Artigues et al. (2015)).

In this abstract, we review the sequence-based CT model presented in Klein et al.
(2024), which uses binary start-start sequencing variables in addition to the completion-
start sequencing variables. To strengthen the model’s LP relaxation, we propose to add
workload-based constraints, which can be added to other CT models as well. Our compu-
tational results on established benchmark instances indicate that the proposed constraints
considerably reduce the MIP gap of the analyzed CT models.

The remainder of this abstract is structured as follows. Section 2 formally describes the
RCPSP and presents an example. Section 3 reviews the sequence-based model and intro-
duces the workload-based constraints. Section 4 presents the results of our computational
study. Section 5 provides concluding remarks.
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2 Problem statement

We denote the set of project activities as V = {0,1,...,n,n+ 1}, which is composed of
n real activities and the two fictitious activities 0 and n + 1, representing the project start
and completion, respectively. The activity durations are denoted by p;, where we assume
D;i € Z>¢, and the planning horizon is denoted as T'. Set £ C V' x V denotes the precedence
relations among pairs of activities, and TE denotes the transitive closure of FE. Set R
denotes the set of resource types; Ry units of type k are available, and activity i requires r;x
units for execution. As illustrative example, we consider a project that comprises n = 4 real
activities, which require units of one renewable resource k = 1 with a capacity of Ry = 4.
The durations and resource requirements of the activities as well as the precedence relations
among them are depicted in the activity-on-node graph in Fig. 1a.

The goal is to devise a schedule, i.e., start times of all activities, that minimizes the
makespan while respecting all precedence relations and ensuring that the total requirement
of each resource type does not exceed its availability at any point in time. Fig. 1b displays
an optimal schedule for the example project.

Fig. 1: Example project

(a) Activity-on-node graph  (b) Optimal project schedule
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3 Model formulation and enhancement

In Subsection 3.1, we review the continuous-time formulation presented in Klein et al.
(2024). In Subsection 3.2, we present the novel workload-based constraints.

3.1 Sequence-based model

The model is based on three groups of variables. The first group are continuous variables
S;, which represent the start times of the activities ¢ € V. In the example schedule in
Fig. 1b, activity 2 starts at time Sy = 2. The second group are binary completion-start
sequencing variables y;;, where y;; = 1 indicates that activity ¢ must be completed before
activity j starts; e.g., 12 = 1 implies that activity 1 must be completed before activity 2
starts. The third group are binary start-start sequencing variables z;;, where z;; = 1
indicates that activity ¢ starts before or at the same time as activity j; e.g., activities 1
and 3 start at the same time, i.e., 213 = 1 and 237 = 1. The sequence-based model then
reads as follows:

Min. S,41 (1)
st Si+pi <85 +T(1—yyy) (i,j €V, i #]j) (2)
S; =8 +1< Tz (i, €V, i #7) (3)
yij =1, yji=0 ((i,j) € TE) (4)
Tik + Z k(250 — Yji) < Ry (ieV, keR) (5)

JEV, j#i

The objective (1) is to minimize the project duration, i.e., the start time of fictitious
activity m + 1. Constraints (2) link the completion-start sequencing and the start time
variables, i.e., if y;; = 1, S; + p; < S; must hold. Constraints (3) link the start time and

11



start-start sequencing variables, i.e., if S; < S, z;; = 1 must hold. Constraints (4) ensure
that the precedence relations are respected. Constraints (5) ensure that at the start of
activity ¢, the total requirement of resource type k, i.e., the requirement of activity 4
plus the total requirement of all activities in progress at the start of activity i, does not
exceed the capacity Ry. To improve the model’s computational performance, additional
valid inequalities can be added (cf. Klein et al. (2024)).

3.2 Model enhancement

The workload wl;; of an activity 7 for resource type k is defined as its cumulated
resource requirement throughout its duration, i.e., wl;; = p;rik. In the example project,
activity 2 requires 4 resource units for 2 units of time, i.e., its workload is wly; = 8. It is well
known that the total workload of resource type k, divided by its capacity Ry, represents
a lower bound on the makespan: S, > [Rik > icy Pirix]. For the example project, the
total workload of all activities is 17, implying a minimum project duration of [%7] =5,
which equals the critical path-based lower bound, see Fig. 2a.

As an enhancement of the sequence-based model, we propose to add the following
constraints that evaluate the workload processed before an activity:

1 )
i = 4l > pirinyi) (JEV, k€R) (6)
i€V, i#j
Tyij > Sj— (Si+pi) +1 (6,5 € Vi #j) (7)
For each activity j, y;; = 1 indicates that activity ¢ must be completed before activity j
starts, which implies that the total workload of all activities ¢ with y;; = 1 must be

processed before the start of activity j. This is enforced by constraints (6). In the example
project, the precedence relations prescribe that activity j = 4 cannot start before the
workload of activities 1 and 2 has been processed. Since this requires at least 3 units of
time, constraint (6) increases the lower bound on the project duration to 6, see Fig. 2b.

In addition to the precedence relations, completion-start sequencing relations can also
be enforced via branching on some of the variables y;;, which may be necessary to respect
the resource constraints. To enforce that for any pair of activities ¢ and j with S; +p; < S,
yi; > 0 must also hold, we propose to add constraints (7). In the example project, the solver
may branch such that yso = 1 holds, which implies that the workload of activities 1, 2,
and 3 must be processed before the start of activity 4. In the LP relaxation of the sequence-
based model, constraints (7) cause y34 to also take a positive value, enhancing the lower
bound on the makespan in this branch to 6.1875, see Fig. 2c.

The proposed constraints are related to the concept of energetic reasoning, in which
the workload is evaluated over predefined time intervals (cf., e.g., Baptiste and Demassey
(2004)). The proposed constraints differ, however, in that they provide explicit lower
bounds for activity start times based on precedence relations and branching decisions.

Fig. 2: Workload-based bounds for the example project
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4 Computational results

We used the set CV (cf. Coelho and Vanhoucke (2020)), which comprises 623 “hard to
solve” instances with 20-30 activities and 1-4 resource types. We compared the sequence-
based model (SEQ) against the DT model (PDT) and the CT models based on flows (FCT)
and assignments (CTAB). For each model, we tested a variant without and with the novel
workload-based constraints (~WL). We used an Apple workstation with an M4 Max CPU
and 128 GB RAM. We implemented all models in Python 3.13, and used Gurobi 12.0.3
using up to two threads as the MILP solver with a time limit of 60 seconds per instance.

Table 1 lists the number of instances which have been solved to feasibility and opti-
mality, the number of instances for which the best solution among all variants has been
devised, the average gap between the best upper and lower bounds devised within the time
limit (MIP gap), and the average gaps of the best upper and lower bounds to the critical
path-based lower bound. For all CT models, our results indicate that the workload-based
constraints improve their performance considerably and strongly reduce the average MIP
gap. One possible reason for this is that the optimal makespan of the CT models’ root-node
LP relaxation increases by over 90%, on average. For the DT model, however, analogous
constraints were not advantageous in this test.

Table 1: Computational results for set CV

4 Feas # Opt  # Best GapMIP GapUB*-CPM GaplB*-CPM

PDT 623 28 203 12.64% 151.04% 119.20%
PDT-WL 623 23 264  13.15% 150.87% 118.01%
FCT 11 0 0  65.33% 291.00% 2.51%
FCT-WL 386 0 0 47.65% 341.30% 108.86%
CTAB 623 17 131 38.66% 159.80% 55.25%
CTAB-WL 623 16 166 17.41% 154.94% 110.40%
SEQ 623 42 267 32.60% 151.69% 66.19%
SEQ-WL 623 40 404 14.39% 148.58% 112.32%

5 Conclusions

In this abstract, we presented workload-based additional constraints that can be added
to MILP models for the RCPSP. Our computational results indicate that these additional
constraints enhance the performance of CT models. For future research, we suggest to
adapt the constraints to variants of the RCPSP. Moreover, symmetrical constraints should
be analyzed that evaluate the workload processed after the completion of an activity.
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1 Introduction

Project control is performed iteratively in each project phase to identify project
problems and take appropriate corrective actions to bring the project back on
track. In the literature, corrective action decision is broadly approached from
two fundamentally different perspectives. The first stream of research is devel-
oped based on the project network (PN) consisting of activities with precedence
relations, where uncertainty in activity durations (or costs) is modeled using
probability distributions unrelated to the actual sources of risks. Two types of
corrective actions are typically defined for the PN, i.e., activity crashing that
reduces the duration of activities and variability reduction that reduces the vari-
ability (activity risk) of activities. A second stream of research focuses on the
so-called risk interaction networks (RIN), which consist of risk events with in-
terconnections, forming a connected profile of the various disruptions that could
impact project objectives. In these studies, two types of corrective actions are
defined for the RIN, i.e., risk prevention that reduces the occurrence proba-
bilities of risks and risk protection that mitigates the impacts of risks. Both
research streams can be further categorized into metric-based and optimization-
based action decision approaches. Specifically, the metric-based approach identi-
fies a number of critical activities or risks on which corrective actions should be
taken, whereas the optimization-based approach constructs mathematical mod-
els to determine an optimal set of corrective actions that best achieve various
project objectives.

To the best of our knowledge, only two papers address the integration
of such risk interaction networks with project networks for project control
[Song and Vanhoucke, 2025,Chen et al., 2023], and this is also a central theme
in our current research. In the study of Chen et al. (2023), critical risks are iden-
tified under risk interactions to support the development of a pre-project risk
management plan. However, their work focuses on static risk analysis and does
not consider dynamic action decisions during project execution. In the study
of Song and Vanhoucke (2025), a double-layer network model (abbreviated as
PN-RIN) is constructed, and sensitive activities are identified. Given that the
effort the project manager puts in project control is limited, the control effort
is defined to determine the optimal number of sensitive activities that might be
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subject to corrective actions [Vanhoucke, 2010]. Three control strategies are pro-
posed to determine the corrective actions during the project execution, namely a
preventive strategy (which focuses on future sensitive activities), an interventive
strategy (which focuses on ongoing sensitive activities), and a hybrid strategy
(which focuses on both ongoing and future sensitive activities).

This study extends the existing work from two perspectives. First, in prac-
tice, the project manager always set aside additional budget to implement cor-
rective actions, and the amount of available budget is limited. In this study,
we establish a unified framework to support the selection and implementation
of three existing control strategies under limited budgets. Second, the exist-
ing control strategies are developed based on the metric-based action decision
approach. In this study, we construct a mathematical model to formulate the
action decision problem and develop an algorithm to solve it. Extensive com-
putational experiments are conducted to compare the performance of different
control strategies.

2 Problem description
2.1 PN-RIN model

A double-layer network (PN-RIN) is constructed by linking a project network
(PN) and a risk interaction network (RIN) to model the interaction between
the risks and the activities of a project, as visualized in Figure 1. More pre-
cisely, a project is initially represented by an activity-on-the-node network con-
sisting of activities between finish-to-start precedence relations, namely the
project network. Then, the project risks and the interactions between these
risks (cause/effect relations) are identified and quantified as probabilities, form-
ing the risk interaction network, which is similar to the project network. Since
each risk affects the duration of a single activity, the final step involves con-
necting the relationships between activities in the project network and risks in
the risk interaction network, representing the time delays in activity duration
caused by the occurrence of the corresponding risk.

Fig. 1: The PN-RIN model

2.2 Control strategies

Four types of corrective actions are generally defined for the project network
and the risk interaction network. In this study, the RIN causes uncertainty in
activity durations, so the action of reducing the variability in the probability
distributions of activity durations [Vaseghi et al., 2024] can be interpreted as
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risk prevention within the RIN. Furthermore, since risk impacts in the PN-RIN
are modeled as increases in activity durations, risk protection can be represented
as activity crashing in the PN. Accordingly, two corrective actions are explic-
itly defined in the PN-RIN framework: activity crashing for the PN and risk
prevention for the RIN.

Based on these two actions, four project control strategies are developed
labelled as preventive, interventive, hybrid, and optimization-based. The pre-
ventive strategy focuses solely on risk prevention, applying actions to future
risks in the RIN according to their ranking by the risk criticality index until
the allocated budget is exhausted or no eligible risks remain. The interventive
strategy applies activity crashing to ongoing activities in the PN, guided by the
activity sensitivity index and constrained by budget or action availability. The
hybrid strategy combines both approaches, sequentially applying risk prevention
and activity crashing until the budget is fully utilized. These three strategies
are all drawn from the literature and clearly follow a metric-based approach
in which critical activities or risks are identified using the activity sensitivity
index and the risk criticality index. In contrast, the optimization-based strategy
formulates corrective action selection as a mathematical optimization problem,
determining under a limited budget the optimal combination of activity crash-
ing and risk prevention that minimizes total project cost while ensuring the
expected project duration meets the predefined deadline.

3 Methodology

To compare different control strategies, a simulation model is constructed, dis-
tinguishing three separate phases. Phase 1 (Static Simulation) involves cal-
culating activity sensitivity metrics and risk criticality metrics based on the
PN-RIN model. Phase 2 (Dynamic Simulation) simulates the project exe-
cution through successive tracking periods (TPs) until the project completion.
At the start of the project, the tracking period is TP = 0 and it is subsequently
increased (TP = TP + 1) until the project is completely finished. During each
tracking period, a portion of the total control budget B is allocated as the al-
lowable budget consumption for period TP (Brp). Corrective actions are then
selected and implemented according to the chosen control strategy, subject to
the budget constraint. Ultimately, at the end of the dynamic simulation runs,
many possible project executions have been simulated (with corrective actions),
and the performance of the project control system will then be measured in
Phase 3 (Performance measurement) using the time effectiveness (TE)
metric originally proposed by [Martens and Vanhoucke, 2019] and the cost effi-
ciency (CE) metric proposed by [Song et al., 2020].

4 Results

Since the experiments for the optimization-based strategy are still in progress,
we currently present the comparison results of the preventive, interventive, and
hybrid strategies under four different scenarios. Specifically, the tracking peri-
ods were set at different points in time according to the percentage of project
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completion (PC), which is measured by dividing the earned value at a given
point in time by the total project budget. The four scenarios are summarized
as shown in Table 1.

As shown in Figure 2, the hybrid strategy consistently outperforms the in-
terventive strategy and preventive strategy, highlighting the importance of de-
signing actions not only for solving current problems but also future expected
problem. Furthermore, the time effectiveness of using the interventive strategy
depends on both the timing and the quantity of control periods, while the time
effectiveness of using the preventive strategy and the hybrid strategy primarily
depend on the timing of control periods.

The detailed computational experiment results will be shown at the confer-
ence.
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Table 1: Different sce-
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Fig. 2: Comparison results under different control pe-
riods
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1 Introduction and presentation of the problem

We consider a parallel machine scheduling problem, where the inputs are a set of
jobs J = {Ji,..., Jn} with release dates r1,...,7y, due dates di,...,d, and a set of
machines M = {P,..., Pn}, and the output is a schedule, which assigns each task
Ji to a machine Py, and gives its start time ;. The time that machine Py requires
to process job J; is denoted by p; k. Each job J; has to be scheduled by one machine
out of a set M; C M. One of the important variants is uniform-machine scheduling.
In this problem, some machines are uniformly faster than others in processing each
job. This means that each machine has a speed factor vy which impacts the run
time of a job J; on it, given a nominal job duration p;, as follows: p; x = p;/vk.

In the context of electronic manufacturing, and especially Surface-Mount technology
(SMT), plants have automated and continuous production lines, (identified here to
machines) which operate 24-7. These lines follow complex processes, in which each
PCB (printed circuit board) undergoes many transformations through several steps.
The production process goes generally through 4 big phases : Front-End, ICT(In-
Circuit Testing), Back-end and Packaging. In the present work, we’re interested
in Front-end, which consists in assembling electronic devices on a PCB board via
SMT placement machines. More precisely, during front-end, each PCB has 2 jobs
to execute, mounting devices on its 1st face and mounting devices on its 2nd face.
This yields a precedence constraint between the 2 jobs. Consequently, the static and
deterministic form of our problem is a strongly NP-hard uniform-machine schedul-
ing problem denoted Q|rs, M;, s; .k, prec| > T; in the standard 3-field notation for
scheduling. Setup time s; ;1 is a delay needed before starting a new job J; on a
machine Py, knowing that we had a job J; processed before on the same machine.

In practice, the line speed varies over time, and can be defined as a stochastic
function of time. For a particular scenario the speed function is denoted vk (t). Then
on this scenario, if a task is assigned to line k, its start time S; and its completion
time C; satisfy f:::SiJ v (t)de = p;.

2 Constraint programming model to solve the deterministic form
of the problem

2.1 Decision variables

— x;,, € {0,1} : if job i is assigned to line k.
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— s; > 0: start time of job i.

— ek € {0,1}: if job j succeeds job i on line k.

— [si, 8i + pi,k]: interval of job i if assigned to line k.
— (; > 0: completion time of PCB 1 after face 2.

— T; > 0: tardiness of PCB 1.

2.2 Constraints

— Precedence between faces: s; faces > Si,face; + Di,face;

— AddNoOverlap constraint: no overlap between intervals [s;, s; + p;] on the
same line.

— setup time set; j between 2 consecutive jobs on the same line.

— Completion time of a job i if assigned to line k: C; = s; + p;r where
Dik = Pq‘,no’:_:inal7 Vg = % tt::OT 'Uk(t)dt

2.3 Objective
— min ., T; where T; = max (0, Ci faces — di, faces )-

3 Proactive approach to handle uncertainty: scheduling decision
tree

Indeed, lines speeds evolution over time are unknown beforhand. They evolve in a
way we can’t perfectly predict. Hence, jobs durations p; i are not determined at
the beginning, which makes the problem harder to solve. The figure below shows 2
completely different scenarios of lines speeds evolution over time.

Fig. 1. Example of 2 scenarios for lines speeds evolution over time

To handle efficiently the uncertainty, we propose a proactive approach: a scheduling
decision tree. The idea is that at the beginning, we compute an initial schedule Sy
based on the average scenario. Then at a checkpoint time t9, we observe what is
actually happening; i.e : the partial scenario until now; and we classify it as either
Good or Bad for Sy. If it’s Good, we keep Sp. If it’s Bad, we trigger a reschedule and
compute a new schedule S;. This schedule takes into account the current state of
So execution following the partial scenario until t¢, and for the future the average
of the Bad scenarios. This approach is illustrated in the following formula:

So, if Goodg (f[O,te])

Sz (§) = ~ (1)
S1 (tg, So(fl [Qto]), Ebad_for_so [tg,T]) , if Badg(f[(), tg])

— £1]0,tg] is a partial possible scenario between 0 and ¢s.
— So(&1]0, te]) means the current status of schedule Sp on partial scenario &[0, tg]
at time t¢ (finished tasks/ongoing tasks/pending tasks).
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— Zbad for Splte,T] means the average scenario on Bad classified scenarios over
to.

In fact, the minimization problem could be stated as follows:

1
min ———
e |~:train|

Y. P59,
§€E rain
We want to minimize the average performance over all training scenarios, where
performance is the sum of tardinesses. The parameter 6 controls the classifier that
partitions scenarios into Good and Bad for Sp. As solving directly this problem
could be very complex, we decided to handle it in a progressive way.

4 Learn the rescheduling checkpoint ty and condition conditiong

To learn tg and the classification rule conditiong, we follow a training procedure.

4.1 Training phase

First, we sample a training data of scenarios Zirqin, and compute schedule Sy for
the average scenario étrain- Then, for each scenario £, we use a simulator to ob-
tain the label of & towards So : label = sim(So,§). We consider that the label is
Good if at least 40% of products meet their due dates, and Bad otherwise. Once
we have the whole labeled dataset, we train a classification tree on time features
{Viine, (t = ti), ...V1ine,, (t = ti)}. Finally, a checkpoint time and a classification rule
(to, conditiong)are outputted.

4.2 Learning the earliest reliable rescheduling checkpoint

When training a standard classificatiion tree, it could output conditiong using late-
time features (e.g: t=23). Hence, rescheduling will be triggered too late to be effec-
tive. Consequently, we use the algorithm below in order to ensure a trade-off between
good detection of bad scenarios and early anticipation time tg. The main idea of
this algorithm is to train a classifier on the whole time features of scenarios dataset
{vk(t) }r<=tima, Such that t,ax = T (total horizon). At each step, we monitore the
quality the tree and check if it satisfies a certain condition. If true, we reduce tmax
by the half and continue. Else, we stop at the final obtained tree, trained using the
smallest possible tqq .

4.2.1 Dichotomy-based feature reduction algorithm

Algorithm 1: Dichotomy-based feature reduction

Input: Training set Zirqin with labels w.r.t. Sp, maximum horizon T'
Output: Checkpoint time ¢y and classification rule conditiony
1 tmax < T
2 tree* < 0;
3 while t,,4. > 0 do
Train classification tree 7 on features {vi(t) b i<timan;
if quality(T) satisfies criterion then
tree* < T;
thaz — Ltmaz/2J7
else
L break;

'

© ® 9 o O

10 return typ = tmaz, conditiong from tree*

where the quality criterion ensures a sufficient detection of Bad scenarios.
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5 Experimental protocol to evaluate the approach

We sample 13 instances of training set scenarios. For each instance, conditiong splits
EtTain into Eclassified_bad_for_so and Eclassified_good_for_50~ We want to assess if
the rescheduling transforms some scenarios in Ecigssified bad for S, tO being good
for Si. Thus, for each £ € Eciassificd bad for Sy, We corr;putg the new schedule S1
as described in 1. Then, we simulate Sy and S; on &, and we see if an initial bad
label for Sy becomes good for S1. While repeating this for all the subset of bads, we
can compute the rate of bad scenarios for Sy converted into good for Sj.

_ {€ € ZCuassified_Bad_for_s, | LabelSo(£) = Bad and LabelS; (€) = Good}|

Ratepad for _So=good for_s; = T —
Ll assille _ a _ Or_ 0

(2)
The left side of the figure below represents this metric on the 13 training instances.
Overall, it stays above 50% in the most cases, which means that our approach
manages to turn initially bad scenarios for Sy into good ones for S;. Moreover,
we evaluate our rescheduling approach on a test set instance (distinct seed from
training). Across 15 random scenarios £ from this set, we simulate So and S; and
compare their sum of job tardinesses (P(So(£),&) and P(S1(£),€)). As shown in
the right side of the figure below, rescheduling reduces tardiness in 11/15 scenarios
(73%), with an average improvement P(S°(€), &) — P(S*(€),€) = 2.6, confirming the
effectiveness of our approach.

um ofjob tardinesses per test scenario (50 vs 51) — irs

onversion rate (%)

Bad = Good c

Fig. 2. the left side shows the rate of scenarios transformed from bad towards Sp into good towards
S1. The right side shows improvement of objective function (sum of jobs tardinesses) across 15
random test scenarios

6 Conclusion and future work

To summarize, we proposed an hybrid approach that learns when and how to
reschedule using a classification tree trained on scenario data. We showed it can
reliably detect bad situations early and improve the scheduling outcome. By re-
peating the same procedure for S; (sampling scenarios, train a classifier, output a
checkpoint and rescheduling condition (tg, conditiong)), we can obtain the whole
scheduling tree with nodes So, Si, S2... as well as conditions guiding decisions un-
til all tasks are completed. We will also study alternative criteria and variants of
interpretable learners to balance robustness, tree depth, and re-optimization cost.
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1 Introduction

The ramp-up phase, during which the production process is repeatedly executed
until the target production rate is reached, is a major challenge for many in-
dustries. This paper addresses the ramp-up of a pulsed aircraft assembly line,
where the whole aircraft — or a subsystem — is assembled across a series of
workstations. Each workstation processes the aircraft for a fixed cycle time, and
the aircraft must pass through all workstations sequentially. Designing such a
line can be modeled as a Resource-Constrained Assembly Line Balancing Prob-
lem (RC-ALBP), requiring task allocation and scheduling within workstations
while respecting resource limits (aircraft zones, machines, operators, etc.) and
minimizing the cycle time [Agpak and Gokgen, 2005].

We focus on the learning effect, i.e. the reduction in assembly-task durations
that occurs throughout the ramp-up stage as tasks are repeated [Grosse et al., 2015].
This effect results from continuous improvements in the aircraft production sys-
tem processes, supply chain coordination, factory flows, operator skills, etc.,
while successive aircraft are built on the line. In earlier work, we introduced the
RC-ALBP with Learning (RC-ALBLP/L), whose goal is to design a resource-
constrained assembly line that accounts for learning effect [Le et al., 2025]. The
problem consists of assigning tasks and resources to each workstation, schedul-
ing the tasks, and selecting a cycle-time value for each aircraft entering the
line (called a period) so as to minimize two criteria: (1) the ramp-up duration
required to reach a given target cycle time, and (2) the number of cycle-time
adjustments made during the ramp-up. In fact, since each adjustment can cause
delays and extra costs, reducing their number is desirable. This paper addresses
a restricted version, assuming that the candidate adjustment periods are prede-
termined and examining the consequences of this assumption. We present the
corresponding CP model and experiments on realistic industrial data, showing
that this restriction (which computationally simplifies the problem) significantly
speeds up computation compared with [Le et al., 2025].
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2 CP Encoding

Problem Inputs. The inputs of the problem, RC-ALBLP/L with fixed period
adjustments, are:

— the target cycle time ¢ty and the maximum possible cycle time c¢paq,

— the number of workstations W and the associated set W = [1, W],

— the number of periods P and the associated set P = [1, P], where each
period corresponds to the entry of a new examplary on the line. P4 is the
subset of periods for which an adjustment is allowed, i.e. for which it is
possible to modify the line cycle time. Periods of P4 are denoted py, ps ...,
Dn, so that p; is the period where the i-th adjustment is done. PY is the
subset of unstable periods containing the first W periods during which the
line is being filled. We assume that P4 NPY = (). For compactness, we note
PC =PAUPY.

— the set of resources R, where each resource r models a limited pool of
operators or machines that have to be dispatched on the line,

— the set of aircraft zones Z in which operators perform assembly tasks, where
each zone has a limited capacity,

— the set of tasks 7 to be performed on the line, with for each task t its
monotonically decreasing duration function dur(k) that depends on the
number k of times it has already been completed. A task might occupy or
neutralize resources and zones during its execution.

Workstation 1 Workstation 2
. 11148 48
Period Wks 1 Wks 2 cyc Period 1 at d—Li '
P bl :
PY ! = . 3] 0 "0
2 @) O 48 Period 3 | g8 |4l '
1
3 @ O 4 0 | ERERH
A . .
¢ <: ! O O 0 Period 5 5 d° :36 :36
5 O O 36 @ b5 JTa
| |

Fig. 1: Small instance of the problem with 2 workstations, 5 periods and 5 tasks.

Example. Figure 1 illustrates a toy instance with 2 workstations and 5
periods, including 2 unstable periods (PY = {1,2}) and 2 adjustment peri-
ods (P4 = {3,5}). Each colored circle denotes a product unit under assembly.
At the end of each cycle time a new period begins, units advance to the next
workstation, and a fresh unit enters the line. A single resource r (capacity 3) is
allocated between the workstations. The instance comprises five tasks (a, b, c,
d, e); task a consumes two units of 7, while the others consume one. The target
cycle time is 36, and precedence and zone constraints are omitted for simplicity.
The right part of Figure 1 shows a solution for the toy problem. Workstation 1
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receives two units of resource r and hosts tasks a, b and d; workstation 2 receives
one unit of  and hosts tasks ¢ and e. Thanks to the learning effect, task dura-
tions shrink over periods — for example, a® (the third occurrence of a) is shorter
than a'. Because a cycle-time adjustment is allowed in period 3, the cycle time
is set to 40, the minimum feasible value for both stations. The learning effect
similarly enables the target cycle time to be reached by period 5. Even if not
presented here, the tasks scheduling can be modified within workstation if it
allows to reach a smaller cycle time value during an adjustment period.
Decision Variables. In what follows we omit the classic RC-ALBP task
precedence and resource allocation variables and constraints, which are identical
to those in [Le et al., 2025] (integer variables for modelling resource allocation,
precedence and cumulative resource constraints on interval variables). We in-
stead concentrate on the novel aspects of the paper: the learning effect and the
predetermined adjustment periods. The decision variables are introduced next.

— For each task ¢t € T, the integer variable wks; € W indicates the worksta-
tion to which ¢ is allocated. Note that the workstations allocation does not
depend on the period, i.e. it cannot be changed during ramp-up.

— For each task t € T, each period p € P¢ and each workstation w € W,
the optional interval variable itvy p ., € [0, Cmas] represents the execution
of task ¢ during the period p at the workstation w. This variable is present
only if ¢ is assigned to w.

— For each period p € PC, the integer variable cyc, € [ctgt, Emaz] indicates
the cycle time value decided for period p.

Criteria & Constraints

minimize (py —1)-cyc, + > _(pi — pi-1) - €yc,, | +cyc,, (1)
1=2

Vt e T,Vp € PO vw e W, presenceOf (itvy , ) = equal(wks;,w)  (2)

Vp e PY, cyc, = max endOf (itv 3

b Y teT,q€PV weW ({tVeq) (3)
A .

> dOf (it w 4

Vp € P, cyc, > terTr?g)éW endOf (itvy p ) (4)

Cprn = ctgt (5)
vt € T,Vp € P, Yw € W, lengthOf (itvy p, ) = duri(p —w)  (6)

The objective (Eq. 1) is to minimize the ramp-up stage duration, which spans
from the beginning of production until the end of last adjustment period. The
constraints (2) link the presence of interval variables with the allocation of tasks.
Constraints (3), (4) and (5) compute the cycle time for each period (we suppose
that there is no cycle time adjustment during the unstable periods). Note that,
in Constraints (4), cyc, cannot take a value smaller than c;g, resulting in an
inequality. Constraints (6) calculate the duration for each task in each period.
The number of completed executions k of a task allocated on workstation w at
period p can be calculated by p — w.
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3 Experiments

Following the flexible adjustment model of [Le et al., 2025], we tested six real-world
aircraft-assembly instances, named [#tasks]-[#workstations]. We fix some
regularly spread adjustment periods over P, i.e. {5,10,17,26} and {8, 15,22,29}
for 2-workstation (P = 26) and 4-workstation (P = 50) cases, respectively.
These values are arbitrary and correspond to realistic adjustement periods dates
with regards to operational constraints (regularity and enough time for succes-
sive adjustments). Table 1 presents the associated results: BST (Best Solution
Time) is the CPU time (seconds) to obtain the best solution. The restricted
formulation reduces the problem size by a factor of around 4 (2-workstation)
and 6 (4-workstation), yielding dramatically faster solution times while deliv-
ering near-optimal — or even optimal — solutions, something the flexible P4
approach cannot guarantee. Although P# is predetermined, the ramp-up dura-
tions remain comparable to the original model and are better in some cases. Any
feasible solution of the restricted model is also feasible for the original problem,
though optimality may be lost. Nevertheless, when solution quality drops with
the fixed P4, the flexible version requires substantially more time to reach the
same objective value. The 199-2 instance is an exception regarding the BST
value; however, the restricted model finds a solution of 91,461 in 22 seconds,
whereas the original model needs 1,278 seconds to achieve the same value.

One of the many perspectives of this work is to extend the problem so that
any adjustement on the line results in a duration penalty on activities. It would
also be possible to consider some uncertainty on the learning effect.

Fixed P4 Flexible P* [Le et al., 2025]
Instance

Ramp-up duration BST Ramp-up duration BST  Decided P4

187-2 93,876 8 97,098 3,315  {3,5,9,16}
199-2 90, 506 2,588 85,311 1,484  {3,4,6,10}
795-2 93,672 120 90,316 4,216 {3,5,8,14}
187-4 71,937* 10 77,988 3,687 {5,8,17,31}
199-4 85, 244* 10 82,094 1,507 {5,10,21,32}
795-4 68, 486 20 78,085 6,568 {6,8,16,24}

Table 1: Computational impact of fixed and flexible period adjustments
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1 Introduction

This work is originally motivated by the industrial scheduling problem defined
in [Carvin, 2025]. Here, we focus on a sub-problem; the Unrelated Parallel Ma-
chine scheduling problem with renewable Resource consumption and machine
and sequence dependent Setup times (UPMSR). Resource consumption is con-
sidered during processing time as well as setup operations. Resources can be
specific to a type of operation (e.g. machines) or shared (e.g. employees). This
sub-problem can be seen as a UPMSR [Fanjul-Peyro, 2020] and is described
later on. To address this problem, we propose to adapt a new method intro-
duced in [Apeloig et al., 2026], recalled in Section 1, and adapted in a novel
constraint programming (CP) model in Section 2.

UPMSR problem Unrelated Parallel Machine scheduling problem (UPM)
is defined over a set of tasks J and machines W. Processing time of task j
can vary from one machine to another and is parameterized by pj,, for all
m € W. In our case, we consider the minimization of the makespan (i.e. to-
tal completion time). The problem is extended with mandatory machines and
sequence-dependent setup times. Setups are given by the matrix o, with oy,
being the duration of the setup that must be processed between task i and task
j on m. Note that 0;j,, can be different from ;. As in [Fanjul-Peyro, 2020],
we consider that the triangular inequality must be satisfied. Moreover, a setup
must be executed right before the execution of its corresponding task. Addi-
tional resources are renewable and can be sometimes called secondary resources
in opposition to the machine (principal resources). Secondary resources are de-
picted by the tuple (R, B,b), where R = {R1,..., R} denotes the ¢ secondary
resources, and availabilities are noted with B = {Bj, ..., By}. In UPMSR, setup
operations also consume secondary resources. The demand is defined over two

matrices, bP for tasks and b° for setups. b’;mk depicts the quantity of resource k
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needed to process task j on machine m. The demand of resource k for the setup
of task j preceded by i on machine m is noted b7, .. Finally the overall problem
is defined over the tuple (J, W, p,0, R, B,b). A valid solution is a schedule that

also respects, for all ¢, the constraint Y > bjmr < By, for each resource k
JEA meW

with A; being the set of active tasks and setups at ¢. In other words, at any

time period ¢ the cumulative usage of all tasks and setups in progress must not

exceed the total capacity.

CP and MDD-Global-Constraints This type of problem is typically ad-
dressed with CP models using cumulative constraints [Baptiste et al., 2001].
The CUMULATIVE constraint considers multiple tasks and ensures that at any
time, the total demand of a renewable resource k is no more than Bj. In
[Apeloig et al., 2026], it is also demonstrated how advantageous it could be to
capture features of tasks in a multi-valued decision diagram (MDD) directly into
the cumulative. A MDD can be constructed from a set of variables as a rooted,
directed acyclic graph that has a layer for each variable [Castro et al., 2022].
In this method, a MDD is defined for each task and each path corresponds to
a valid mode. Results were provided for the MDD-MULTI-CUMULATIVES con-
straint where it enabled stronger communication between constraints. It filters
starting and completion times as well as machine (or mode) assignment of tasks
and it is based on the timetabling algorithm proposed in [Gay et al., 2015]. The
two main principle of this method are (i) to encode objects with MDDs that
can be query to obtain minimal or maximal values of variables with respect to
certain assumptions, and (ii) MDDs are embedded as parameters inside global
constraints, enabling a stronger filtering from the same set of assumptions al-
ready used by the constraint. So we proposed to apply and extend this approach
for UPMSR, using choco solver [Prud’homme and Fages, 2022]. All other global
constraints used in this work are formally defined in [Beldiceanu et al., 2010].

2 Constraint programming modelling

In the following, variables are denoted in uppercase. Given ¢ € J we define
two vectors X7 and X respectively for the task and its setup. Variable Y;
denotes the machine on which 4 is processed and FE; is its direct predeces-
sor. Let XF = (Y;, 8P, PP, C? HY |Vk € 1,...,R), where S, P’ and C? cor-
respond to the starting time, the duration and the completion time. Finally,
HY is the demand of resource k. In the same way, for the setup we have
Xr=(Y;,E;,S;,P?,C? HS IVE € 1,...,R). Note that as the setup exactly ends
when the task starts, the variable S? can be used as the completion time of the
setup (i.e C§ = S?). Finally, Hj is the demand of resource k. Given i € J, we
define two task variables t = (S?, PP, C?) and t{ = (S5, Pf,Cf=57). It main-
tains consistency over its start, duration and completion (i.e. S¥ + PP = C?).
We propose as a reference a first model (called decomposed model). First,
we use ELEMENT constraints to maintain consistency between tasks’ duration
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and demand, and the machine on which it is processed. Consider for example
the duration, the corresponding constraint is ELEMENT(P?, [p;,[Vm € W], Y;).
The same way, consistency is maintained for each setup. As the constraint
is defined over a one-dimensional vector, we flatten the matrices. We define
an auxiliary variable Prec; = Y; x n + E; to correspond to the predecessor
in these matrices. Consistency between the task 7 and its predecessor is en-
sured by multiple constraints. Constraint ELEMENT(Y;, [Y;|Vj € J], E;) ensures
that they are both processed on the same machine. Let F;, an auxiliary vari-
able, correspond to the completion time of the predecessor of i. Constraints
ELEMENT(F}, [CTVj € J°], E;) and F; < S ensure that ¢} starts after its com-
pletion. Moreover, constraints ALLDIFFERENT and ALLDIFFERENTEXCEPTO
are added over Prec; and FE; respectively. Finally, CUMULATIVE constraints
are enforced over the overall set of task variables (tasks and setups) for each
additional resource and machine.

MDD model Let M? and M3 be the MDDs corresponding to respectively task
i (X7F) and its setup (X). Consistency over duration and demand configurations
is maintained with MDDC constraints in (3) and (4). As in the decomposed
model, there are multiple constraints linking tasks together. (5) ensure that a
task ¢ and its predecessor j are processed on the same machine. (6) and (7)-(8)
breaks any sub-cycles in the schedule. We use the MDD-MULTI-CUMULATIVES
constraint in (9) as defined in [Apeloig et al., 2026]. Finally, (1) and (2) minimize
the overall completion time of the schedule.

min Crnax (1)
s.t MAX(Crmax,[CF, Vi € J]) (2)
MDDC(X?, MP) YieJ (3)

MDDC(X;, M3) YieJ (4)

ELEMENT(Y;,[Y;|Vj € T, E:) NYie T (5)
ALLDIFFERENT([E;|Vi € J]) (6)
ELEMENT(F;,[CT|V] € T ENNie T (7)

F, <S¢ YieJ (8)

MDD-MULTI-CUMULATIVE(X, M, B) (9)

£ = (S, PP,CP)t5 = (S5, P, SP) Wie T (10)

0<F, <5 <SP<C?, YieJ (11)

1<V < W vieJ (12)

0<E, <nAE #i NieJ (13)

Setup Specific MDDs M? is augmented in order to consider problem-specific
restrictions when it is queried. Consider a query made to obtain the minimal
value of any variable of M7 with respect to the assumption Y; = m. This
assumption restricts that ¢ and its setup are executed on m. It also implies that
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the predecessor j of 7 will be executed on m. As j can belong to D(E;) as long as
it exists at least one machine conjointly available for both, it may exist m and
j such that j € D(E;) and m ¢ D(Y;). Thus, when identifying feasible paths of
M with respect to Y; = m, the condition E; = j = m € D(Y;) must also
hold. This restriction avoid unfeasible path and speed up the resolution process.

3 Preliminary results and discussions

We test our models on the instances proposed in [Fanjul-Peyro, 2020] for which
there are at most three additional resources, one only for the task, one for the
setup and one shared. We also extend these benchmarks by testing over instances
with more than one shared resource. Preliminary numerical experiments show
that the decomposed CP model obtains results comparable to the state-of-the-
art mixed-integer programming (MIP) presented in [Fanjul-Peyro, 2020]. As we
present a generic CP model, we only compare it to the MIP model and not
the three-stage process. The MDD approach provides even better results with
a reduction of up to 90% of the number of nodes needed to prove optimality.
Nevertheless, the side of an MDD depends on the variable ordering. Thus, a focus
will be made in order to observe which arrangement reduces the size depending
on the instances characteristics. In a next step, such methods will be used to
address more complex industrial problems such as FCPSP [Carvin, 2025].
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1 Introduction

In this paper, we study a multi-skill resource-constrained project scheduling problem
(Snauwaert & Vanhoucke 2023), where we assume that a worker can cover several skills
and the worker allocation can change during the processing of activities (Polo Mejia 2019).
We propose an exact logic-based Benders decomposition (LBBD) method (Hooker 2000)
whose master problem is a scheduling problem, where the allocation of workers is relaxed
into cumulative resource constraints. This master problem is solved by Constraint Pro-
gramming. The subproblems consist in verifying, using Integer Linear Programming, that
worker allocation is possible at any instant. Logical feasibility cuts are issued from the
subproblems in the form of new cumulative resource constraints.

2 Problem definition

The multi-skill resource-constrained project scheduling problem with allocation and
skill flexibility (MS-RCPSP-ASF) considers a set of activities A = {1,...,n} and a set
of cumulative resources CR with limited capacity By, Vk € CR. We also consider a set
L =A{1,...,L} of skills, and a set HR of disjunctive resources that represent multi-skilled
workers. A parameter m,, ¢ € {0,1} indicates whether worker w € HR masters skill £ € £
(my,¢ = 1) or not (my, ¢ = 0). Each activity ¢ € A is defined by a processing time p; € N, a
demand b; ;, € N for each cumulative resource k € CR, and a requirement a;, € N for each
skill £ € L. In addition, processing an activity ¢ requires a minimum number of workers g;,
independently of the required skills. Furthermore, there is a set E of precedence constraints,
where (7,7) € E means that activity j cannot start before activity i is completed. Finally,
our objective in MS-RCPSP-ASF is to find a schedule that minimises the total duration
of the project or makespan (Cpax). The MS-RCPSP-ASF is NP-hard as it includes the
RCPSP as a particular case.

3 Logic-based Benders Method

The MS-RCPSP-ASF involves both scheduling and assignment decisions. The structure
of the problem therefore lends itself naturally to decomposition. LBBD method is often
used in this case (Cire et. al. 2016). When using LBBD to solve such integrated scheduling
and resource allocation problems, the resource allocation part is usually modelled by the
master problem (MP), while the subproblem (SP) deals with the scheduling part (Li &
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Womer 2009). The MP is then generally solved by integer linear programming (ILP) and
the SP by constraint programming (CP), in accordance with the predominance of these
paradigms on the corresponding problems. In contrast, in our approach, scheduling is
addressed in the MP via CP and then, if feasible, the workers are allocated by ILP in the
SP; see also Yi-fan et al. (2013).

3.1 Problem Decomposition

At each iteration, the MP provides a schedule, which defines only the time periods
during which each activity is processed and minimises the makespan. This gives a lower
bound (LB) for the objective function. Then, the SP consists in finding an allocation
of workers to activities in each time period that satisfies both capacity and requirement
constraints. If such an assignment is possible, the optimal solution is reached. Otherwise, if
no assignment is possible, a heuristic is used to generate a feasible solution to the problem
and thus an upper bound (UB). If this UB equals the lower bound given by the MP, the
solution provided by the heuristic is optimal. Otherwise, cuts are derived and added to
the master problem, which is then solved again. This process is repeated until an optimal
solution is found or a stopping criterion is reached. The general LBBD scheme applied to
our problem is illustrated in Figure 1.

Master Problem:
RCPSP
update LB
(solved using CP) J

{

fixed scheduling

Subproblem:
Assignment problem

(solved using ILP)

infeasible

‘ Feasible solution heuristic

feasible update UB
UB = LB UB > LB
Optimal solution W [ Add cuts }

Fig. 1: Decomposition scheme for the MS-RCPSP-ASF

3.2 Master Problem

The master problem is the RCPSP relaxation of the MS-RCPSP-ASF where the alloca-
tion of workers to activities is ignored. The decision variables are therefore only the activity
processing dates and the objective is to find a schedule that minimises the makespan, while
satisfying precedence constraints and capacity of cumulative resources. It is modelled and
solved using Constraint Programming, with a classical RCPSP model, where an interval
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variable act; is defined for each activity i € A. Although the decision variables concerning
the allocation of workers do not appear in this model, additional constraints are added
to guide the master problem. To that purpose, skills and workers usage constraints are
relaxed into cumulative resources.

3.3 Subproblems

Given that the allocation of workers can change during the processing of the activities,
it suffices to make sure that there exists a feasible assignment for every time period. Thus,
the subproblem can be split into a number of smaller problems. Note that if there exists a
feasible assignment at a given time, this assignment remains feasible at least until another
activity starts. We can therefore split the time horizon into periods we call delta-periods.

For a given delta-period A, we note A, the set of activities starting or in progress at
the beginning of A. The aim of the subproblem is to find a feasible worker allocation for
each activity.

The objective is to maximise the number of activities assigned, wa, while ensuring that
no worker is allocated to more than one activity and that the minimum number of workers
and skill requirements for each activity are met. We show that, for a delta-period, the sub-
problem is strongly NP-hard, even when |Ax| = 2 by reduction from SET MULTICOVER.
The subproblems are solved using Integer Linear Programming.

3.4 Logic Cuts

The subproblem gives w¥ as the maximum number of activities in A4 that can be
processed in parallel. Then, when no assignment is possible, this is trivially inferred to the
master problem thanks to the following cumulative constraint:

Z pulse(act;, 1) < w (1)
i€AA

where pulse(ivar, h) is a function of time that takes the value h between the start time
and the end time of the associated interval variable ivar and 0 otherwise. Each cut (1)
only prevents more than w?, activities of A from being scheduled in parallel, while there
could exist other activity subsets with similar skill requirements that cannot be scheduled
in parallel. In order to strengthen their impact, more general cuts are introduced.

By solving a problem formulated using integer linear programming, we determine
whether there is a set S C L of skills whose requirements, for activities in Ax, exceed
the number of available resources with these skills. In this case, we define Ag as the set of
activities that require at least one skill of set S and HR g as the set of workers who master
at least one of the skills in S, and add cut:

Z pulse(acti,l?ag(ai,g)) < |HRs| (2)
i€As ©

As for the standard skills, the demand of all activities scheduled in parallel must not exceed
the available quantity of workers possessing at least one skill in S.

4 Results and Conclusion

For computational experiments, we consider a set of 360 instances derived from classical
PSPLIB RCPSP benchmark instances. These instances are extended by randomly gener-
ating skills, skilled workers, and activity skill requirements. The test set includes projects
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with 30, 60, 90, and 120 activities, 8, 12, and 20 workers, and 10, 15, and 20 skills. Figure 2
reports the computational results, showing the number of optimal solutions found and the
optimality gap for the different instance sizes, for the method presented in this paper and
a pure CP method using CP Optimizer.
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Fig.2: LBBD and CP performance according to the number of activities

Although the proposed method outperforms the pure CP method in terms of optimal
solutions found and proved, it still has difficulties in obtaining good upper bounds for
difficult instances. The obtained optimality gaps are similar to the ones obtained by the
pure CP method.

Consequently, future research could incorporate more efficient heuristics to find feasible
solutions. It would also be interesting to study the proposed decomposition method for
other variants of the multi-skill scheduling problem, particularly for the standard case,
where the allocation must remain the same throughout the processing of activities and
where each worker can only cover a single skill.
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1 Scheduling with uncertainty on the number of machines

We consider a scheduling problem for star observations using a telescope: M iden-
tical nights are available to observe J stars that have been identified as of interest by
astronomers. Each star j € {1,2,..., J} yields a profit w; if it is observed; in that case, the
observation must respect a visibility window [r;, d;] and a minimum observation duration
of at least p;. The objective is to maximize the total profit of the observations that are
actually performed. By interpreting nights as machines and stars as jobs to be processed,
this problem is exactly PM|r;| Y w;U; in Graham’s notation, a classic scheduling setting
of parallel machines.

In the practical star-observation problem, the ability to observe depends on meteoro-
logical and atmospheric conditions, which are not known when the schedule is computed.
A possible modeling is to consider that each night can be either perfect and everything is
observable, either terrible and nothing is observable. The challenge is therefore to propose a
"high-quality" schedule without knowing the actual number of nights (machines) that will
ultimately be available (Stein et. al. 2019); this contrasts with classical scheduling models,
where uncertainty typically affects the job-related data.

This problem can be viewed from the perspective of stochastic optimization when prob-
abilities over the number of available nights are known (Rahab Lacroix et. al. 2025). Since
such probabilities are difficult to obtain in practice, we focus here instead on evaluating
the worst case within the robust optimization paradigm.

2 Min-max regret formulation

As the nights are identical, when one appears observable, a schedule must execute its
night with the highest profit. So we can assume that all schedules have their nights sorted
by decreasing profit. We denote by X the set of feasible schedules over M nights. The
objective is therefore to propose a schedule z € X computed for M nights such that for
each m = 1,..., M, its restriction to its first m nights is not too far from the optimal
schedule over m nights. Let 2(m) denotes the cumulative profit of schedule z over its first
m nights, and let OPT,,, € X be an optimal schedule over m nights for the problem without
uncertainty. The difference between these two values is the regret, and the minimization
of the maximum regret (Kasperski et. al. 2014) can then be written as (1). (1) can be
rewritten as a decision problem (2) by introducing a bound R:

zeX me{1,2...,M}

min ( max (OPTm(m) - x(m))) (1)

e X, Vy,yo.,ym €X, Vme{l,2.,M}, yn(m)—z(m)<R (2)
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Indeed, for any schedule y € X, we have OPT,,(m) > y(m), and there exists one for
which equality holds. Therefore, the above formulation corresponds precisely to the decision
version of the maximum regret minimization problem. The alternation of an “exists” and
a “for all” quantifier places this problem in the complexity class X% (Woeginger 2021).
Moreover, the quantifiers can be inverted, so the problem is also in Hf . Besides, the
problem can be formulated as a MILP with an objective function different than just the
regret, and thus belong to AL. However, the exact complexity is not known yet.

3 Models for the computation of an optimal schedule

To compute the regret, it is essential to compute as efficiently as possible an optimal
schedule over m machines, for each m = 1, ..., M. We consider three possible Integer Lin-
ear Programming (ILP) formulations for this scheduling problem: Start Time (ST), Time
Discretization (TD), and Arc Flow (AF) and compare their performances.

The classical Start Time formulation (Wagner 1959) involves O(J?) binary variables
(see Model 1). Its simplicity is balanced by poor solving capacity due to the use of big-M
(here a T' = max,(d,;)) constraints and the quickly increasing number of binary variables.

In the Time Discretization formulation (Sousa et. al. 1992), a night is discretized into
T + 1 instants. This model involves O(MTJ) binary variables (see Model 2). Its flexibility
and ability to solve quite large instances is limited when the number of nights, or the
number of instants per night, is too high.

The Arc Flow formulation (Kramer et. al. 2020) models the scheduling problem as a
flow in a graph. Time is discretized into 7"+ 1 instants, and the vertices correspond to the
time instants from 0 to T. For each star j and each time ¢ € [r;,d; — p;], an arc from ¢
to t + p; with weight w; is created. Additional arcs are used to represent idle times. A
path from vertex 0 to vertex 7" in this graph corresponds to the schedule of a single night.
The objective is to find a maximum-weight flow from vertex 0 to vertex T that satisfies
additional constraints: each star can be scheduled at most once, and the total flow leaving
0 is bounded by M.

The Arc Flow model involves O(T'J) binary variables (see Model 3) and is considered
in the literature very powerful. However this formulation cannot be used to solve other
more general variants of the problem, e.g. when nights are not identical. Because there is
no information about the night when an observation is scheduled, this formulation cannot
be used when partial evaluations are required (e.g. robust or stochastic optimization).

4 Comparison of solvers and models

Astronomers provided us with a list of 800 stars with their profits. Then, 120 dates
were selected uniformly over the 10 last years and time windows and processing times
for all stars were computed for each situation. As consecutive nights are quite similar in
terms of time windows, an instance over M nights is built by repeating M times the same
situation (with M taking its value in {1,3,7,14,30,100}). For each instance, we keep all
visible stars (about 400 to 600 among the 800 stars). At the end, we obtain 720 distinct
realistic instances.

Those different instances are solved multiple times. With the 3 models presented before:
ST, TD and AF but also with 2 solvers: HIGHS and CPLEX (Saukh et. al. 2024). This
brings it to a total of 4320 resolutions and each of them is allowed 2 minutes of computation
on a server equipped with an Intel(R) Xeon(R) Silver 4210R CPU @ 2.40GHz, 20 physical
cores, and 40 threads.
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an; = 1 if observation j is scheduled night n, and 0 otherwise
bij = 1 if observation i is scheduled before observation j the same night, and 0 otherwise
¢; = start time of observation j

M J
Maximize E E QnjW;

n=1j=1
Vi, Z anj <1 observation j is scheduled at most once
Vi, 15 <cj <dj—pj observation j is scheduled in its time window

Vi#j, ¢ +pi <cj+T(1—bij) ensure the no overlap of observations i and j
Vi # j,mn, bij +bji > anj +ani —1 enforce an order for observations i and j

Vi, j,n, an; € {0, 1},bij € {0, 1}, c; >0
Model 1. Start Time (Wagner 1959)

sntj = 1 if observation j starts at instant ¢ the night n, and 0 otherwise

J T
Maximize Z Z w; Z Sntj
n=1j=1  t=0
Y7, Z Z Sntj <1 observation j is scheduled at most once
n=1t=0
Vi,mn, Vte[0,r; —1],8n; =0 observation j starts after r;

Vi,n, Vte[d; —p;j+1,T],8n; =0 observation j ends before d;
Vi, n, Z Z Snuj <1 at most one observation an instant ¢
j=1 u:t—p_7+1
Vit,n o Sniy € {071}

Model 2. Time Discretization (Sousa et. al. 1992)

ft; = 1 if observation j starts at instant ¢, and 0 otherwise

<

T

Maximize E E frjw;
t=0

T
Vj # 0, Z fi; <1 observation j is scheduled at most once
t=0
Vi, Vte[0,r; —1], f; =0 observation j starts after r;
Vi, Vte[d; —p; +1,T],f; =0 observation j ends before d;
; Mift=0
vt, Z fti—fa-pp; =4 -—Mift=T flow conservation
J=0 0 else

Vi, t, fi; € {0,1} except fio € RT

Model 3. Arc flow (Kramer et. al. 2020)
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Number of instances where Mean time (s) to prove
optimality is proven over 120 dates optimality when proven under 2min
1 3 7 14 30 100 1 3 7 14 30 100
ST| 0/0 0/0 0/0 0/0 0/0 0/0 _/ / / / /. /.

TD|99/120 2/120 0/3  0/0  0/0  0/0 |64.7/7.6122.9/30.4 /1087 _/ /]
AF|[118/120 120/119 120/120 120/120 118,120 92/120|43.6/4.3 16.5/3.8 20.7/4.3 30.5/4.5 38.7/5.0 47.0/6.0

Table 1. Performances of the different models and solvers. Each cell contains two values that are
obtained for the above metric with the alongside formulation for the above number of nights with
the solvers HIGHS/CPLEX.

A clear results from Table 1 about the models is that the AF formulation is by far
the best tool to solve the OPT,, problem. Moreover, with the actual characteristics of our
instances, the TD formulation is strictly better than the ST formulation.

About the solvers, Table 1 shows that CPLEX is faster than HiGHS to prove optimality
no matter the formulation. In average, CPLEX is 6 times faster than HiGHS. This ratio is
low considering that CPLEX is a commercial solver and HIGHS an open source solver.

5 Conclusion

We presented three models to solve the PM|r;| > w;U; problem. Their performances
are compared on realistically sized instances (up to 100 nights and 600 stars) using different
solvers that are also compared. We conclude that to solve this problem, the Arc Flow
formulation is by far the most efficient. In the perspective of solving a robust or stochastic
formulation, the Time Discretization model seems more appropriate than the Start Time
model. Besides, reducing the size of an instance by using only stars selected by Arc Flow
for an optimal resolution is a promising heuristic.

To conclude, the next step is to add metrics to analyse the performances of the models
and solvers, such as the number of instances with a gap to optimality lower than 5%
and the number of instances reaching the best known solution obtained with the same
model. Moreover, new commercial and open source solvers will be add to the comparison.
Experiments with CBC, Gurobi, and GLPK are currently in progress.
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1 Problem statement

We consider a single-machine problem with unexpected breakdowns. We are
given a set J = {1,...,n} of jobs. Each job has a cost ¢; > 0 which must be
paid if the job is selected, representing preparatory or setup expenses that must
be paid regardless of whether the job is completed successfully. A reward r; > 0
is achieved if the job is successfully carried out. The machine can fail during
the execution of a job, and in that event, the job is lost, and no further job
can be carried out. The probability that the machine fails during the execution
of job j is given by 1 — m;, where m; € [0,1] is called the success probability
of job j. If a certain subset S of jobs is selected for processing, let o denote a
sequence of these |S| jobs, and let o(k) represent the k-th job in the sequence
o. The probability of reaching and successfully carrying out the k-th job in the
sequence is given by Hle Ts(;), therefore the expected reward R(S,o) from
selecting S and sequencing its jobs according to o is

[S| k

R(S, O’) = Zra(k) Hﬂ'g(i). (1)
k=1 i=1

If we let ¢(S) = Zjescj denote the total cost of selecting S, the expected net

profit of selecting S and sequencing the jobs according to o is

IS| k

28,0) = 1o [ [ 7o) — (9)- (2)
k=1 i=1

We study the problem of selecting a subset S C J of jobs and finding a sequence

o so that the expected net profit z(S, o) is maximized. We call this problem the

Unreliable Job Selection and Sequencing Problem (UJSSP).

When there are no costs (¢; = 0 forall j =1,...,n), it is obviously profitable
to select all jobs, and only the sequencing problem is left. In this case, an optimal
sequence is obtained by simply scheduling the jobs by non-increasing values of
the following index [Kadane, 1969, Mitten, 1960]:

5T

Z; ="
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Consequently, in UJSSP, once a subset S is selected, expression (2) is maximized
by sequencing the jobs in S according to a schedule dictated by (3). Letting oz
denote such sequence, in the following we let R(S) = R(S,0z) and z(S) =
2(S,0z). We can restate UJSSP as the problem of finding S* such that:

2(87) = max {R(S) — c(5)} -

For the sake of simplicity, unless specified otherwise, we assume from now on
that the n jobs are numbered by non-increasing values of Z;.

2 Complexity

Two special cases, namely with identical costs and with identical probabilities
of success, can both be solved by a greedy algorithm. The greedy algorithm
starts with the empty set and iteratively selects a job that yields the largest
expected marginal gain in z(.S) until adding an extra job no longer leads to any
improvement. This implies that both these special cases can be solved in O(n?).
This result is deduced from the results from Stadje [1995] and Chade and Smith
[2006] for the case of equal costs and from the results from Olszewski and Vohra
[2016] for the case of equal probabilities.

In the general case, we prove that UJSSP is NP-hard by means of a reduction
from the Product Partition Problem (PPP), which is known to be strongly NP-
hard [Ng et al., 2010]. For the proof, we refer to our working paper [Agnetis
et al., 2025].

3 Exact solution methods

Exploiting the ordering induced by (3), we formulate a compact MILP formu-
lation for UJSSP in which x; = 1 if job j is selected, as follows:

maxZ(rij — Cj.’Ej) (43,)
j=1
Pjgﬂ'jl‘j V]G{l,,n} (4b)
z; € {0,1) Vie{l,...n}  (4d)
P, >0 Vie{l,...,n}  (de)

If z; = 1, constraints (4b) and (4c) ensure that P; is the product of the prob-
abilities of the jobs selected up to j (included), whereas, if and only if job j is
not selected, P; = 0.

If all costs c; are integer, UJSSP can also be solved using a backward dynamic
programming (DP) algorithm. As this approach runs in pseudopolynomial time
(O(n-3>;c;¢5)), we rule out strong NP-hardness for the integer-cost case. Let
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the state be defined by a pair (b,i), where b denotes the remaining budget
and 4 denotes that only jobs from the set {i,...,n} can be selected. The value
function g(b, 7) represents the maximum attainable expected revenue under these
constraints. The recurrence is given by

. g(b72+1) ibe{O,...,ci—l},
g(b,i) = : . .
max {g(b,l+ 1), m - (ri +9(b—ci+ 1))} if b € {¢;, ...,Zje‘]cj},

for i < n, while g(b,n) is initialized with the value 0 for b € {0,...,¢, — 1} and
the value 7y, - 1, for b € {cp,..., > c; ¢} The optimal solution is obtained by
evaluating max, {g(b,1) — b}, which identifies the budget level that maximizes
the objective value.

Our main contribution is two stepwise exact methods for solving UJSSP. The
stepwise algorithms proceed stepwise through the jobs, forwards or backwards,
and iteratively build and prune candidate subsets by exploiting structural prop-

erties of the objective function. For any set S C J and any j € {1,...,n}, we
define: S¢; =SN{1,...,7—1}, S<; =85n{1,...,5}, S5, =5Sn{j+1,...,n},
and S>; = SN{j,...,n}. If SZ; is given, then an optimal choice of earlier jobs

zj C J<; must maximize:

R(S<j)+ | ] m |- R(S%,) —c(S<j)

iGSSj

over all subsets S<; C J<;. If SZ; is given, then an optimal continuation S ; C
J>; must maximize:

H U 'R(S>j)*c(5>j)

€Sz

over all S5; C Js;. Our stepwise exact algorithms exploit the fact that, when
S* is unknown, both expressions depend linearly on a single unknown quantity
that can be bounded: R(S%;) € [0, R(J>;)] and Hiesgj mi € [[Lics., mi:1).
Therefore, a candidate subset can only be part of an optimal solution if its
corresponding linear function is part of the upper envelope of linear functions
over the feasible range for the unknown quantity. If this is not the case, the
subset is shown to be suboptimal and can be pruned (and so can any of its
extensions). For more details on the stepwise algorithms we refer to our working
paper [Agnetis et al., 2025].

4 Computational experiments
Using the MILP formulation, all instances with up to 50 jobs are solved to

optimality within the 20-minute time limit, whereas no instance with more than
125 jobs is solved within this limit.
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The DP algorithm is substantially more scalable: it solves all instances with
up to 2,500 jobs within 10 minutes. However, instances with 3,000 jobs often
take more than one hour of computation time.

The stepwise exact algorithms provide the strongest computational per-
formance among all methods considered. The largest instances we generated
(n = 10,000) were solved within one minute for the forward stepwise algorithm
and within two minutes for the backward stepwise exact algorithm, as illus-
trated in Figure 1. For the stepwise algorithms, a second set of harder instances
was constructed from the strongly NP-hard PPP. For these instances, solvability
drops remarkably, instances with up to 20 integers are solved within 20 min-
utes, while none with more than 50 integers completed in that timeframe. By
applying the stepwise methods to instances derived from the PPP, we provide,
to the best of our knowledge, the first exact computational results reported for
that problem.
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Fig. 1: Stepwise exact methods: average runtime vs. number of jobs
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1 Introduction

Time-dependent operating costs and resource limits arise naturally in shop-floor schedul-
ing, driven by fluctuating operating rates such as energy prices and contractual peak-
capacity constraints. In these settings, schedules are evaluated not only by traditional
metrics such as makespan, but also by how resource usage is allocated over time. This
motivates scheduling models with time-dependent processing costs and capacity limits.

Time-indexed formulations not only represent a natural modeling choice, but also typi-
cally yield strong linear relaxations (Artigues 2017). Their main drawback, however, is size:
they scale poorly with the horizon length, leading to pseudo-polynomial models that are
often difficult to solve directly. Period-indexed variants (Felloussi et al. 2025) apply when
costs are piecewise constant (e.g., Time-of-Use pricing); hence, they can reduce model size
as the number of intervals is orders of magnitude smaller than the number of time steps.
However, they do not address settings where costs and limits vary at unit-time resolution.
Decomposition-based extended formulations have proven effective in parallel-machine en-
vironments (Pessoa et al. 2010), but their applications to shop scheduling remain limited
and computationally challenging (Lancia et al. 2007). Moreover, this problem class can
exhibit several practical difficulties documented for branch and price (Kolter et al. 2025),
notably master problem degeneracy and dual oscillations.

We study a job-shop scheduling variant with time-dependent costs and cardinality ca-
pacity constraints and propose a reformulation embedded in a branch-and-price framework.
Our core design goal is to preserve the strong dual bounds of disaggregated time-indexed
formulations while shifting some computational effort to a fast integer pricing oracle. The
branching rules are enforced in the integer subproblem, and the variable selection incorpo-
rates elements from the problem structure together with a hybrid of strong and pseudo-cost
branching. This is complemented by local propagation rules tailored to the disjunctive and
partitioning structure of the problem. We further exploit the framework and its under-
lying structure through fast primal heuristics. In addition, we incorporate enhancements
such as early branching and dual smoothing. We evaluate the resulting framework through
computational experiments on a large and diverse set of job-shop benchmark instances.

2 Branch-and-Price approach

We consider a set of machines M and a set of jobs J over a discrete time horizon 7.
Each job j € J consists of an ordered sequence of | M| operations, subject to precedence
constraints. We write (j, m) < (j, m') if m precedes m' in the sequence of job j. Operation
(4, m) has processing time ¢; .. At time step ¢ € T, a cardinality constraint limits the
number of active machines to at most M;. Executing (j,m) at time ¢ incurs a cost gim.
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Extended formulation. Time-dependent costs and cardinality constraints call for a time-
indexed formulation. A Dantzig-Wolfe reformulation decomposes the problem into job-
wise schedules, yielding an extended formulation with exponentially many variables, whose
relaxation is solved by column generation. For each job j € J, let P; be the set of feasible
job-schedules, and P = Ujej P;. Each column p € P; is represented by a profile afmt €
{0,1} and has cost ¢, = 3", c A Dore7 95 mm - The master problem (MP) reads

(MP)  min > ¢\,

peP
R vjieJ [e5]
PEP;
Z afmt)\p <1, Yme M, VteT (B, t] (1)
peP
Z Z A i Ap < M, YteT [vi]
pEP meM
Ap 20, Vp € P.

Pricing subproblem. The integer pricing subproblem either finds a column with negative
reduced cost for the restricted master problem (RMP) or certifies dual feasibility Let d],
Bm,u and 4; be optimal dual variables after solving (RMP) and define c] m = gJ,
Bm,t — 4. The reduced cost of p € 77] is —& + th A; mafnt, and pricing for j € J
reduces to solving min,ep, théj mln, ¢ A feasible partial schedule specifies, for each
operation (j,m) of index 4, a completion time ¢ at its dedicated machine m respecting 1)
operation order, 2) processing of ¢ on m for g¢; ,, consecutive time steps, and 3) execution
of i starts only after completion of ¢ — 1. In the following, we reason about a fixed job
j. For convenience, we index its operations by their position ¢, and write ¢; = ¢, and
¢} m = ¢ . Finding a minimum cost partial schedule can be described as a dynamic program
(DP) on the state (i,t). Let d}(i,t) denote the minimum cost of any partial schedule
completing operation 1 at time t, with d’f(O t) = 0 and infeasible states set to +o00. Let

St = ZtT a1 ¢I. Each state follows from either an idle or a processing transition, and

the recurrence is
* [ . * [ * [ t
dj(i,t) = mln{dj (i,t —1),d;(i —1,t — qi) + 5; }, (2)

which is nonincreasing in ¢. Hence, the minimum reduced cost of any complete pattern of
J equals d;(|./\/l\, |7|). Equivalently, this is a shortest-path problem on a directed acyclic
graph whose node pairs are (i,t), and whose arcs represent idle transitions of zero length
and processing transitions of length S?. The convex hull of these paths is integral. Therefore,
this reformulation preserves the LP bound of a disaggregated compact formulation, while
reducing the effective problem size through decomposition.

Branching. Column generation is embedded in an exact branch-and-price scheme to solve
the integer problem. To obtain convexified branching constraints, we branch on original
variables z m denoting whether operation (j,m) is processed at time step ¢. The two
branches zi7 =1 and z] = 0 correspond to forcing or forbidding a set of transitions in
the integer subproblem The branching variable selection follows a most-dispersion rule. In
any integer feasible solution, operations execute over a contiguous time block; the branching
rule exploits this and chooses the operation whose execution is most dispersed in a fractional
solution and the most-used time step. Precisely, we define F} ,, :={t € T : O < zj o<1}

and choose (j,m) = argmax(;s ,,,) |Fjr |5 then, we take t = argmaxycp 257,
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3 Acceleration techniques

Reliable pseudo-cost variable selection. In MIP, a standard variable selection strat-
egy is pseudo-cost branching (Benichou et al. 1971), which provides a problem-agnostic
and instance-adaptive ranking of branching candidates. Since pseudo-costs are initially
unavailable, the most-dispersed rule is first used to filter candidates. On this reduced
set, strong branching without pricing is performed, and the variable with the best com-
bined bound improvement is selected (Achterberg 2007). This hierarchical strong branching
scheme is applied only near the root. A reliability threshold determines when pseudo-costs
are deemed usable with additional strong branching executed within a fixed budget, with a
most-dispersed rule fallback. These pseudo-cost scores are complemented with aggregated
pseudo-cost information computed over variable sets: average dual gains are maintained
by operation (j,m) and per time step ¢, and combined with the variable-level pseudo-
cost through a mixing parameter. This idea exploits that branching on z;m also restricts
decisions related to operation (j,m) and to time step t.

Local propagation. Let B,, denote the set of branching constraints on the path to node

n. To ensure consistency with the branching decisions, we fix to zero any column that

violates B,,. Furthermore, we derive the following fixings from the problem structure:

Job and machine disjunction: If {2f, = 1} € By, then B, < B, U {2}, = 0} for all
m' # m; By, < B, U {z;,,m =0} for all j/ # j.

Precedence: If {2, =1} € By, then B, <~ B, U {zfm, =0} for (4,m’) < (4,m) and ¢’ > 1.
A similar argument holds for succeeding operations.

Non-preemption (contiguity): If {z?m =1}, {z§2m =1} € By, then B, + B, U{z},, =1}
for t1 <t < to.

Non-preemption (interruption): If {zjlm =0}, {zﬁn = 1} € By, then B,, + B,U{z} ,, = 0}
fort <ty ift; < to, and for t > to if ty < ty.

Active machines limit: For t € T and M’ C M with |[M’'| = My, if Vm € M/,
3j € T, A, =1} € By, then By, < B, U{z},,, = 0} for all m" € M\ M’ and j € J.

This propagation routine is also invoked during strong branching tests. Furthermore, the

number of implications produced by a candidate branching is used as an inference score,

as in hybrid pseudo-cost inference branching (Achterberg 2007).

Primal heuristics. At each B&P node, primal solutions must be constructed from the
current column pool. Generic MIP heuristics apply but are agnostic to the column gen-
eration process, and cannot distinguish heuristic failure from the absence of a feasible
solution in the 0-1 (RMP). We therefore design a dedicated branch-and-bound scheme
with problem-specific bounding and a large-neighborhood search, outlined below.

1) Ezact tree search. The restricted master heuristic solves the 0-1 (RMP) induced by the
column pool available at the current node, via a depth-first branch-and-bound that exploits
propagation from the set-partitioning, clique, and resource constraints. Jobs are processed
in decreasing order of available columns, and each job’s columns are tried in non-decreasing
cost order. Along a DFS path, the state is given by the set of occupied machine-time pairs
and the per-time usage counts; selecting a column updates these, and any disjunction or
time-capacity violation yields immediate pruning. A node bound is computed by adding,
for each remaining job, the cheapest column compatible with the current state, and the
node is pruned whenever this bound is no better than the incumbent.

2) Large Neighborhood Search: The LNS runs destroy-repair cycles on integer solutions
found during branch and price, or on partial solutions from the exact tree search. Given an
incumbent A™™¢ and a destroy set D C J, the neighborhood keeps A, = )\;)“C for all j ¢ D
and reoptimizes the remaining jobs over the same clique and time-capacity constraints.
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This is embedded in an iterative destroy—repair loop; the repair step relies on the same DP
oracle as pricing with a modified objective and the fixings induced by the neighborhood.

4 Computational experiments and conclusion

We evaluate the framework using 448 instances generated following the scheme of Mas-
moudi et al. (2019). The set is obtained by combining seven base job-shop instances with
|T] € {5,6,7,8} and |[M| € {6,7,8,10}, and varying operation duration ranges. They are
extended with operational costs of the form g;m = k!, where ¢, models machine-
dependent intensity and ! is a time-dependent price profile. We consider four value sets
for ¢ inspired by knapsack (KP) sets (Hojny et al. 2020): small- and large-coefficient, three-
coefficient, arithmetic-sequence, and weakly super-increasing KP sets. For x, we use two
time-of-use profiles inspired by electricity tariff structures (Felloussi et al. 2025), and two
uniformly random profiles. The maximum number of active machines is fixed for all t € T
to values in {|M| — 1, | M| — 2}. Planning horizons are set as |T| = [wC*]|, with expansion
factor w € {1.2,1.5}, where C* is the makespan of the base instance under the cardinality
constraint. The values of C* range from 56 to around 1000 for the largest instances.

Experiments were executed single-threaded on an Intel Xeon Gold 5122 CPU with
96GB of RAM and a one-hour time limit. We used the Python interface of SCIP (Hojny et
al. 2025, Maher et al. 2016) as the branch-and-price framework to gain fine-grained control
over the solving process, with SoPlex as the LP-solver. The shortest-path pricing oracle
was implemented in C, while all other components were implemented in Python. Since
pricing is solved exactly, we compute Lagrangian bounds (Liibbecke and Desrosiers 2005)
and apply integrality-based early branching (Mehrotra and Trick 1996), as well as the
adaptive dual smoothing scheme of Pessoa et al. (2018). Averages over instance subsets are
computed using the shifted geometric mean with shift 1. We partition the instances by time
horizon length and compare the proposed branch-and-price framework to an aggregated
time-indexed (TI) formulation (Artigues 2017). We omit results for the disaggregated for-
mulation, as it failed to solve the root LP within the time limit on medium instances and
exceeded memory limits on larger instances.

Table 1: Performance comparison of the aggregated compact formulation and the proposed
branch-and-price framework.

Instances Compact Branch-and-Price Relative

subset  #tinst. #solved time (s) #nodes F#solved time (s) +#nodes solved time

small 128 126 275.72 130.15 128  22.83 23.51 1.02 0.08
medium 128 19 3339.13  209.42 104 245.74 18.57 5.47 0.07
large 192 1 3593.45 10.98 107 1094.14 14.55 107 0.30
all 448 146 1342.25 49.02 339 175.42 15.52 2.32 0.13

Table 1 reports the computational results. The extended formulation solved by branch
and price (B&P) proves consistently more reliable than the aggregated time-indexed (TI)
formulation, with the performance gap increasing as the time horizon grows. This difference
appears both in the time to optimality and in the number of instances solved to completion.
This advantage reflects both the (theoretically) tighter relaxation provided by the extended
formulation and an algorithmic structure that shifts part of the horizon-dependent effort
to pricing. In contrast, the aggregated TI formulation yields slower LP relaxations, which
inflate per-node costs and increasingly dominate the computation as the horizon expands,
as reflected by the runtime and node counts. Within B&P, a substantial portion of this
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horizon-driven combinatorial burden is absorbed by the fast pricing oracle, while structure-
aware mechanisms lead to smaller search trees.

Beyond the empirical improvements, we observe that the integrality property of the pric-
ing subproblem need not be a limitation in this time-indexed setting. The LP relaxation
of the disaggregated TI formulation is already strong, and the main benefit of decompo-
sition lies in the computational leverage provided by a fast pricing oracle. This efficiency
enables components that rely on repeated oracle calls, like destroy-repair heuristics and
dual stabilization. The framework accommodates further enhancements. One direction is
the integration of combinatorial strengthening cuts and refined branching schemes that in-
corporate problem-specific structure with standard MIP techniques to mitigate degeneracy.
The availability of a fast oracle further enables other procedures requiring multiple pricing
evaluations, such as subgradient-based updates. Finally, the approach extends naturally to
variants with alternative machine assignments per operation, including flexible job-shop
settings, with only moderate adaptations to pricing and the associated components.
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1 Introduction

Carrying out projects requires various kinds of resources, such as staff or ma-
chines. Sufficient resource capacities have to be acquired whenever a project
has to be completed within a certain time. The resource investment problem
(RIP) is about determining a project schedule that minimizes the total cost of
required capacities subject to precedence constraints. Extending the problem
by minimum and maximum time lags between certain jobs yields the RIP with
generalized temporal constraints (RIP/max). In this paper, we consider a novel
variant of RIP/max containing gap-free processing (GF') requirements on some
disjoint subsets of jobs. For each subset, at least one of its jobs must be in pro-
cess during each period from the earliest start- to the latest completion period
of any job in the set. GF is motivated by an application in infrastructure main-
tenance, where it ensures a uniform technical specification of facilities within
a region. Specifically, maintenance of certain equipment, such as telecommu-
nication technology, is scheduled without gaps across all facilities managed by
the same control center. We refer to this extension as the RIP with generalized
temporal constraints and gap-free processing requirements (RIP/max-gf).

GF does not prescribe a predefined execution order or sequential processing,
unlike no-wait constraints [Allahverdi, 2016]. Also, unlike contiguity in the con-
text of batch scheduling [Potts and Kovalyov, 2000], it does not permit periods
in which no job from a set is in process. We are aware of the state-of-the-art ap-
proaches for the RIP [Rodrigues and Yamashita, 2014,Kreter et al., 2018]. How-
ever, we propose a mixed-integer programming (MIP) model as a baseline
method for RIP /max-gf. Our contributions are a precise problem description, an
MIP formulation, and computational experiments illustrating that GF require-
ments impose a substantial computational burden in an MIP-based approach.

The remainder of this paper is organized as follows. We formally define the
RIP /max-gf in Section 2 and describe the MIP model in Section 3. Section 4
summarizes our computational results. Section 5 provides a conclusive outlook
on future work.

49



2 Problem statement

We are given a set J of jobs, a set R of resources and a set 7 of periods. Let
¢ denote the cost per capacity unit of resource k € R. We have to select a
start period S; € T for each job j € J and a capacity Rj, > 0 for each resource
k € R such that the total capacity cost ), . cxRx is minimized. Four sets of
constraints apply. First, non-preemption constraints impose that each job starts
exactly once. Second, each job j € J has a duration of p; periods and requires
rj, units of capacity from resource k € R during each period of processing.
Capacity constraints require that for each period ¢t € T and each resource k € R,
the total capacity requirement of jobs that are in process during period t does
not exceed the chosen capacity Ry. Third, generalized temporal constraints on
certain pairs of jobs (¢,j) € E C J x J impose a minimum start-to-start time
lag of d;;, i.e., S; + 0;; < S; for all (4,5) € E. Lastly, GF requirements are
specified by a collection G of disjoint gap-free sets G C J. For such aset G € G,
ES¢ (LCg) denotes the earliest start period (latest completion period) of any
job j € G. GF prescribes that for all G € G and all t € {ESg,...,LCq}, at
least one job j € G must be in process during ¢, i.e., S; <t < S; + p;.

3 Mixed-integer programming formulation

We model RIP/max-gf on a flow network (V,€) with a set V of vertices cor-
responding to job-start period combinations (j,t) € J x T. We assign a flow
fe € {0,1} to each edge e = ((j,t), (j',t')) € €. fo = 1 models that j is sched-
uled in period ¢t and j’ in period t’'. For each set G € G and distinct j, 7' € G, €
contains an interior edge ((4,t), (j',t')) if t' € {t,...,t +p;}, ie,if S; =t and
S% = t' does not contradict GF. Furthermore, we introduce a dummy source «
and a dummy sink w adjacent to all non-dummy vertices. For any G € G, we
refer to the set of edges from « to any vertex (j,t) (j € G,t € T) as its start
edges. EM (£9%) denotes the set of ingoing (outgoing) edges of vertex v € V.
We can express several constraints of RIP /max-gf in terms of subsets of edges
with a minimum or mazimum total flow. Let M™1 (M™aX) be the set of tuples
(M, c), where c is the minimum (maximum) total flow capacity that applies to
M C &. Then, the non-preemption constraint for job j € J is expressed by a
tuple (M, 1) added to both M™™ and M™% where M contains all outgoing
edges of vertices (j,t) (t € 7). A temporal constraint for (7,j) € E is modeled
by adding a tuple (M, 1) to M™* for each period ¢ € T, where M contains all
outgoing edges of vertices (i,7) with 7 > ¢ and all outgoing edges of vertices
(4,7") with 7 < t 4 ;5. The GF requirement for G € G is enforced by adding
a tuple (M,1) to M™?* where M is the set of start edges of G. As a result,
only one job in G receives flow directly from the source o and non-preemption
constraints for jobs j' € G'\ {j} have to be satisfied by assigning flow to interior
edges. By the definition of the edge set and flow conservation, this ensures that
the start periods of jobs in G satisfy GF. Finally, for ¢t € T, let A; C £ denote
the set of edges e = ((j,7), (§',7')) for which 7 <t < 7+ pj, i.e., the set of
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edges contributing a capacity requirement of 7y = r; in period ¢. Altogether,
we can state the MIP formulation for the RIP/max-gf as follows:

min ZkeR cL Ry (1)

s.t. Zeegiv,, fo= Zeegvm fes veY (2)
ZeeAtFekfe—ngo, teT,keR (3)
Yeem fe 2 (M, c) € Mmin (4)
Yeem fe S 6 (M, c) € Mmex (5)
fe €{0,1}, ecé&

(1) minimizes the total capacity cost. (2) are flow conservation constraints.
Capacity constraints (3) are modeled in the standard manner based on the sets
A;. (4) and (5), respectively, enforce minimum and maximum total flows.

The example in Figure 1 shows the network for an instance with four time
periods and G = {{1,2}}. Jobs 1 and 2 have durations of p; = 1 and ps = 2.
The total flow on the start edges of {1,2} (dotted in Figure 1) may be at most 1.
Thus, some interior edges (dashed in Figure 1) must be assigned positive flow to
satisfy all non-preemption constraints. This prevents infeasible schedules, since,
for instance, no edge ((1,1), (2, 3)) exists.

P (1’ 1) . (172) . (173). " (174) > Start edges of {1,2}
DAy anNl el --> Interior edges of {1,2}
Q ;J;.lz;_':{(»,“/:" ’j<\/ 4 r s w Other edges
ol T LT Y (j,t) Vertex corresponding to job

j € J and start period t € T

Fig. 1. Network for a two-job example instance (G = {{1,2}})

4 Computational results

Our computational evaluation aims to study the effect of gap-free processing
requirements on solution times and quality. For this purpose, we enriched 210
benchmark RIP/max instances containing 30 jobs each [Kolisch et al., 1999]
with random gap-free sets of varying size and number. We compare our MIP
model to a standard discrete-time formulation for the RIP/max. Experiments
ran on an AMD Ryzen 7 2.70 GHz machine with 32 GB RAM; models were
solved by Gurobi 10.0.3 within a 60 seconds time limit.

The results of our computational evaluation are summarized below. Instances
in tables 1 and 2 are grouped by |G|. For each group, the number of instances is
shown in column #. Table 1 compares the average solution times for instances
solved to optimality within the time limit. Table 2 compares the average op-
timality gaps for instances that were not solved to optimality within the time
limit. Gaps are computed as (UB — LB)/U B, where UB and LB, respectively,
denote the best upper- and lower bound found by the solver. The columns corre-
sponding to RIP/max only contain results for the base instances without added
gap-free sets (|G| = 0), as gap-free sets are not represented in this model.
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G| 4 Avg. time (ms) 5| # Avg. gap (%)
RIP/max-gf RIP/max RIP /max-gf RIP /max
0 18 6638 65 0 3 3.43 0
[0.117]] 44 14291 [0.117]] 19 6.97
[0.3|T1 34 16004 [0.3|T11 29 9.34
[0.5|T1 37 17386 [0.5|7(] 26 6.97
133 14554 65 7 7.72 0
Table 1. Average solution times for Table 2. Average optimality gaps for
instances for which the RIP/max-gf instances for which the RIP/max-gf
model was solved to optimality model was not solved to optimality

First, we observe that GF is indeed meaningful, as it increases the optimal
cost by 61% on average. Second, the RIP/max-gf model contains about 100
times more variables and about ten times more constraints than the RIP/max
model, which explains the vast increase in solution times shown in Table 1.
Even for instances with |G| = 0, solution times are about 100 times longer for
the RIP /max-gf model. Increasing |G| seems to further complicate the problem.
This matches the results in Table 2, which show consistently larger optimality
gaps when G # (), despite the lack of a clear correlation with |G|.

5 Conclusions and future work

In this paper, we described a novel generalization of the RIP/max consisting
of the introduction of gap-free processing requirements and proposed an MIP
formulation. Our computational analysis demonstrates that the extensive mod-
eling required to capture gap-free processing in an MIP-based approach leads
to significantly higher computation times compared to a standard formulation.
This emphasizes the need for future research on more sophisticated solution
techniques for the RIP/max-gf, such as, e.g., decomposition and heuristics.
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1 Introduction

As a standard extension of the resource constrained project scheduling prob-
lem (RCPSP), the RCPSP with discounted cash flows (RCPSPDC) shifts the
optimization focus from time to economic value by maximizing the project’s
net present value (NPV) within a given deadline. Given its explicit focus on
financial performance, which is an objective of central importance in practical
project management, the RCPSPDC has attracted extensive attention in the
literature [Artigues et al., 2025]. Early research focused on developing exact so-
lution procedures, and in parallel heuristic approaches were proposed to provide
more intuitive strategies. However, due to the NP-hard nature of RCPSPDC
and the computational effort required by exact algorithms, the focus gradually
shifted toward metaheuristic techniques, which remains the dominant research
direction. In most research, metaheuristic frameworks were supplemented with
classical local search mechanisms to enhance solution quality. Also, activity-
move rules inspired by intuitive heuristics, such as advancing cash inflows and
delaying cash outflows, were incorporated to further improve NPV. In contrast,
Leyman and Vanhoucke [2015] introduced a scheduling technique specifically
designed to enhance NPV, and it was embedded into the metaheuristic as a
local search method. To the best of our knowledge, this represents the most
recent scheduling technique proposed for NPV improvement. Nevertheless, this
technique either only delays or advances activities according to the cash flow
(CF) distribution in a project, overlooking additional improvement opportuni-
ties arising from bidirectional modifications.

Building on these grounds, this study proposes a forward-backward schedul-
ing technique that simultanecously incorporates both forward and backward ad-
justments, rather than relying on a single directional shift. Furthermore, the
technique integrates local rescheduling with different strategies during adjust-
ments, which has the potential to expand effective search space.
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2 Methodology

The forward-backward scheduling technique consists of 3 consecutive steps,
shown in Fig.1. Step 1 is the essential step, aiming to generate high-quality initial
solution. Based on the initial solution, Step 2 aims to improve NPV by advancing
activities with positive CFs, during which local rescheduling is performed, lead-
ing to the forward-moved schedule. Then, based on the forward-moved schedule,
Step 3 is performed to improve NPV further by delaying activities with negative
CF's, while simultaneously conducting local rescheduling, resulting in the final
optimized schedule. Details of each step are illustrated below.

Start

‘ Step 1: Generate initial schedule ‘

< Output: Initial solution\:;

,,,,,,,,,,,, P

‘ Step 2: Forward move ‘

1

<Ou tput: Forward-moved schedulx{ >

i

‘ Step 3: Backward move ‘

v

{i Output: Optimized schedule

Fig. 1. Workflow of the forward-backward scheduling technique

Step 1: generate initial schedule

To create high-quality initial solution, we adopt the method proposed by
Leyman and Vanhoucke [2015].

Step 2: forward move (FM)

The FM performs with the forward activity list to advance activities as early
as possible according to the 4 procedures below. The list is generated according
to the start time of each activity in the initial schedule in ascending order. Then
for each activity i in order:

1. Check CF. Only if the activity has positive CF, the FM proceeds, any
activity with negative CF will be skipped.

2. Determine the maximum allowable forward shift « . This means the
maximum allowable advance of activity i. ap = max(tes,s; — fj), where
tert 1s the time point corresponding to the NPV extremum of activity ¢, in
this step teqt = 0, s; is the start time of activity ¢, f; is the finish time of
the latest-finishing predecessor j of activity ¢ in current schedule.

3. Execute the FM actions. For a given ap, two consecutive move actions
are proposed to obtain a candidate schedule. First, move activity ¢ forward
directly by up to ap time units in current schedule. In this way, the current
schedule is changed, leaving resources idle at previous position of activity ¢
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and possibly inducing resource conflicts at its new position. Therefore, the
second move action, a local rescheduling is proposed. In specific, all activities
are divided into two sets at first according to their relationships with activity
i, i.e. the fixed activity set (FAS) and the reschedulable activity set (RAS).
Then, the positions of all activities i € FAS are kept unchanged in the
current schedule. Subsequently, all activities i’ € RAS are rescheduled using
two different strategies based on current schedule. Strategy 1 reschedules
eligible activities using the same priority list as the initial schedule. Strategy
2 differs from Strategy 1 in that it reschedules activities using a different
priority list from the initial schedule, which expands search space further.
After these two move actions, a candidate schedule can be obtained, which
will be checked in procedure 4.

4. Check the candidate schedule and output the forward-moved sched-
ule. With the aim of maximizing NPV, not only is the deadline constraint
of the candidate schedule checked, but a greedy strategy is also applied
to determine whether the NPV is improved. When the candidate schedule
is deadline-feasible and its NPV is improved relative to current schedule,
the current schedule is updated with it, and same procedures above are
performed on the next activity based on it. Otherwise, the new technique
reduces ap step by step and performs FM actions on activity ¢ until a
deadline-feasible, NPV-improved candidate schedule is achieved. When ap
is reduced to 0 and no accepted candidate schedule is found, current schedule
is retained and still used as the basis for proceeding to the next activity. No-
tably, for the FM of the first activity in the activity list, the initial schedule
serves as the current schedule. However, for all of the subsequent activities,
the basis for their FMs, i.e. current schedule, is iteratively updated with the
deadline-feasible, NPV-improved candidate schedule when available. After
traversing all activities in the activity list, the latest updated schedule is
output, called the forward-moved schedule, which is the basis of Step 3.

Step 3: backward move (BM)

Using the forward-moved schedule as the basis, BM performs same 4 proce-
dures as Step 2 in the opposite way to delay activities as late as possible with
the backward activity list. The list is constructed based on the descending order
of activity finish times in the forward-moved schedule. Besides, in Step 3, only
activities with negative CFs are considered in procedure 1. And in procedure
2, successors instead of predecessors are considered to determine the maximum
allowable backward shift g, and in this step te..; = deadline.

Once the traversal with BM is completed, the new forward-backward schedul-
ing technique is finished, and the final optimized schedule is obtained.

3 Preliminary experiments and conclusions
To validate the performance of the forward-backward scheduling technique, ex-

isting research [Leyman and Vanhoucke, 2015] is adopted as the benchmark,
and preliminary experiments using rescheduling strategy 1 are conducted on
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small-sized instances from DC2 dataset [Vanhoucke, 2010]. Initial schedules are
generated with 100 randomly created priority lists. The deadline is set based on
the best known heuristic solutions [Debels and Vanhoucke, 2007]. The activity
CFs vary between -50 and 50, and the discount rate is 1%. Results under 2
different deadlines and 3 different CF distributions are summarized in Table 1.

Table 1. Computational Results

Scenario %Improvement %Better %Equal % Worse
Deadline

best known heuristic solutions + 5 19.28% 69.30% 8.26%  22.24%
best known heuristic solutions + 10 20.50% 66.53%  9.06%  24.42%
Cash flow distribution

30% negative cash flows 7.05% 78.41%  0.18%  21.40%
60% negative cash flows 48.87% 69.49% 6.36% 24.12%
90% negative cash flows 2.19% 56.87% 18.37% 24.76%
Overall 19.95% 67.78%  8.70%  23.52%

%Improvement: percentage improvement over existing research.
Y%Better, %Equal, %Worse: percentage of optimized solutions that are better,
equal, or worse relative to existing research.

As shown in Table 1, even with the base rescheduling strategy, the new
technique outperforms existing methods by 19.95% on average, with 67.78%
of its optimized solutions being superior. Its effectiveness is pronounced in the
more realistic scenario where 60% of activities have negative CFs, yielding an
improvement of 48.87%. Even under extreme scenarios, the technique main-
tains its advantage, achieving improvements of 7.05% and 2.19%, respectively.
Therefore, it can be concluded that the newly proposed scheduling technique
represents an alternative to existing research.
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1 Introduction

Bilevel scheduling is a scientific field at the intersection of the theory of scheduling
and bilevel optimization. Bilevel scheduling problems involve processing a set of
jobs on a set of resources, leading to a set of decisions. This set of decisions is
partitioned between two agents: the leader’s set of decisions X and the follower’s
set of decisions XT'. The leader makes the first move by making a decision ¥ € X%,
attempting to minimize its own objective function fL. Next, the follower observes
the leader’s decision and responds by choosing a decision ¥ € X to minimize
its own objective function f¥. This results in a hierarchical and iterative decision-
making process during which both objective functions can only be evaluated after
all decisions are taken.

For some bilevel scheduling problems, the set of solutions to the follower’s problem
may contain more than one solution. In this case, the follower’s decisions do not
affect the value of its objective function f¥, but it does impact the value of the
leader’s objective function f¥. Thus, to provide a well-defined optimization frame-
work for such problems, we need to define several scenarios. The optimistic case
(OPT) corresponds to the scenario where the follower chooses a solution from its
set of optimal solutions that leads to the best value of the leader’s objective func-
tion. On the contrary, the pessimistic case (PES) corresponds to the scenario where
the follower chooses a solution from its set of optimal solutions that is the worst for
the leader’s objective function.

To the best of our knowledge, the literature on bilevel scheduling problems is rela-
tively limited. Specifically, exact algorithms are considered in (Abass 2005, Brown
et al. 2005, Karlof and Wang 1996, Kovacs and Kis 2011, T’kindt et al. 2024) and
heuristic approaches are considered in (Bianco et al. 2015, Kis and Kovacs 2012,
Konur and Golias 2013, Lukaé et al. 2008) for various bilevel scheduling problems.
To solve a bilevel scheduling problem heuristically, we explore the leader’s set of
decisions. Given a leader’s decision z* € X, then the follower is expected to solve
correspondingly its own problem. Note that this can be challenging when the fol-
lower’s problem is NP-hard.

This study focuses on a scenario with one leader and one follower composed of
uniform parallel machines operating at two speeds. The leader selects the set of jobs
to be scheduled, and aims to minimize the weighted number of tardy jobs. Then,
the follower schedules the set of jobs provided by the leader, and aims to minimize
the sum of completion times. From a bilevel perspective, we consider the optimistic
case.

Unlike usual single-level methods, the bilevel approach enables the modeling of hier-
archical decision-making processes within manufacturing systems. In such a system,
a leader agent makes initial decisions, such as dispatching production orders, to
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subordinate follower agents who are then responsible for scheduling those orders.
Moreover, we can integrate some maintenance decisions into the scheduling process
by requiring that potentially defective machines operate at their minimum speed,
while healthy machines work at their maximum speed.

2 Definition and properties

The bilevel scheduling problem can be stated as follows: a set J of IV jobs is given,
where n < N jobs must be selected (by the leader) to be scheduled (by the follower)
on mi machines with high speed Vi and on mg machines with low speed V;. Each
job Jj is characterized by its processing time p;, weight w;, and due date d;. The
follower’s objective is to minimize the sum of completion times > y CJF where CJF
denotes the completion time of job J;. The leader’s objective is to minimize the
weighted number of tardy jobs Zj ijjL where UjL = 1 if the job J; is late, and
UJL = 0 otherwise. Let &z be the set of machine schedules that contain n jobs from
a set of jobs Z from J, and let Cf (s) be the completion time of job J; in schedule
s. Moreover, the optimistic scenario implies that there is a lexicographical objective

function Lex (Zg cr 2 ijjL), where we seek a schedule that minimizes the

leader’s objective function among all optimal schedules for the follower’s problem.
The bilevel problem can be formulated as:

. Ly
min Zw]Uj (s™)

|Z|=n JET
st. s* € argmin (Lea: <Z CF (s), ijUjL(S))> W

s€67 Jj€Es JEs

The follower’s problem is a special case of the Q|| Zj C; problem, which can be
solved in O(nlogn) time using the Shortest Processing Time on First Available
Machine (SPT-FAM) rule (Conway et al. 1967). Let B, denote a block, defined as
a set of pairs specifying a machine index and a position on machine schedule. A
feasible schedule in this bilevel setting corresponds to a sequence of such blocks,
where the processing times of all jobs associated with block B, are strictly smaller
than those associated with Byyi. This bilevel problem is denoted by Q|OPT —
n, Vi € Vo, Vinas| Zj CJF7 Zj ijjL, and is known to be N"P-hard in the strong sense
(Schau et al. 2024). Exact algorithms were developed in (Schau et al. 2024, Schau
et al. 2025). These methods can solve to optimality only instances with up to 40
jobs for 2 or 4 machines.

3 Heuristic approaches

To solve an optimistic bilevel minimization problem heuristically, two theoretical
classes of heuristics can be considered.

The first class (1) operates only on the leader’s decisions: given a leader decision, it
solves the lexicographical problem optimally. This approach is the most common in
the literature. However, for our problem, it leads to solving an N’P-hard problem.
The second class (2) relaxes the requirements of class (1) by imposing optimality only
on the first criterion of the lexicographical problem, namely > j C’]F , which is solv-
able in polynomial time. Given a leader’s decision, it minimizes only the follower’s
objective function using the block structure property that guarantees optimality for
Z]. CJF, and then attempts to determine the best objective value for the leader’s
objective 5 Wj U ]L . Consequently, this approach yields only an upper bound on the
leader’s objective function. To our knowledge, this contribution represents the first
heuristic of this class within the bilevel scheduling literature.

We propose a Multi-Start Local Search (MSLS) heuristic, which uses a list of K
initial solutions. This list is populated by a Recovering Beam Search (RBS) algo-
rithm, and a Local Search (LS) is applied to each solution in the list at the end of
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the RBS. Our heuristics exploit the block structure property to ensure optimality
for the follower’s problem. In this context, we determine two key elements: (1) the
subset of jobs Z that the leader selects, and (2) from this subset, the schedule w.r.t
the block structure.

The LS begins with an initial solution and seeks to improve it by iteratively refining
the leader’s decisions and, afterwards, the follower’s decisions (i.e., the schedule).
The neighborhood of the leader’s decisions is constructed by swapping a selected
job with a non-selected job. This swap generates a new schedule, from which the
neighborhood of the follower’s decisions is built by identifying an improving swap
of jobs within a block and then proceeding to the next block. The LS converges to
a local optimum within a fast computational time. The primary challenge lies in
devising a method for exploring diverse solutions in the solution space to reach a
promising local optimum.

The RBS facilitates this exploration by employing the branching scheme developed
in (Schau et al. 2025). Each node N of the search tree comprises a partial schedule
and a set of removed jobs. The branching scheme proceeds by considering the next
undecided job J; according to the Shortest Processing Time order. The leader’s
decisions are then considered: either the job J; is not selected (and thus removed in
the corresponding child node N.); or the follower’s decisions are considered, i.e., J;
is selected and assigned to one of the available locations in the first available block
from the parent node, creating the corresponding child node N.. The RBS retains
a subset of w child nodes with the highest evaluation values, using a function f(N)
that is a linear combination of the lower bound, as developed in (Schau et al. 2025),
and an upper bound obtained by completing the partial schedule through successive
assignment problems on each block. The upper bound gives a solution Sy for node
N. By retaining only w child nodes, the RBS achieves a sub-optimal exploration of
the solution space. To recover from potential bad selection of nodes, a recovering
mechanism is introduced. For a given node N, decisions regarding scheduled and
removed jobs are reassessed to reach a new node N at the same level in the search
tree. A heuristic condition is implemented in the recovery process: from a node N/,
a new feasible solution S} is generated heuristically. If the value of S, is less than
that of Sir, a new node A’ is created based on the decisions leading to S).
Finally, the list of initial solutions is populated with solutions Sxs computed by
the upper bound and S obtained during the recovering phase, retaining only the
max(0, K — w) best solutions. Additionally, the min(K, w) best solutions obtained
from the leaf nodes of the search tree are included. Through the RBS branching
scheme and the recovering phase, the solution space is effectively partitioned, en-
abling an efficient sampling of the space and ensuring that each solution is sufficiently
distinct from the others. Once the RBS process is completed or if a time limit is
reached, the LS is executed for all initial solutions, facilitating convergence to the
closest local optimal solution.

4 Results and Conclusions

Instances were randomly generated, in which there were m; high-speed machines
with their speed set at Vi = 2, and mo low-speed machines with their speed set at
Vo = 1. The processing times were drawn at random from the uniform distribution
U11,100] and weights from the uniform distribution U[1, 10]. Due dates were gener-
ated using the uniform distribution U[P x (1—tf —rdd/2), P x (1—tf+rdd/2)] with

tf,rdd € {0.2,0.4,0.6,0.8,1.0} and P = %ﬂnpﬂ]x% Here, tf and rdd define a
class of instances and we have 25 classes of instances. For each class, 10 instances of
size N = 80 were randomly generated, leading to 1500 instances. For each value of
N we set n = N/4,N/2,3N/4, where values were rounded down in case they were
fractional. Moreover, we set the total number of machines to m = 2, where we have

the same number of high-speed and low-speed machines. These instances are split
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into two categories: (A), composed of 860 instances where the Branch-and-Bound
(BaB) developed in (Schau et al. 2025) finds an optimal solution, and (B), composed
of 640 instances where BaB does not solve them to optimality. All methods were
run with a time budget of 60 seconds.

Let Oaq denote the sum of objective function values from method M. The deviation
is defined as: A = (ORX5* —On) /O8RS, it is negative when the ORS* method is better,
with a GAP of A% compared to the O method. Preliminary results show that the
best configurations are: do not use the lower bound in the RBS and k& = 100 for the
MSLS.

Tables 1 and 2 show that the LS is very fast, while the MSLS is the slowest method.
Our best approach is the MSLS with w = 5 on instances (B), with a GAP of -48.6%
compared to BaB. For (A) instances, BaB gives better solutions with a GAP of
-4.20% compared to MSLS. We remark that, in case much larger instances need to
be considered, MSLS with w = 5 would not be the best choice: indeed, MSLS with
w = 1 would allow us to guarantee still high quality results within a much limited
CPU time effort.

To conclude, our novel approach to the optimistic bilevel scheduling problem, wherein
we guarantee only the optimality of the first criterion in the lexicographical problem,
has led to the development of effective heuristics.

Method | Tuvg | Tmax | Om | A (%) Method | Tavg | Timax | Om | A (%)
BaB60 |58.52]60.91|22619]| -48.6 LS, 0.00 | 0.00 |1768|-85.71
LS, 0.00 | 0.00 |17886|-17.51 LS 0.09 | 0.52 |1539|-61.66
LS 0.27 | 0.53 | 16584 -8.95 RBSw=1 |0.53| 4.24 |1006 | -5.67
RBSw=1 | 3.62 | 6.21 | 15748 -3.46 MSLS w=1|2.08| 7.84 |1000| -5.04
RBS w=5 |17.69|31.09| 15400 | -1.18 MSLS w = 5|3.85|20.97| 992 | -4.20
MSLS w=1| 7.19 |20.62|15395 | -1.14 RBS w =05 |2.21]18.84| 976 | -2.52
MSLS w = 5|21.33|34.27|15221| 0.0 BaB60 |4.71]58.78] 952 | 0.0

Table 1. Statistics of heuristics on (B)

instances
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1 Introduction

Scheduling is an optimization problem frequently encountered in manufacturing sys-
tems. The most commonly observed in practice is Job Shop Scheduling Problem (JSSP).
This problem has been proven to be NP-hard, which makes exact methods impractical for
real-world applications. Indeed, in order to remain competitive, companies require methods
that are not computationally expensive while still providing solutions of acceptable quality.
This naturally leads to the use of approximate methods. These approaches fall into two
main categories: heuristics and metaheuristics. In this work, we focus on metaheuristics
approaches, which generally rely on three main components: initialization, intensification,
and diversification. It has been shown that most metaheuristics are highly sensitive to their
initialization (Li, Liu and Yang 2020).

In this work, we will focus on the initialization phase improvement. Machine learning
models have demonstrated strong capabilities in capturing and modeling complex struc-
tures and have been widely adopted in the literature to enhance the performance of meta-
heuristics (Talbi 2021),(Zhang, Wang, Liu, Su, Ishibuchi and Jin 2025). Given a set of
candidate initial solutions, we use a trained binary classifier to predict whether a solution
is located in the most promising regions of the search landscape relative to the others,
based on landscape features extracted around each solution. The predicted promising solu-
tion is then selected to initialize our optimization algorithm. As optimization approach we
use the simple version of the Variable Neighborhood Search (SVNS) which principles and
applications are discussed in (Hansen, Mladenovié, Brimberg and Pérez 2018). In addition,
the learned model can be used to categorize problem instances according to their difficulty.

2 Fitness landscape analysis

Several features have been proposed in the literature to capture useful information about
the landscape surrounding a solution (Angel and Zissimopoulos 1998, Pitzer and Affenzeller
2012). These include ruggedness, modality, fitness-distance correlation, autocorrelation,
correlation length, size of the basin of attraction, distribution of objective function values.
These features are extracted by performing random walks in the solution space.
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In Fig. 1, we illustrate real random walks around a solution. This type of visualization
was introduced in (Ochoa, Malan and Blum 2021) to study the behavior of metaheuristics
for the Traveling Salesman Problem. In this representation, each node corresponds to a
solution, the central node represents the starting solution, and the color of each node is
proportional to its objective function value.

3 Resolution Approach

Our methodology combines an analysis of the solution landscape with supervised learn-
ing techniques to guide the selection of the most promising solution. We first extract local
and relative features for each solution, then use these features to predict whether a given
solution is relatively more promising than others. As illustrated in Figure 2, given an in-
stance of the problem, our approach first samples a set of initial solutions, S. A filtering
procedure based on our binary classifier is then applied to retain only the solutions consid-
ered relatively promising. The most promising solution after filtering is used to initialize
our SVNS. If multiple solutions are deemed promising, one is randomly selected to initialize

the SVNS.

Problem Instance S"‘mspolijzfof_‘"s'"a' Random walks Feature extraction R"""g:;‘;‘iz‘::&s‘ Initial solution VNS

Fig. 2. Description of our approach
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4 Numerical tests

Experimental design: To evaluate the performance of the proposed approaches, nu-
merical experiments were conducted on well-known benchmarks, including FT06-10-20
(Muth, Thompson and Winters 1963), LA0I-40 (Lawrence 1984), ABZ5-9 (Adams, Balas
and Zawack 1988), and ORB0I1-10 (Applegate and Cook 1990). To evaluate the perfor-
mance of our method, we use the gap to the optimum (1) as the performance metric.

Cmax _ Crtlax
C*

max

Gap = 100 x (1)
Two experimental results are presented in this section: learning performance and solving
performance. To evaluate the solving performance of our approach (VNS/RF), we compare
it against four classical initialization strategies: Random Sampling (VNS/Random), Most
Work Remaining (VNS/MWR), Most Operations Remaining (VNS/MOR), First In First
Out (VNS/FIFO). Each of these strategies achieves better performance than the others
on a subset of instances. The objective of our approach is to use our trained model to
select the most effective initialization strategy for each instance among these four classic
strategies.

Learning Performance: In this work, we use random forests (RF) as the learning model
for our task, setting the number of trees to 100 while keeping all other parameters at their
default values. To evaluate learning performance, we use the Fj-score metric which is
widely adopted for binary classification, as it combines two key measures: precision and

recall.
1
8 8
0.8
0.6
B Training Dataset
M Test Dataset
M Validation Dataset
0.4
0.2

0 N N N .
More promising solutions Less promising solutions

Fl-score

Categories

Fig. 3. Fi-score by considering each category as the positive class
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The learning performance of our model demonstrates that our features are strongly
correlated with the target prediction and that the random forest model is able to learn
effectively, the Fy-score is above 85%.

Performance Evaluation: As shown in Table 1, on average, our approach achieves a
lower mean gap for the majority of instances within a 5-minute time budget, including
both initialization and optimization. The detailed results show that our model is able to
make accurate predictions for the majority of instances. Although part of the time is spent
on prediction, this overhead is still compensated by the overall performance gains.

| VNS/Random VNS/MWR  VNS/MOR  VNS/FIFO  VNS/RF
Benchmarks|AvgGap (%) std AvgGap (%) std AvgGap (%) std AvgGap (%) std |AvgGap (%) std

ft 6.97  6.04 5.52 5.48 911 825 404 384 3.36 3.1
1a01-20 1.76 2.98 1.26 207 098 166 08 161 0.72 128
1a21-30 2.8 3.78 2.01 2.66 1.61 206 154 208 1.26  1.58
1a31-40 105 4.69 5.88 4.75 6.16 491 686  4.75| 5.46  4.32

abz 16.37 1335 1292  10.87 1262  9.55 12.37  9.14| 1266  10.1
orb 11.04  3.65 7.62 3.89 1125 486  7.74  3.01] 7.09 332
Average | 824 - 5.87 - 6.96 - 5.57 - | 5.09 -

Table 1. Average gap to the optimum
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1 Introduction

A flow shop is a scheduling environment in which all jobs visit a set of machines
in the same order. A well-studied special case is the permutation flow shop
(PFS), where the sequence of jobs is identical across all machines. In a standard
flow shop, each job visits each machine at most once. However, in many real-
world manufacturing systems, jobs must return to the same machine multiple
times during processing. Such problems are referred to as reentrant flow shops
(RFS) [Danping and Lee, 2011].

A particular class of RFS is the cyclic-RFS, in which each job passes through
all machines multiple times. A cyclic-RFS consists of n jobs, m machines, and [
levels. Each level represents a full pass of a job through the machines in the order
(1,2,...,m). The processing of a job at a specific level is called a sub-job. RFS
models arise in various manufacturing environments [Danping and Lee, 2011].

The notion of permutation has been extended to RFS, leading to the reen-
trant permutation flow shop (RPFS), primarily in the cyclic setting. In an earlier
work [Segal et al., 2024], we showed that the concept of permutation was used
inconsistently in the literature. To clarify its meaning, we defined four distinct
RPFS types, based on the following constraints on sub-job scheduling order:

— Level passing: After completing a sub-job at level [*, must all other sub-
jobs of the same level be completed before any sub-job from a higher level
(I > I*) may start? If so, we say that level passing is prohibited, otherwise
allowed.

— Job passing: Must the job order within a given level be identical in all other
levels? If so, we say that job passing is prohibited, otherwise allowed.

Based on these constraints, four RPFS types are defined: PP (Passing Prohibited
for both level and job passing), LPP (Level Passing Prohibited), JPP (Job
Passing Prohibited), and PA (Passing Allowed for both level and job passing).

In a previous work, we developed several heuristics aimed at producing
low-makespan schedules for each type [Segal et al., 2026]. The heuristics extend
classical flow shop methods, including Palmer’s slope rule [Palmer, 1965] and
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NEH [Nawaz et al., 1983]. NEH-based variations generally performed well for
the PP and LPP types. All heuristics yielded poor results for the PA and JPP
types. In addition, several studies have investigated the PP [Chen et al., 2009]
and PA [Xu et al., 2014] types of RPFS using metaheuristic frameworks. The
present study focuses on obtaining high-quality solutions across the four per-
mutation types by employing a simulated annealing (SA) metaheuristic.

2 Simulated Annealing Adaptation for RPFS Types

SA is known for its effectiveness in exploring large search spaces and pro-
ducing high-quality solutions for complex optimization problems. In particu-
lar, SA has been applied extensively in flow-shop scheduling; see, for example,
[Chen and Sandnes, 2015].

In this study, we adopted three standard perturbation techniques to generate
candidate neighbors in PFS [Hurkata and Hurkala, 2012] and extended these to
the four types of RPFS.

1. Adjacent swap: interchanging two adjacent jobs.
2. Global swap: interchanging two jobs at arbitrary positions.
3. Insert: removing a job and reinserting it elsewhere in the sequence.

Following are the extensions for the four RPFS types:

— PP: The three moves are implemented as in the standard PFS.

— LPP: The three moves are applied to sub-jobs within the same level, either
(a) level by level (from level 1 to 1) or (b) on a randomly selected level.

— JPP: The three moves are applied to the sub-job order, provided that prece-
dence constraints are preserved; that is, level £+ 1 of a job does not precede
level k of the same job, and a consistent job order is maintained across
all levels. In addition, an adjacent-swap move is applied to the job order,
resulting in four moves in total.

— PA: The three moves are applied to the sub-job order, provided that prece-
dence constraints are preserved.

We used an initial temperature To = 100, a final temperature Tg,. = 0.1,
and a cooling rate @ = 0.98. At each temperature, 10-n neighbors were evaluated
for the PP type and the level-by-level LPP, and 5-n-[ for the random-level LPP,
JPP, and PA. The initial sequence was either a random permutation or a solution
obtained by an NEH-based heuristic from our previous work [Segal et al., 2026].

The moves were selected uniformly at random for the PP, LPP, and PA
types. For the JPP type, moves were selected according to a (0.3, 0.3, 0.3, 0.1)
distribution. The job-order move was assigned a lower probability due to its
major impact on the sequence.

3 Experimental Evaluation

Computational experiments were conducted to evaluate the SA mechanism de-
scribed in Section 2 across all four permutation types. Experimental sets are
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denoted by n x m x [, with processing times drawn from a discrete uniform
distribution over [1,19]. For each set, 50 instances were randomly generated
and evaluated. As a first step, we compared the SA results with optimal so-
lutions for a relatively small 6 x 5 x 2 set, for which optimality can be ob-
tained by exhaustive search. Let Cpax(OPT, X) denote the optimal makespan
and Cipax(SA, X) denote the SA-calculated makespan for permutation type
X € {PP,LPP,JPP,PA}. The performance gap of an instance with respect
to a permutation type X for this step is defined as

Cinax(SA, X) — Cinax(OPT, X)
Cinax(OPT, X)

Performance gap(X) = x 100.

SA achieved the optimal makespan in 100%, 98%, 90%, and 92% of the
instances for the PP, LPP, JPP, and PA types, respectively, with an average
performance gap below 0.06% and a maximum gap of 1%.

In the second step, we ran the SA mechanism on larger sets, with a base
problem size of 10x5x 3. The results are shown in Figures 1 and 2, corresponding
to variations in n and [, respectively. Each figure consists of two graphs: the
left-hand graphs report the permutation types achieving the best makespan in
each set (with counts possibly exceeding 50 due to ties), while the right-hand
graphs present the average performance gap for each permutation type. The
performance gap for a permutation type X is defined here as

Cmax(SA, X) - Cmax(Best)

Performance gap(X) = x 100,
Crmax (Best)
where Cpax(Best) = miny Cpax(SA4, X).
50 5%
40 4% - "
30 3%
*
20 . 2% m :
A
10 : 1% ,
e ll :
o ; s 0%
5 10 15 5 10 15
Number of jobs n Number of jobs n
m PP il LPP = JPP = PA mPP +LPP 4JPP o PA
(a) Number of best makespans (b) Average performance gap (%)

Fig. 1: Varying n, with m =5 and | = 3.

The results are as expected for a well-performing algorithm and indicate that,
in most instances, SA consistently finds the best solution within the PA solution
space, which contains all other permutation solution spaces. The PP type yields
the smallest number of best solutions, while the numbers obtained for the LPP
and JPP types lie between those of PA and PP. The average performance gap

68



50 5%
40 4% = L]
| |
30 3%
20 2% 4 s .
* A
10 Hm 1%
o il Il M= o
2 3 4 2 3 4
Number of levels ( Number of levels {
W PP i LPP = JPP = PA u PP « LPP 4 JPP o PA
(a) Number of best makespans (b) Average performance gap (%)

Fig. 2: Varying [/, with m =5 and n = 10.

shows the same trend. These results contrast with the heuristics outcomes, as
the heuristics exhibited difficulties in finding the best solutions, especially within
the PA and JPP solution spaces. As part of our ongoing investigation, we are
evaluating the SA mechanism on additional experimental sets and exploring
alternative SA parameter configurations.
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1 Introduction

In many scheduling problems, jobs are associated with clients, and any solution may
have a different effect on the quality of service (QoS) received by each client. Traditional
objectives have primarily focused on maximizing system efficiency. However, such objectives
may lead to solutions that create substantial disparities in QoS across clients, which can
be perceived as unfair and may ultimately result in the loss of future customers.

Our research focuses on a class of repetitive scheduling problems in which the same set
of clients repeatedly submit jobs to a scheduling system over a finite sequence of periods
(e.g., days). In such settings, clients who receive a poor schedule on one day may be
compensated with a better schedule on other days, ensuring that their overall QoS across
the scheduling horizon does not become excessively low. Accordingly, our main goal is to
demonstrate how the repetitive nature of these problems can be leveraged to construct a
sequence of schedules that, when considered together, improves fairness.

1.1 Problem definition

The class of repetitive scheduling problems we consider has been formally presented
in (Hermelin et. al. 2025) and is defined below. We are given a set of n clients (j € [n] :=
{1,...,n}). Each client is associated with a single job on each of ¢ different days. By (i, j)
we denote the job of client j on day i. On each day i € [q], the jobs in J¢ = {(i,]) :
j €{1,...,n}} have to be scheduled on a single machine. While the model can be easily
extended to more general machine environments, we focus here on the single-machine case.

An instance of our problem includes a set of job processing times {p; ; : i € [q],j € [n]},
where p; ; denotes the processing time of job (i,j) on the single machine. When relevant,
the instance may also include additional parameters for each job (i, j) such as its due date
d; j or weight w; ;. A solution 7 to the problem consists of a set of ¢ daily schedules,
m = (m,...,mq), where m; = (m;(1),...,m(n)) denotes the job processing permutation on
day ¢ and 7;(j) the position in which job (4, j) is processed on that day. Given a solution,
we assume that the completion times {C; ;(7) : i € [¢],j € [n]} can be easily computed. For
example, when the objective is regular (i.e., a nondecreasing function of the job completion
times), the completion time of job (i, j) can be computed by C; ; () = > yc ) (0) <mi () Pirt-

Given a solution, let F; ;(m) denote the performance measure of job (4, j) indicating the
QoS that client j receives on day i. Common examples of performance measures include
(¢) the completion time C; ;(m) of job (4,7); (ii) the lateness L, ;(w) = C; ;(w) — d; ; of
job (i, 7); (iti) and the binary tardiness indicator U, ;(m) of job (i, j), where U, ;(7) = 1
iff C;;(m) > d; ;. With this notation, the QoS received by client j across all ¢ days is
Fj(m) = > ie(q Fi,j(m), where, in most cases, a smaller value indicates higher QoS.
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1.2 Efficiency via Fairness

Following (Hermelin et. al. 2025), we consider two criteria for evaluating the quality of
a solution 7. The first criterion, denoted by F(r), is the fairness measure:

F(m) = max F;(m) = max F; j(m). (1)
J€[n] S

The second criterion, denoted by G(7), is the efficiency measure:

G(m) =Y Fi(m)=>_ Y Fi;m). (2)

j€ln] i€[q] j€[n]

(Hermelin et. al. 2025) defined two variants of the problem, each optimizing one of the
two criteria. The first, the Maximal Fairness problem, aims to find a schedule 7 that
minimizes F(7). The second, the Maximal Efficiency problem, seeks a schedule 7 that
minimizes G (7). Using the classical three-field notation for scheduling problems, we denote
the Maximal Fairness problem by 1|rep| max; ), F; j, and the Maximal Efficiency problem
by 1|rep| >, > i Fi- As the Maximal Efficiency problem reduces to ¢ independent (single
day) 1> ; Fi,j problems, one for each i € [q], the following corollary holds:

Corollary 1. The Mazimal Efficiency problem, 1lrep| >, >, F; j, is solvable in O(gh(n))
time, where O(h(n)) is the time required to solve the single-day counterpart, 1|| >, Fj ;.

Corollary 1 above implies that if the classical (single day) problem is solvable in polynomial
time, so is the Maximal Efficiency problem. For example, the fact that 1[| >, F} ; is solvable
in O(nlogn) time when F; ; € {C;;,L;;,U;;} (Smith 1956, Moore 1968) implies that
the corresponding 1|rep|>_; >, F; ; is solvable in O(gnlogn) time. This observation also
enables to construct lower bound for the minimal value of the Maximal Fairness problem
using the optimal solution for the Maximal Efficiency problem. To do so, let 7f and 7¢
be the optimal solutions for the Maximal Fairness and the Maximal Efficiency problems,
respectively. It is easy to see that the following holds F(7f") > G(x¥)/n > G(7%)/n. The
first inequality follows from the fact that the maximum over a set of numbers is at least the
average value of this set of numbers, and the second inequality holds due to the optimality
of 7 for the Maximal Efficiency problem. Therefore, we have the following corollary:

Corollary 2. G(7%)/n provides a lower bound on the minimum solution value of the
Mazximal Fairness problem.

Due to space limitations, we focus on presenting the key results for the Maximal Fairness
problem with F; ; = C; ;. The main approximation results have not yet been published,
while all other results are taken from (Hermelin et. al. 2025, Plotkin ef. al. 2025). For
results on other performance measures, we refer to (Heeger et. al. 2023, Heeger et. al.
2025, Hermelin et. al. 2025).

2 Hardness results and exact algorithms

We begin by presenting our main hardness result:

Theorem 1. The 1|rep|max; Y, C; ; problem is strongly NP-hard, and unless P = NP,
it cannot be approximated in polynomial-time within factor smaller than 38/37.

As the reduction leading to the above strong NP-hardness result involves an arbitrary
number of clients and days, we now focus on cases where one of these parameters is small.
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Consider first the case of few days. When ¢ = 2, we proved that applying a procedure
similar to the famous Johnson’s algorithm (Johnson 1954) for minimizing the makespan
in a two-machine flow-shop scheduling can optimally solve the Maximal Fairness problem.
In fact, the algorithm constructs a job sequence similar to Johnson’s algorithm, where the
days act as machines. However, it reverses the schedule for the second day, whereas in
Johnson’s algorithm, the optimal schedule is a permutation schedule, meaning that the
optimal job permutation is the same for both machines.

Theorem 2. The 1|rep|max; >, C; ; problem is solvable in O(nlogn) time when g = 2.

The next question that trivially arises is: can we easily solve the problem also when there
are more than two days? Unfortunately, the answer for this problem is no. In fact, by a
polynomial time reduction from PARTITION we proved the following:

Theorem 3. The 1|rep|max; )y, C; ; problem is weakly NP-hard for all ¢ > 4.

Theorems 2 and 3 provide a nearly complete characterization of the hardness of the
Maximal Fairness problem with respect to the parameter ¢, leaving the case of ¢ = 3
unsolved. Consider now parameter n. We showed that the problem is (weakly) NP-hard
already for n = 2 (but ¢ being arbitrary). The reduction is again from Partition.

Theorem 4. The 1|rep|max; . C; ; problem is weakly NP-hard for n > 2.

On the algorithmic side, the 1|rep|max; >, C;; problem admits a fixed-parameter
tractable (FPT) algorithm with respect to the combined parameter of ¢ + K, where K is
an upper bound on the optimal solution value, i.e., an algorithm solving the problem in
fle+K)- nP® time for some computable function f. Moreover, the problem admits a
fin+ K )O(”) time algorithm, which is pseudo-polynomial when the number of clients is
constant (n = O(1)). Another interesting case is the unit processing times case, which can
be solved easily using a simple algorithm. In fact, when ¢ is even, any solution that reverses
the permutations between even and odd days is optimal. When ¢ > 3 is odd, the optimal
solution coincides with the even-day structure for ¢ — 3 of the days, while the remaining
three days require more carefully designed permutations.

3 Approximability results

The inapproximability result in Theorem 1 rules out (assuming P # NP) the existence of
a polynomial-time approximation scheme (PTAS) for the problem. A first attempt to con-
struct an approximation algorithm for the Maximal Fairness problem appears in (Plotkin
et. al. 2025). They proposed a heuristic procedure that decomposes the problem into |g/2]
two-day instances, each of which is optimally solved in O(nlogn) time. The heuristic then
combines these two-day solutions into a single solution for the entire problem (if ¢ is odd,
the last day is scheduled arbitrarily). This approach results in a [¢/2]-approximation,
which is bounded only when ¢ = O(1). However, a more sophisticated (yet unpublished)
algorithm, based on linear programming (LP) relaxation followed by a clever rounding
procedure, enables us to obtain the following result:

Theorem 5. The 1|rep|max; ), C; ; problem can be approzimated within a factor of 2 in
polynomial-time.

When the number of n clients is constant, the f(n 4+ K)©™) time algorithm can be con-
verted into a fully polynomial-time approximation scheme (FPTAS) by applying standard
scaling ideas. However, when the number of days ¢ is constant we were only able to design
a polynomial-time approximation scheme (PTAS) for the problem. The PTAS relies on
newly-devised batching scheme, where intuitively each batch represents a set of jobs that
we conceptually group together and treat as being simultaneously completed.
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Theorem 6. For any ¢ > 0, the l|rep|max; ). C; ; problem can be approximated within
factor of 1+ € in fully polynomial time when n is constant, and in polynomial time when
q 15 constant.

4 The price of fairness

Solving the Maximal Fairness problem may lead a solution which is sub-optimal in
terms of efficiency. The quantity that captures the relative loss of efficiency is known as the
Price of Fairness (PoF) (Bertsimas et. al. 2011, Agnetis et. al. 2019). To formally define
the PoF, consider a given instance I of our problem, and among all optimal solutions for
the Maximal Fairness problem, let 77'(I) be the least efficient one. Moreover, let 7&(I) be
an optimal solution for the Maximal Efficiency problem with instance I. Then, the PoF is
simply the minimum value of § which satisfies % < ¢ in all possible instances I of
the problem.

Theorem 7. The PoF of the 1|rep|max; Y ¢_, C; ; problem is between n/2 and n.

5 Open Problems

Although we were able to provide a variety of complexity and algorithmic results for the
1|rep| max;{>"7_, C; ;} problem, many research questions remain open. We below present
several examples:

— Can we solve the ¢ = 3 case in polynomial time? What about the special case of
daily-independent instances, where p; j = p;?

— Can we solve the problem with constant number of days in pseudo polynomial time or
is this case strongly NP-hard?

— Can we construct a constant-factor approximation algorithm with an approximation
ratio less than 27

There are many other open challenges to explore, particularly with respect to other per-
formance measures and more complex machine environments.
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1 Introduction

In this paper we focus on a class of scheduling problems where two agents
are concerned by the scheduling of a set of n jobs. The first agent, called the
leader, first select jobs that are given to the second agent, called the follower,
who next schedules them. This setting falls into the category of bilevel opti-
mization [Dempe et al., 2015]. In such problems it is assumed that the leader
and the follower follow their own objectives which can be contradictory, so
leading to very hard optimization problems. Recently, many papers on bilevel
combinatorial optimization have been published (e.g., [Caprara et al., 2016],
[Della Croce and Scatamacchia, 2020], [Fischetti et al., 2017], [Fischetti et al., 2018],
[Fischetti et al., 2019], [Woeginger, 2021]). On the other hand, to the authors
knowledge, the literature on bilevel scheduling is much more limited ([Abass, 2005],
[Karlof and Wang, 1996], [Kis and Kovacs, 2012], [T’kindt et al., 2024b]). This
paper provides new results with respect to [T’kindt et al., 2024a].

It is assumed that a set N jobs is given to the leader to be scheduled on
a single disjunctive machine. Each job j is defined by a processing time p;, a
due date d; and, depending on the problem, a weight wJL . With respect to a
given schedule, we denote by C; the completion time of job j. The leader has to
select n < N jobs, with n fixed, so as to minimize his objective function f¥ €
{30 OF 225 wi CF Ly 225 T 25 wi T 30, Uf, 32 wi U 305 wi Vi)
These jobs are then given to the follower who schedules them to minimize the
maximum lateness L . To be able to unambiguously define the notion of opti-

mality we add the hypothesis that the follower, among all his optimal solutions,
returns the one that minimizes the leader’s objective function (optimistic sce-
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nario).

The above objective functions are classic ones as defined in any textbook on
scheduling (e.g. [Pinedo, 2022]). The only particular objective function - wi'V;
is defined as the weighted number of early jobs with V; = 1 iff C; < d;; 0 other-
wise. It has to be maximized. Notice that in traditional single-level scheduling
on a single machine, maximizing > _; ijVj is equivalent to minimizing ) ij Uj:
this result does no longer holds in a bilevel setting when they are optimized by
the leader.

Property 1. For any regular objective function f¥, solving problem 1|OPT —
n|>; ijjL, fF is not equivalent to solving problem 1|OPT — n| > ijjL, fr.

Proof. The proof is done by exhibiting a generic counter example. Consider the
following instance with N = 4, n = 2 and the follower minimizes f¥.

J|pi|dj| w;
1165100
2[1123[ 40
3[12[23[ 40
4[14[24]100

If the leader maximizes ), ijjL then its optimal solution is reached when
selecting {1,4}: whatever the permutation computed by the follower, we have
Zj ijjL = 100, which is the maximum value achievable among all possible

selections, and Zj ijjL = 100. Now, if the leader minimizes EijUjL, the
best selection is {2, 3}: whatever the permutation computed by the follower, we

have ijjL =0and ), ijjL =380.

2 Contributions

We focus on the complexity status of 8 single machine scheduling problems for
which the follower minimizes the maximum lateness L . Following the nota-
tion of scheduling problems extended in [T’kindt et al., 2024b], these problems
are denoted by 1|OPT — n|fE, LE . When the leader has taken his decisions,
i.e. selected n jobs, the follower’s problems reduces to the lexicographical op-
timization problem 1||Lex(LE ., f¥): this highlights interesting links between
multiobjective scheduling and bilevel optimistic scheduling. Another important
remark is that, when dealing with bilevel optimization, it may happen that some
problems are hard with respect to the second level of the Polynomial Hierarchy
(e.g. [Woeginger, 2021]): in this case, we say they are X%-hard. Consequently,
studying the complexity of the 8 scheduling problems 1|OPT —n|f*, LY im-
plies considering whether they can be solved in polynomial time, are AP-hard

or ob-hard.

A generic way to model bilevel optimization problems is to use bilevel math-
ematical programming and, in general, solving a bilevel program is X%-hard.
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However, it turns out that some bilevel optimization problems may be also for-
mulated by means of (single level) integer linear programming with a polyno-
mial number of variables and constraints. [Woeginger, 2021] recalls that, unless
NP = X%, these problems cannot be X%-hard.

For the 8 bilevel scheduling problems considered in this paper, we show the
existence of a generic integer linear programming model which rules out the
possibility that they are X%-hard. This model will be presented at the confer-
ence. The obtained complexity results are given in Table 1.

Problem Complexity
1JOPT —n| ), CF LT e not $2-hard
1|OPT — n| Zj wiCF LY .. strongly N'P-hard
1|OPT — n| Zj US, Linax strongly NP-hard
1|OPT — n| Z]. wiUF, Lo strongly N'P-hard
1|OPT — n| Zj wiVF LE .| strongly NP-hard
1|OPT — n| Zj TjL, LE .. |at least weakly N"P-hard
1|OPT — n| Z]. wiT}, Lf..|  strongly N'P-hard

Table 1. Complexity results when the follower minimizes LI, .,

Most of the results presented in Table 1 are derived from the complexity
of the follower’s problems, i.e. the lexicographical problems. Problem 1|OPT —
n|> j CjL, LE  is intriguing as, with respect to class NP, its complexity status
remains open. Particular cases, as shown at the conference, are polynomially

solvable but if this is still true in the general case.

3 Conclusions and perspectives

Bilevel scheduling is an emerging research field and can be seen as an extension
of classical multiobjective scheduling and multiagent scheduling. Decisions are
made in a hierarchical way which implies to rethink how the problems can be
solved. It also asks many new research questions as, to illustrate, how to design
efficient upper and lower bounds or even exact algorithms.

From a complexity point of view, it is also interesting to study when a bilevel
optimistic scheduling problem turns to be X%-hard: the problems considered in
this paper remain, at most, hard with respect to NP but what happens if
we complexify them by adding constraints or considering more complex shop
environments?
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1 Introduction & literature

Given an undirected graph G = (V, E) (a.k.a. conflict graph) where V' is a set of n vertices
(representing the jobs), processing times p: V' — Z~, and m > 2 identical machines, the
problem PARALLEL MACHINE SCHEDULING WITH CONFLICTS (PMC) consists in finding
an assignment c: V. — {1,...,m} with c(u) # c(v) for all {u,v} € E that minimizes
MAXLe(1,....m} D pey c(v)=k p(v), that is, the makespan. This problem is clearly NP-hard
as it contains both 3-PARTITION and GRAPH m-COLORABILITY (Garey and Johnson 1979).

Let [£] denote the set {1, ..., ¢} for any £ € Z . The following linear formulation for P™mcC,
subsequently referred to as assignment formulation (AF), was introduced by Kowalczyk
and Leus (2017). For each v € V and k € [m], there is a binary variable z,; indicating
the machine that processes the job: z,; = 1 if and only if job v is assigned to machine k.
Moreover, the model contains a non-negative real variable y whose value is at least the
maximum processing time over all machines k € [m].

(AF) min y

s.t. Z Top > 1, Yo eV, (1)
ke[m)]
Tuk + Tor < 1 V{u,v} € E,k € [m], (2)
> p)zw <y vk € [m], (3)
veV
ok € {0,1} Yo € V,k € [m], (4)
y > 0. (5)

Constraints (1) guarantee that each job is assigned to at least one machine, while con-
straints (2) imply that no conflicting jobs are assigned to the same machine. The objective
function together with constraints (3) establish the minimum makespan.

This problem was first studied by Bodlaender et al. (1994), who designed polynomial-
time approximation schemes (PTASs) for the cases where the conflict graph is bipartite,
complete multipartite, or has bounded treewidth. More recently, Furmariczyk et al. (2024)
showed a 2-approximation algorithm for PmcC, and a PTAS for the case when the jobs have
processing times of unit duration. Problem pMC restricted to unit-time jobs is NP-hard even
on bipartite and interval graphs (Mallek and Boudhar 2024). A number of solving methods
based on mixed-integer linear programming (MILP) have also been proposed for PMC in the
literature. One is the branch-and-price algorithm due to Bianchessi and Tresoldi (2021),
which uses a MILP formulation with a binary variable for each stable set of the conflict
graph and each machine, and a non-negative real variable for every machine. Another
algorithm (the first-published computational study, to our knowledge) is a binary search
using a set-covering model for Bin Packing with Conflicts (BPPC) devised by Kowalczyk
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and Leus (2017). Given m € Z- identical bins with capacity C € Z~, a set V of n items
with capacity consumption p: V' — Z-, and a (conflict) graph G = (V, E), BPPC consists
in finding an assignment of items to a minimum number of bins so that the capacity of
the bins is respected and no pair of items in F are assigned to the same bin. Note that
the decision versions of PMC and BPPC are equivalent: an instance (G, p, m) of PMC has a
solution of makespan C if and only if the items in V(G) can be assigned (without conflicts)
to m bins of capacity C. Sadykov and Vanderbeck (2013) proposed a branch-and-price
approach to BPPC, and Epstein and Levin (2008) designed constant-factor approximation
algorithms for the problem restricted to bipartite graphs and perfect graphs. Mallek et
al. (2019) proposed heuristics and MILP formulations for a variant of PMC where the
machines run at different speeds and all jobs are unit time. This problem was shown to be
NP-hard even when restricted to instances with two machines and a forest as the conflict
graph (Mallek and Boudhar 2024).

2 Link with other combinatorial problems

Scheduling with conflicts is closely related to the vertex coloring problem (vcP), which
consists in, given a graph G = (V, E), finding a coloring ¢: V — [¢] with £ € Z~ colors such
that c(u) # c(v) for all {u,v} € E, and ¢ is minimum. The smallest ¢ € Z~ such that G
admits an ¢-coloring is denoted by x(G). Obviously, any feasible solution for an instance
of pmcC with conflict graph G and m machines is a (proper) vertex coloring of G with
m colors. Thus an instance (G, p, m) of this problem is infeasible if and only if m < x(G).
Problem vcCP is a classical optimization problem with a vast literature devoted to algo-
rithms, complexity, structural aspects, and computational experiments (see, e.g., Malaguti
and Toth (2010), and Tuza (1997)). It is therefore natural to use the knowledge about vcp
to study pPMC. In this work, we focus on MILP formulations, strong valid inequalities, and
separation algorithms.

We observe that PMC is also related to so-called interval scheduling. In the basic interval
scheduling problem, given a set of job intervals [s;, f;) for all i € [n] (with s; and f; the
start and end time of job %), the objective is to assign jobs to machines so that no two job
intervals assigned to the same machine overlap, while minimizing the number of machines
used. The input can be viewed as a conflict graph with one vertex for each interval, and
an edge {u,v} whenever the intervals corresponding to v and v overlap. Hence, the basic
interval scheduling problem corresponds exactly to the vertex coloring problem on interval
graphs, which is in turn a particular case of BPPC. For more results on interval scheduling,
the interested reader is referred to the survey by Kolen et al. (2007).

3 Contributions

In Moura et al. (2025), we consider the natural assignment formulation (AF) for PMC using
binary variables indexed by the jobs and machines, and discuss how to reduce symmetries
in this model. Note that the optimal value of the linear relaxation of (AF) is precisely
% > vev P(v); the average makespan is a trivial lower bound for pmc. We also propose
a compact MILP formulation for PMC to alleviate some issues related to symmetry and
unbalancedness of the enumeration tree associated with (AF). The proposed formulation for
PMC uses a set of representative jobs (one for each machine) to represent feasible solutions
to the problem, and is based on the asymmetric representatives model for vCP introduced
by Campélo et al. (2008). A similar idea of representatives is used to model the classical one-
dimensional bin packing problem in Hadj Salem and Kieffer (2020). Consider an instance

(G,p,m) of pmC with G = (V, E). The complement of G, denoted by G, is the graph
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(V,E) where E = {{u,v} C V : {u,v} ¢ E,u # v} is the complement of E. We denote
by é the size of E. Let < be an arbitrary ordering on V. We remark that this ordering is not
related to the order in which the jobs are processed (the latter ordering is irrelevant for the
makespan objective). Note also that the ordering < avoids symmetrical solutions and affects
the dimension of polytope associated with the representatives formulation of the problem.
Before showing the model, we present some additional useful notation. Let N~ (v) = {u €
Viu < v,{uv} ¢ E} and N*(v) = {u € V : v < u,{u,v} ¢ E} be the negative
and positive anti-neighborhood of v, respectively. Define N[v] = N*(v) U N~ (v) U {v},
N~ [v] = N~ (v) U {v}, and N*[v] = N*(v) U {v}.

We next describe the representatives formulation (RF) for PMC on input (G, p,m) with
G = (V,E). For each v € V and u € N~ [v], define a variable ¥, € {0,1} that equals 1 if
and only if the machine represented by job w contains job v. Additionally, there is a real
variable y that is an upper bound for the processing time of each machine.

(RF) min y (6)
s.t. Z Tow <M (7)
VeV

> Ew>1 Yo eV, (8)
uweN-[v]

Tou + Tow < Tow Yo € V,u,w € NT(v) with {u,w} € E, (9)

Tou < To Vo eViue NT(v), (10)

> pwiw<y eV, (11)
weN+[v]

Ty € {0,1} Yo e V,u e N™[vl, (12)

y > 0. (13)

The objective function (6) together with constraints (11) minimizes the maximum pro-
cessing time of the machines. A solution that uses at most m machines is guaranteed by
constraint (7). Constraints (8) ensure that each job v is assigned to one machine, consider-
ing machines represented by v or by any of its negative anti-neighbors in G. Constraints (9)
guarantee that no conflicting jobs are assigned to the same machine. Moreover, if a job is
not a representative, it cannot represent any job according to constraints (10).

In Moura et al. (2025) we conduct a polyhedral study of the polytope associated with
(RF) and establish some classes of valid inequalities inherited from the stable set polytope
that are induced by specific classes of subgraphs. We also briefly discuss the separation
problems of some of these classes of inequalities. Our proposed solution method based on
the (compact) representatives formulation is easier to implement than the best algorithms
currently known for pMc, which are all based on models with exponentially many vari-
ables and NP-hard pricing problems. Furthermore, the proposed method for PMC is more
amenable to enhancements, such as the inclusion of new cuts derived for the stable set and
vertex coloring problems.

4 Results

Computational experiments on the hardest instances in the benchmark instance set for
pPMC show that the proposed algorithms are in general superior (either in running time or
quality of the solutions) to the current state-of-the-art methods. Considering the entire set
of instances in the benchmark, the branch-and-cut approach produces essentially the same
average optimality gaps as obtained by the other algorithms in the literature. Looking
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only at the instances with positive gap, our average gaps are up to 10 times smaller for the
instances with a graphs density of at least 0.3. We also observe from our computational
results that most of the (feasible) solved instances in the benchmark dataset with at least
50 vertices have their optimal value very close to (at most 5% larger than) the trivial
lower bound [ . p(v)/m] for pmc. This implies that the conflicts in these instances
do not really affect the optimal value very much compared to the optimal makespan when
scheduling the same jobs without conflicts. To better understand the impact of the conflicts,
we construct extra instances where the difference between the optimal value and the trivial
lower bound can be large, and present empirical evidence that our method is more likely
to outperform the best algorithm in the literature as this difference increases.
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1. Introduction

Topological indicators play a central role in the analysis of project scheduling and control, as
they describe the structure of activity networks and help explain why projects with similar
characteristics may exhibit different dynamic behaviour. They quantify features such as network
size (Vanhoucke et al., 2008, 2016).

Among them, the Series—Parallel Index (SP), initially introduced by Tavares (1999), has become
the reference measure for distinguishing between predominantly serial and parallel project
structures. Over the last two decades, SP and related measures have been widely used in simulation
studies and empirical analyses (Vaseghi et al., 2024; Song and Vanhoucke, 2025; Song et al., 2026),
consistently confirming that network topology affects project control performance, particularly in
terms of time and cost predictability.

Nevertheless, empirical results from our own simulations indicate that seriality alone does not
fully explain project behaviour. Networks with identical SP values may exhibit markedly different
responses depending on the distribution of activity slack, revealing a latent structural factor: network
tightness, that is, how “stretched” or “tense” project paths are in terms of duration proximity.

Consequently, we propose a new topological indicator, Project Tightness (PT), designed to
capture this structural tension and complement the information provided by SP. Jointly considering
PT and SP yields a richer and more consistent explanation of schedule sensitivity and control
performance, extending topology-based approaches through the integration of structural and
temporal dimensions.

2. Project Tightness: A New Topological Indicator

Although the Series—Parallel Index (SP) is a valuable structural descriptor, empirical analyses
show that it is not an absolute indicator of project behaviour. Projects with identical SP values may
respond differently to uncertainty depending on the proximity in duration of alternative paths, that
is, on schedule tightness. When several paths compete for criticality, the network becomes more
fragile to minor perturbations even if SP remains unchanged. To capture this dimension, we
introduce the Project Tightness (PT) indicator, which quantifies the overall temporal tension of the
schedule (Acebes & Pajares, 2025).

Unlike measures such as XSLACK-R (Patterson, 1976), PT accounts not only for the amount of
total slack but also for its organisation relative to the dominant critical path, allowing networks with
similar average slack but different structural resilience to be distinguished. PT is defined as:

X TF;

(n—r)-TPT

where 7 is the number of activities, 7 is the number of activities on the longest critical path, TPT
is the planned project duration, and TF; is the total float of activity i.

PT takes values in [0, 1], with higher values indicating tighter schedules. It is bounded, invariant
to time-scale changes, and monotonic with respect to parallel criticality. While SP captures structural
shape, PT reflects temporal tension; together, they provide a two-dimensional description of project
morphology.

Figure 1 illustrates two networks with identical topology and SP = 0.33 but markedly different
PT values (0.349 and 0.984), reflecting different degrees of schedule compression and flexibility.

PT=1-
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This example highlights how PT captures variations in temporal tightness that remain invisible to
SP alone.

a)

Figure 1. Two project networks with the same Series—Parallel Index (SP = 0.33) but different Project Tightness
values (PT, = 0.349 and PT, = 0.984), showing how PT reflects differences in schedule tension

3. Case Studies

In this paper, two case studies are presented to illustrate the relevance and practical implications
of the proposed Project Tightness (PT) indicator. These experiments aim to demonstrate how PT
significantly influences key project outcomes, providing valuable insights into project behaviour
under uncertainty. Furthermore, PT complements the traditional Serial-Parallel (SP) indicator:
while SP captures the structural arrangement of activities, from more serial to more parallel
configurations, PT reveals the underlying temporal tension that determines the project’s sensitivity
and robustness.

3.1. Correlation analysis between project activities

To demonstrate the importance of the Project Tightness (PT) indicator in explaining project
responses under uncertainty, a first case study was conducted, analysing how key project parameters
(mean value, variance, and sensitivity indicators (Criticality Index - CI, Cruciality Index - Crl,
Schedule Sensitivity Index - SSI)) vary when correlations between two project activities are
introduced.

Within the different simulation scenarios, correlations were established in two directions: highly
positive and highly negative correlations between activities. Moreover, the correlated activities were
selected either from the same initial critical path or from different paths with distinct initial
criticalities. Correlations were introduced by imposing fixed Pearson coefficients (p =+0.8) between
the stochastic durations of selected activity pairs using a Gaussian copula, while preserving marginal
duration distributions.

The analysis was conducted using a set of fictitious project networks, whose Serial-Parallel (SP)
indicator ranged from approximately 0.1 (highly parallel projects) to 0.9 (highly serial projects). For
each network, the PT indicator was calculated based on its structural and temporal properties. In
addition, for the same projects (while maintaining their SP value), we modified the duration of
specific activities to generate tighter configurations by proportionally reducing the total floats of
non-critical activities, while preserving the precedence structure and thus maintaining a constant SP
value. One of the main results is shown in Figure 2, which depicts the relationship between PT and
the percentage change in project variance when activity correlations are introduced (p = 0.8),
distinguishing between networks with high and low SP structures. To distinguish SP regimes,
networks were split by the sample median SP (SP > median: High-SP; otherwise: Low-SP).

A general downward trend can be observed: as PT increases, the variance sensitivity decreases,
indicating a lower capacity for correlation propagation in tighter networks. However, the steeper
slope observed for low-SP projects suggests that more parallel networks are more sensitive to
internal correlation effects when they exhibit moderate tension levels. Overall, the figure confirms
that PT moderates the effect of SP on project variance, revealing a differentiated behaviour between
networks with similar structural arrangements but distinct levels of temporal tightness.
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Figure 2. Relationship between Project Tightness (PT) and project variance, showing distinct
trends for high and low Serial-Parallel (SP) structures

3.2. Time-control simulations

The second simulation study was inspired by the experimental framework proposed by
Vanhoucke (2010). Two fictitious project networks were selected, representing opposite Serial—
Parallel (SP) configurations (one highly parallel (SP = 0.2) and one highly serial (SP = 0.8)). For
both projects, the Total Contribution (TC) metric was computed following Vanhoucke’s corrective-
action simulation approach. To examine the additional influence of Project Tightness (PT), each
network was also modified to create a “tighter” version, with PT values close to 1, representing
schedules with minimal slack and stronger temporal tension.

The results, presented in Figure 3, indicate that when PT remains low, the outcomes are
consistent with those reported by Vanhoucke (2010): low-SP projects (i.e., more parallel networks)
achieve greater total contributions under corrective actions, whereas high-SP networks show more
limited improvements. However, as PT increases, this pattern changes: tighter projects display larger
deviations in TC, and in some cases, the expected relationship between SP and TC is even reversed.

These findings suggest that PT complements the traditional SP indicator, offering an additional
dimension to explain project control performance. By integrating both structural (SP) and temporal
(PT) characteristics, the analysis provides a more comprehensive understanding of how network
topology and schedule tension jointly influence the effectiveness of corrective actions.

4. Conclusions

This paper introduced Project Tightness (PT) as a topological indicator that captures the
temporal tension of project networks and complements the traditional Series—Parallel (SP) index.
Through two simulation studies, focused on variance propagation and corrective-action
performance, we demonstrated that considering PT alongside SP provides a more complete and
consistent understanding of project behaviour.

While SP describes the structural configuration of activities, PT reflects the degree of schedule
compression and its impact on project sensitivity and robustness. The first study showed that
networks with comparable SP values may exhibit distinct variance responses depending on their
internal tension. The second confirmed that Total Contribution (TC) under corrective actions
depends not only on SP, as reported in earlier work, but also on PT, since tighter projects can amplify
or invert expected patterns of control performance. Overall, the joint use of SP and PT provides a
practical framework for classifying and interpreting project behaviour under uncertainty, linking
structural and temporal perspectives. By combining structural and temporal dimensions, it helps
explain differences in performance across networks and supports more informed control decisions.
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Figure 3. Impact of Project Tightness (PT) on Total Contribution (TC) for Project Networks with Different
Serial-Parallel (SP) Structures, Extending the Topology-Based Analysis of Vanhoucke (2010)

Future research could revisit previous studies based solely on the SP indicator to examine
whether their conclusions remain consistent when project tension (PT) is considered. In addition,
this approach could be extended to resource-constrained environments, where schedule tightness
and structural configuration may interact differently, further testing the robustness and practical
relevance of the PT indicator.
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1. Introduction

The literature on project management highlights correlations between activity durations in real
projects and their influence on project performance. In many cases, the correlations are due to the
presence of common risk factors affecting multiple activities simultaneously: adverse weather
conditions (Acebes et al., 2014), resource availability or labour productivity (and expertise), design
errors and changes in the scope of the project that affect several activities, etc.

Negative correlations also occur. For example, due to the learning effect, i.e., the experience
and knowledge gained in one activity can make teams more efficient in other activities requiring
similar skills (Edmondson & Nembhard, 2009). Negative correlations may also arise from
managerial or resource-driven compensatory decisions, e.g., reactive scheduling (Herroelen & Leus,
2005). Delays in one activity trigger acceleration, resource reallocation, or scope adjustments in
another activity, leading to an inverse relationship between their durations. Also, negative
correlations are result of decisions to overlap activities or the implementation of fast-tracking,
where delays in upstream activities force downstream tasks to reduce their duration through reduced
rework or increased parallelization (Krishnan et al., 1997).

CPM and PERT literature usually consider that activity durations are independent
(MacCrimmon & Ryavec, 1964; Vanhoucke, 2013). Banerjee & Paul (2008) alert that correlation
between activity durations can affect PERT bias.

The assumption of independence was also inherited by much of the Schedule Risk Analysis
(SRA) practice. Although simulation would explicitly allow correlation to be introduced, in most
industrial and academic applications, the simplified assumption of independence has been retained
(Okmen & Oztas, 2008; Yang, 2007)

However, correlations between activity durations can affect project uncertainty and its statistical
characteristics (Kaut et al., 2021). Van Dorp & Duffey (1999) show that correlations affect the
distribution shape of the project total duration, and the changes are higher the higher the size of the
project (number of activities). Similar studies have concluded that activity correlation can affect the
expected duration of a project and its variance.

In this paper, we go one step further and investigate how correlations can influence risk
sensitivity indexes, such as criticality (CI, the probability of the activity to fall on the critical path,
cruciality (Crl, the correlation between the duration of an activity and the total project duration) and
SSI (critically multiplied by the quotient between the standard deviations of the activity and the
project). To this aim, we perform Monte Carlo simulations, comparing results with and without
correlations.

After verifying that correlations do indeed change some of the sensitivity indexes, we wonder
to what extent different variables in the network topology affect these changes. Specifically, we
asked ourselves how the series-parallel (S/P) degree, or the presence of critical paths with similar
or different durations, affects these changes. We also studied the influence of the network's degree
of tightness, using a new indicator, Project Tightness (PT) (Acebes & Pajares, 2025). PT quantifies
the degree of compression or “tension” in the schedule, taking into account both slack in activities
and the configuration of the project's critical structure, and normalizes the total slack by the number
of activities not on the dominant critical path.

Our results show that correlations have a significant impact on project variance, cruciality, and
SSI; S/P is relevant, but PT has a greater impact on correlations' effects on sensitivity indexes.

This research has practical implications for project risk management and monitoring. The
objective of the SRA methodology (Hulett, 1996) is to identify which activities contribute most to
the project's total variability. To do this, the sensitivity indexes of the different activities are
estimated, and threshold values are set, so that monitoring and control efforts are intensified in those
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activities that exceed them (Vanhoucke, 2010). Consequently, if correlations change the values of
the sensitivity indexes, the activities on which to focus monitoring efforts will differ from those
considered when there are no correlations.

2. Simulations and results

A controlled Monte Carlo simulation experiment was conducted on artificially generated project
networks to analyse the impact of activity-duration correlations under different topological
conditions. Artificial networks were generated using RANGEN, systematically varying their series—
parallel degree (SP) and Project Tightness (PT) in order to obtain structurally diverse project
configurations. For each SP-PT configuration, a large number of Monte Carlo simulation runs were
performed.

Activity durations were modelled as stochastic variables and analysed under four correlation
scenarios: positive and negative correlation (+0.8) between two activities located either on the same
path or on different paths. These scenarios were compared against a baseline case assuming
independent activity durations. Correlation was introduced pairwise to isolate its effect and ensure
comparability across scenarios. For each experimental setting, relative changes with respect to the
baseline case were computed for project mean duration, variance, and the 90th percentile (P90) of
the makespan distribution. In addition, activity risk-sensitivity indexes commonly used in Schedule
Risk Analysis—criticality (CI), cruciality (Crl), and the Schedule Sensitivity Index (SSI)—were
estimated and analysed comparatively across topological configurations.

In this section, we show the results of the simulations performed using the software
MCSimulRisk (Acebes et al., 2023). Artificial project networks with different topologies were
generated using RANGEN (Demeulemeester et al., 2003).

In Table 1, the first and second columns refer to the project network topology (SP series/parallel,
PT Project Tightness). The following columns show, in percentage, the increments (decrements) in
the project mean, variance, and the 90% percentile of the total project duration distribution, when
there are correlations in the project (between two activities), compared to the scenario with no
correlation. We show scenarios in which correlated activities are on the same (S) or different (P)
path. The numbers in brackets are the correlation values (i.e., +0.8 or -0.8).

We see that, regardless of the network topology, the increase in the project mean duration is not
very different when correlations are introduced (changes below 1%). However, correlations produce
a significant increase (a decrease when negative), especially when they affect activities along the
same path (S). For instance, with a correlation of +0.8, SP=0.111, and low PT, the maximum
increment in variance is 78.64%; correlations produce a significant change in project uncertainty.
However, if activities are on different paths, the increment is only 1.139%.

Furthermore, the variance increment appears to increase with SP, and for the same value of SP,
projects with low tightness (PT Low) exhibit a much higher variance increment than those with high
tightness.

Table 1. Influence of correlations and net topology on mean, variance, and 90 th percentile

Topological
Index

AMean (%) AVar (%) AP90 (%)

SP PT §(+0.8) $(-0.8) P(+0.8)  P(-0.8) §(+0.8) $(-0.8) P(+0.8) P(-0.8) S(+0.8) $(-0.8) P(+0.8) P(-0.8)

0.111  Low 0.149 -0.015 0.113  -0.030 78.460 -77.485 1.139  -0.299 3.620 -4.937 0.186 -0.047
0.111  High 0.331 -0.312 -0.185 0.080 12,701 -4.708 5.334 -9.415 0.712  -0.221  0.101 -0.167

0.333  Low 0.085 -0.042 0.054 -0.070 42,322 -40.281 0.085 -1.013 1.548 -1.544 0.172 -0.121
0.333  High 0.232 -0.228  -0.037 -0.062 51.027 -48.595 10.906 -11.737 1774 -1.990 0.015 -0.108

0.556  Low 0.075 0.004 0.053  -0.042 48.698 -48.800 1.263  -2.298 1717 -1.793 0.123 -0.115
0.556  High 0.151 -0.091  -0.205 0.198 13.908  -7.492 8.246 -13.434 0.504 -0.172  0.035 -0.055

0.778  Low 0.016 -0.036 0.034  -0.058 31.847 -27.282 1.074 -0.820 0.840 -0.815 0.153 -0.027
0.778  High 0.205 -0.117  -0.250 0.111 7.178 -8.031 10.803 -14.831 0.377 -0.260 -0.134 0.015

0.889  Low 0.010 0.008 0.026  -0.012 40.071 -42.553 -2.057 -0.591 1.108 -1.221 -0.036 -0.002
0.889  High 0.146 -0.033 0.027  0.027 31.994 -32.540 14.090 -11.774 0.816 -0.846 0.135 -0.020

Table 2 summarises the same experimental scenarios and shows the variations in criticality (CI),
cruciality (Crl), and SSI. Changes in CI remain small across all cases, with maximum deviations
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below six points, confirming that correlations have a limited effect on the probability of activities
becoming critical.
Table 2. Influence of correlations and net topology on criticality, cruciality and SSI.

Topological
Index

ACI ACHl Assl

SP PT 5(+0.8) §(-0.8) P(+0.8)  P(-0.8) §(+0.8) S(-0.8) P(+0.8) P(-0.8) $(+0.8) §(-0.8) P(+0.8) P(-0.8)

0.111  Low -1.012  -0.656 0.252  0.536 57.233 -60.412 59.723 58.287 | -19.614 84.831  0.595 -0.490
0.111 High 4744 -5.784  -4.308 3.136 33.294 -15.641 21.952 -14.061 4301 -5.327 -4.774 5.003

0.333 Low 0.340 -0.076  -0.396  0.428 42.237 -39.811 57.098 55.724 | -11.640 22.399  0.808 -0.808
0.333 High -2.924  -3.764  -3.332 2.468 30.376  -13.854 38.336 26.421 -56.356  6.372 -5.640 3.976

0.556 Low 0.004 0.000 0.000  0.000 43.901 -36.830 43.447 43.411 | -14.119 31.510 0.802 1.082
0.556 High 3.512 -4.140 -5.268 -3.940 33.183 -13.460 43.960 -24.811 -2.542  2.804 -6.257 7.254

0.778 Low 0.000 0.000 0.000  0.000 40.070  40.897 44.343 43.979 -7.172  9.915 0.807 -0.642
0.778 High 1.180 0.688 5.548 -4.688 15.315 -18.119 49.108 17.081 -2.507  1.949 -5.063 6.842

0.889 Low 0.000 0.000 0.000  0.000 28.166 -40.413 41.668 41.686 -8.312 17.165  0.642 0.562
0.889 High -0.752 0.504 -1.644 -1.460 25.806 -34.314 52,995 25.295 -5.874  9.785 -6.359 6.969

By contrast, Crl exhibits substantial variations in every scenario. The most pronounced positive
and negative shifts appear consistently in networks with low PT, where ACrl values frequently
exceed £55 points. SP acts as a secondary amplifying factor: within low-PT configurations, the
largest shifts occur when SP is also low. However, the comparison across scenarios shows that PT
is the dominant factor moderating the sensitivity of Crl to correlations, as high-PT networks exhibit
much smaller changes even under identical SP conditions and correlation patterns.

SSI follows a different behaviour. Its largest increments arise under negative correlations and
when the correlated activities belong to the same path, with values exceeding +80 points in some
low-SP/low-PT cases. This reflects a stronger transmission and amplification of variability along
the dominant project chain when negative dependence affects sequential activities.

Figure 1 provides a graphical summary of the ACrlI distributions across the SP—PT scenarios.
The boxplots highlight the much wider dispersion and larger shifts associated with low-PT
networks, and show how these effects are further intensified when SP is also low, confirming the
patterns observed in Table 2 for both positive and negative correlations.
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Figure I. Distribution of ACrl across the four SP-PT scenarios, comparing positive (+0.8) and negative (—0.8) correlation.

3. Conclusions

In this paper, we have studied how correlations in project activity durations affect project
uncertainty and activity risk-sensitivity indexes. In line with previous literature, we confirm that
positive/negative correlations increase/decrease total project variance, with larger effects observed
in projects with low SP and PT.
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We take one step further by investigating how correlations and project network topology
influence the values of risk-sensitive indexes, especially Crl. Both SP and PT help explain the
observed differences in their variations, with low SP and PT values implying greater variability of
the indexes.

According to our results, project managers should reflect during the project planning phase on
potential sources of correlation between activity durations and consider, at least qualitatively, how
their presence may affect risk control and monitoring practices during the execution phase.
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1. Introduction

Project management increasingly incorporates Al agents capable of autonomous decision-
making in resource allocation, risk assessment, and schedule optimization (Choudhury et. al. 2024).
However, research reveals a critical gap: while Al's technical capabilities continue to advance,
organizations struggle to govern agentic systems that simultaneously maximize efficiency, preserve
accountability, and maintain trust (Miiller et al., 2024; Floridi & Cowls, 2024). We address this gap
through a theory-grounded conceptual model. Current PM literature treats autonomy, accountability,
and transparency as independent variables (Endsley & Connors, 2023; Ritala et al., 2024). We
propose that they are interdependent dimensions requiring dynamic balance. The key insight is that
AAT Equilibrium, not the maximization of individual dimensions, predicts project outcomes.

This paper introduces the Agentic Cognitive Workflow (ACW) Model for optimizing human—
Al collaboration in project management by balancing autonomy, accountability, and transparency
(AAT). The model proposes that the AAT Equilibrium dynamic balance, calibrated to the project
context, predicts outcomes better than maximizing individual dimensions. ACW specifies a closed-
loop governance workflow that repeatedly: (1) profiles the decision context and project risk drivers
(project complexity, decision uncertainty, task interdependence, and cognitive load); (2) sets
graduated autonomy gates from “suggest-only” to “decide-and-implement” based on routineness
and stakes; (3) assigns explicit decision rights, audit trails, and escalation paths to preserve
accountability; and (4) provisions multi-layer transparency (role-appropriate explanations and
confidence/uncertainty cues) to support justified decisions and calibrated reliance. Two mediating
mechanisms operationalize the model in practice: Cognitive Affordance Alignment (CAA), which
ensures users can accurately perceive and act on AAT features, and a Trust Symmetry Index (TSI),
which aligns perceived agent capability with actual capability to prevent over- or under-reliance.

We propose that project outcomes are best predicted by the AAT equilibrium achieved through
ACW’s adaptive cycle—not by maximizing any single dimension—and we present propositions and
an empirical research agenda to test context-contingent AAT configurations, CAA/TSI effects, and
adaptive AAT reconfiguration over time.

2. Theoretical Framework: The Autonomy Accountability Transparency Triad

We first identified the major dimensions that determine the types of work assigned to humans
vs. agents in large projects: Autonomy, Accountability, and Transparency (AAT). We will describe
as follows:

Autonomy (A): The degree to which Al agents can independently make decisions without human
approval. Operationalised through graduated autonomy ranging from "suggest-only" to "decide-and-
implement," dynamically adjusted based on task routineness, decision stakes, and cognitive load.

Accountability (Acc): Clarity about who is responsible for Al-supported decisions and what
mechanisms exist to audit or contest them. The clarity and enforceability of responsibility for Al-
assisted decisions. Implemented through human oversight structures, audit trails, decision rights
assignment, and escalation procedures that maintain visibility of decision provenance.

Transparency (T): Extent to which users understand why the Al produced a recommendation,
based on explanation quality and clarity. The interpretability of Al decision-making processes to
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stakeholders. Achieved through multi-layered explainability tailored to user expertise, trust
calibration mechanisms, and explicit confidence bound communication.

These dimensions are affected by various project risks and the organisational Al profile as
described in Figure 1.

An Al profile naturally aligns with the team's Al literacy and culture. High literacy leads to
higher trust in Al deployment and higher levels of autonomy. Lower literacy levels lead to lower
independence. Organisational Al maturity is an essential factor that includes team literacy as a minor
component, but it differs in its broader perspective.

Both factors are affecting the mediation of two novel constructs/measurements that we propose
as follows:

Cognitive Affordance Alignment (CAA): The extent to which system design enables humans
to accurately perceive and act upon A, Acc, T features. High CAA ensures design intent translates
to user behaviour.

Trust Symmetry Index (TSI): Alignment between actual and perceived Al capabilities. TSI
prevents "surprise failures" that destabilise trust despite continued transparency efforts.

The effects of Team Al literacy / prior experience on two constructs

High literacy is associated with higher baseline perception of affordances (CAA) and better trust
calibration (higher TSI) for the same AAT and UL

Low literacy requires more explicit training or guidelines, friendlier tools, and more active trust
calibration cues (confidence indicators, performance feedback) for the same AAT. May reach
acceptable CAA and TSI. We expect similar effects for high and low maturity. Figure 1 depicts the
factors affecting the AAT policy.

2.1. Risk Factors: factors affecting the risks and AAT policy

In our research, “Risk Factors” are project- and environment-specific factors affecting AAT
(such as risk level, regulatory demands, task complexity, and team Al literacy). These factors shape
how a given autonomy, accountability, and transparency configuration, and its cognitive/trust

Risk Factors

+ Project criticality
* Regulatory exposure

» Task complexity Al Organizational profile
’ Cognitive Affordance
Risk Profile AAT Policy Alignment —CAA (user AAT
. . li t
Operational risks (errors, Configuration alignment)

failures)
o » . Autonomy - Trust Symetry Index
Govenance/ethicl risks . (Alignment between actual
« Accountability

Project performance risks - Transparency and perceived Al capabilities)

+ Team Al literacy & culture
» Qrganizational Al maturity

Figure 1. Factors affecting organizational Autonomy, Accountability & Transparency policy configuration

mechanisms influence human-Al collaboration outcomes. Risk Factors (e.g., project criticality,
uncertainty, regulatory exposure, team Al literacy) shape both “where to set AAT” and “how high
CAA/TSI needs to be.” The risk level is the main factor affecting the AAT policy, and our proposed
new construction could reflect it:
e  High-risk, high-regulation projects
AAT: lower autonomy, stronger accountability, high transparency.
CAA: interfaces strongly highlight manual approval, escalation routes, and justification
logging.
TSI: over-trust is especially dangerous; acceptable TSI thresholds are higher
e  Low-risk, routine projects
AAT: higher autonomy, lighter accountability, sufficient but not exhaustive transparency.
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CAA: emphasis on making “auto mode” clearly visible and easily controllable.
TSI: Miscalibration is less catastrophic; you may tolerate some over-trust to gain efficiency.
We identify 4 different factors that determine the risk level and affect the A, A, T configuration.
1. Project Complexity (Pc): Technical, organizational, and environmental interdependence.
Higher complexity requires lower autonomy due to non-linear risk interactions.
2. Decision Uncertainty (DU): Information scarcity and environmental volatility. Higher
uncertainty demands dynamic uncertainty quantification in explanations.
3. Task Interdependence (TI): Functional linkage between project activities. Higher
interdependence requires coordination mechanisms for autonomous Al decisions.
4. Cognitive Load (CL): Mental effort required of managers. Higher load reduces the
effectiveness of complex explanations.

3. Proposed Measurement Scales

using 5-point Likert scales (1 = strongly disagree, 5 = strongly agree). Each construct includes
example items plus a brief illustration in a PM setting.
Al autonomy (task-level decision authority):
Example items to rank using a Likert scale (1-5). (per specific task, e.g., scheduling, risk
analysis):
“The Al agent can make changes to the project schedule without my prior approval.”
“The Al agent independently adjusts task priorities when new information arrives.”
“The Al agent initiates risk alerts or mitigation actions on its own.”
“The Al agent learns from past project data and changes its recommendations without being
explicitly told to do so.”
Short example: In a software project, the scheduling agent automatically reassigns developers
when it detects delays, without waiting for the project manager to confirm each change.

Accountability (clarity of responsibility and recourse)

Example items: to rank using a Likert scale (1-5).

“It is clear who is ultimately responsible if an Al-supported project decision causes a problem.”
“There are documented procedures for reviewing and approving important decisions suggested
by the Al agent.”

“If I disagree with an Al recommendation, I know how to challenge or override it.”

“The organization keeps records that allow us to trace which decisions were influenced by the
Al agent.”

Short example: A risk-scoring agent flags suppliers; the PMO guideline specifies that the
category manager, not the Al, is accountable for the final supplier selection and must sign off on
exceptions.

Transparency/explainability (quality and clarity of system explanations)

Example items (inspired by SCS and explanation “goodness” work):

“When the Al agent recommends an action, [ can understand the main reasons behind it.”

“The AI’s explanation focuses on the most relevant project factors (e.g., cost, time, risk).”
“I can usually tell how changes in input data (e.g., effort estimates) would affect the Al’s
recommendation.”
“The explanations from the Al agent are clear enough for me to justify decisions to
stakeholders.”
Short example: The Al suggests delaying a milestone and shows that two critical tasks are
overloaded and a key resource will be unavailable; the PM can easily explain this to the steering
committee.

4. Propositions for further research
We propose the following 7 propositions(P1-P7) to be examined in subsequent research.
e PI - Autonomy Effects: Graduated autonomy positively influences decision quality when
aligned with task routineness but exhibits a non-monotonic relationship (P1.1). Adaptive
authority allocation improves project agility in complex environments (P1.2).
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e P2 - Accountability Effects: Clear oversight structures increase trust (P2.1). Audit trails
enable high-stakes delegation (P2.2). Clarity about decision rights improves efficiency
when aligned with stakeholder expectations (P2.3).

e  P3 - Transparency Effects: Multi-layered explainability improves calibrated trust (P3.1).
Explicit confidence bounds reduce over-reliance (P3.2). Interactive explanations
outperform static ones in high-stakes decisions (P3.3).

e P4 - Contextual Moderation: Project complexity, decision uncertainty, task
interdependence, and cognitive load each moderate optimal A, Acc, T configurations
(P4.1-P4.4).

e P5 - AAT Equilibrium (Synergistic): Joint AAT balance generates super-additive
outcomes (P5.1). AAT equilibrium mediates context-outcome relationships (P5.2).
Adaptive AAT reconfiguration enables sustained superior performance (P5.3).

e  P6 - Integration Mechanisms. CAA mediates the relationship between design features
and trust (P6.1-P6.2).

e  P7- TSI mediates the relationship between transparency and sustained trust (P7.1-P7.2).

Conclusion

The proposed Agentic Cognitive Workflow model advances project management theory by
positioning autonomy, accountability, and transparency as interdependent dimensions that must be
jointly configured rather than optimized in isolation when deploying Al agents in projects. By
articulating six propositions that connect different AAT configurations to project performance, risk,
and ethical outcomes, the paper provides a structured basis for moving beyond descriptive accounts
of Al in PM toward explanatory and predictive theory. A key implication is that “more autonomy”
is not universally beneficial; instead, effective configurations depend on project uncertainty,
criticality, and the maturity of both human and technical systems, calling for dynamic governance
that can adjust delegation and oversight over time.

For practitioners and PMOs, the ACW model offers a conceptual blueprint for designing agentic
project environments in which Al systems act as accountable collaborators embedded within clear
governance boundaries. Concretely, the model suggests specifying levels of agent autonomy by task
type, defining explicit accountability chains for Al-originated actions, and implementing
transparency mechanisms such as explainable recommendations and traceable decision logs—that
enable human supervisors to calibrate trust and intervene when needed. Future research should
operationalize the ACW constructs, develop measurement instruments for AAT equilibrium, and
empirically test the propositions through case studies, surveys, and experiments across diverse
project contexts, ultimately informing standards and guidelines for responsible agentic Al in project
management.

References

Choudhury, P., et al., 2024, “When Al becomes an agent of the firm”. Journal of Management
Studies, https://doi.org/10.1111/joms.13274

Endsley, M. R., & Connors, E. S. (2023). Supporting human-Al teams: Transparency,
explainability, and situation awareness. Computers in Human Behavior, Vol. 140, 107574.
Floridi, L., & Cowls, J. (2024). “Transparency and accountability in Al systems”, Frontiers in
Human Dynamics, Vol. 6, 1421273.

Miiller, R., Locatelli, G., Holzmann, V., Nilsson, M., & Sagay, T. (2024). “Artificial intelligence
and project management: Empirical overview, state of the art, and guidelines for future
research”, Project Management Journal, Vol. 55, No. 1, pp. 3-15.

Ritala, P., et al., 2024, “Developing industrial Al capabilities: An organisational learning
perspective”, Technovation, Vol. 130, 102923.



Extended application of Kalman Filter
Forecasting Method (KFFM) under increasing
uncertainty

Yaodong Wang', Izel Unsal Altuncan! and Mario Vanhoucke!+?:3

! Ghent University, Belgium
yaodong.wangQugent .be
izel.unsalaltuncan@ugent.be
2 Vlerick Business School, Belgium
3 University College London, UK
mario.vanhoucke@Qugent.be

Keywords: Project forecasting, Project simulation, Kalman Filter.

1 Introduction

Accurately estimating project durations is the cornerstone of effective project
management. Traditional estimation methods such as Earned Value Manage-
ment (EVM) can provide accurate results when sufficient progress data are avail-
able but tend to be less reliable in the early phases of a project when limited ac-
tual information exists. To address this challenge, [Kim and Reinschmidt, 2010]
introduced the Kalman Filter Forecasting Method (KFFM), which they argue
can be applied from the very beginning of a project without significant loss of
forecasting accuracy. However, three important gaps in that existing research on
the KFFM limit the generalizability of these results. First, the proposed KFFM
methodology is evaluated only on two case studies, which is not sufficient to
assess the applicability across projects with different characteristics. Second,
the existing research does not provide the accuracy results over the complete
project horizon, which prevents capturing the performance of the KFFM for
varying levels of percentage completion of the projects. Third, the level of un-
certainty in the test projects used in the existing research lacks variability which
limits insights into how the higher uncertainty affect the accuracy. In this study,
we address these gaps by applying KFFM to a large and diverse set of project
instances and analyzing the results for varying levels of percentage completion
under increasing duration uncertainty.

2 Kalman Filter forecasting method

KFFM is a dynamic project forecasting method applied at discrete tracking pe-
riods k = 0,1, 2, ..., K, where K represents the total number of tracking periods.
It is based on a recursive algorithm that continuously refines predictions of the
final project duration by updating the initial estimates for the project state with
the progress observed at each tracking point.

The method relies on three groups of variables. The first group consists of
the state variables, which characterize the progression of the project. The second
group consists of the covariance variables, which quantify the uncertainty asso-
ciated with the state variables. The third group includes the system matrices,
namely the state-transition function and the observation matrix. These variables
are used across the five steps of the KFFM procedure, which are summarised
below and illustrated in Figure 1.
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Step 1 (Initialization): The procedure starts at k& = 0 before the project
begins, and specifies the initial state variables, their initial covariance, and the
noise parameters (process noise (Q) and measurement noise (R)). These values
define the prior belief about the project’s progress before any predictions or
observations are incorporated into the model.

Step 2 (Predict): In this step, the tracking period is increased to k = k + 1
and initial state and covariance variables from Step 1 are propagated through
the next tracking period using the state transition function, yielding the a prior
estimate of progress. These values are referred to as the predicted state and pre-
dicted covariance and represent the model-based prediction prior to observing
project progress.

l k<K False
True
Step 1 —> Increase k —> Step 2———> Step3 ——3 Step 4 —> Step 5 —> EAC(t),—> @) ——3 sToP
(k=0) (kkt1) (k=K)

Initial state Predict state Innovation Kalman Gain  Updated state [ O"ecasting atk

g";ﬁg”ﬁmf Predicted covariance  Innovation covariance Updated covariance

Fig. 1: The KFFM forecasting process

Step 3 (Innovation): In this step, the predicted state variable from Step 2
is transformed into a predicted progress variable using the observation matrix.
Then, a new variable, innovation, is computed as the difference between the
observed project progress and this predicted progress variable. In parallel, the
innovation covariance is obtained by propagating the predicted covariance from
Step 2 through the observation matrix and adding the measurement noise R.

Step 4 (Kalman Gain): In this step, the Kalman Gain vector is computed by
combining the predicted covariance from Step 2 with the innovation covariance
from Step 3. The Kalman Gain determines how much weight is given to the new
observation from Step 3 relative to the model-based prediction from Step 2. A
higher gain places more weight on the observed progress from Step 3, whereas
a lower gain places more weight on the predicted state from Step 2.

Step 5 (Update): Finally, the covariance is updated using the Kalman Gain,
the predicted covariance from Step 2, and the observation matrix. The predicted
state from Step 2 is then corrected with the Kalman Gain and the innovation
to obtain the state estimate for tracking period k. This state estimate is subse-
quently converted into a forecast of the final project duration at tracking period
k, denoted as EAC(t).

After each forecast, the KFFM procedure controls whether all tracking pe-
riods are processed. If additional tracking periods remain, it returns to Step 2
and repeats the update for the next period. Once after the forecast for the final
tracking period K has been obtained, the KFFM procedure terminates.

3 Methodology

In this study, the KFFM is applied to a large artificial project dataset consisting
of 900 project networks derived from the RanGen2 project network generator
proposed by [Vanhoucke et al., 2008]. The project networks are generated by
varying the network topologies based on the Serial/Parallel (SP) indicator. For
each SP value in the set {0.1, 0.2, ..., 0.9}, 100 project instances are generated.
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Subsequently, these project instances are subjected to two types of Monte-Carlo
simulations namely, static and dynamic simulations.

Static simulations are applied at Step 1 before the project starts to generate
values for the process noise covariance (Q). The mean and variance of the sim-
ulated project durations are iteratively processed using the KFFM procedure
until convergence, yielding the converged estimate of QQ for each instance. Once
the procedure is finished, the resulting Q is recorded as the final value for that
project.

Dynamic Monte-Carlo simulations are performed to imitate real project ex-
ecution under varying levels of duration uncertainty. During these dynamic
simulations, the uncertainty of each activity duration is represented using a
triangular distribution with three scenarios representing low, medium and high
duration uncertainty levels. For each project, periodic progress data is measured
at nine tracking periods (K = 9) using earned value management metrics and
their extension to Earned Schedule (ES) [Lipke, 2003]. At each tracking period,
a prediction for the final project duration is generated by applying the KFFM
steps from Step 2 to Step 5 iteratively.

4 Computational experiments and preliminary results

During the computational experiments, we apply the KFFM procedure to 900
artificial project instances generated under varying levels of activity duration un-
certainty. In the first experiment, we investigate how KFFM accuracy is affected
by the network topology, measured by SP. In the second experiment, we exam-
ine the impact of the project stage, expressed as the percentage completion at
the time of forecasting. For both experiments, the analyses are conducted across
different levels of duration uncertainty. The accuracy of KFFM is assessed us-
ing the Mean Absolute Percentage Error (MAPE) of the forecasts, benchmarked
against the ES method.

Dynamic simulation Serial/Parallel Indicator (SP)

0.2 0.5 0.8
Low uncertainty 3.8 4.2 3.5
Medium uncertainty 8.9 10.3 10.3
High uncertainty 12.7 14.8 15.4

Table 1: Impact of SP on the accuracy

Table 1 presents the results for the first experiment and indicate that the
impact of network topology is most pronounced at higher levels of duration
uncertainty. For serial projects (higher SP values) under medium and high un-
certainty, the accuracy of the method decreases, as shown with higher MAPE
values. For low uncertainty projects, the impact of SP on forecasting accuracy
is observed only marginally.

For the second experiment, Figure 2 presents the forecasting accuracy of
KFFM and the ES method, across different project completion levels, on average
over three duration uncertainty settings. The results show that, at early stages,
KFFM outperforms ES in terms of forecasting accuracy, consistent with findings
reported in previous KFFM studies. However, our results further indicate that
the performance of the averaged KFFM gradually decreases over time. After
around 55% project completion (PC), the averaged ES outperforms KFFM,
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indicating that KFFM becomes less reliable in the later phases regardless of the
uncertainty level. These findings suggest that higher overall accuracy may be
achieved by using KFFM during approximately the first half of the project and
then switching to ES thereafter.

10 20 30 40 50 60 70 80 90
PC (%)

Fig. 2: KFFM vs. ES MAPE across PC levels

These preliminary findings indicate that the accuracy of the KFFM depends
on the level of uncertainty in the project execution and the project completion
percentage at the time of forecasting. Furthermore, the results show that the
impact of the network topology is mostly pronounced under higher uncertainty
levels observed during the project execution.

To investigate this relationship more rigorously, the future analysis will test
the models under multiple uncertainty settings, examining how the relative per-
formance of ES and KFFM shifts as uncertainty varies. In addition to the arti-
ficial experiments, the evaluation will be further extended to empirical project
data to validate whether the observed patterns hold in practical applications.
Furthermore, to address the limitations of KFFM, an extended version, Ex-
tended Kalman Filter Forecasting Model (EKFFM), is developed. The forecast-
ing performance of ES, KFFM, and EKFFM is then compared under various
uncertainty conditions.
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1 Introduction

The Electric Vehicle Charging Scheduling Problem (EVCSP) can be stated as follow:
we consider a charging station with m identical chargers, each delivering a power w, and a
global grid capacity wg that limits the total power that can be supplied simultaneously by
all chargers. Each electric vehicle (EV) charging request is represented by an interval [r;, d;],
where r; is the EV arrival time and d; its departure time, together with a required energy
e; expressed as charging duration p; = &t < d; — ;. Any charged vehicle must be plugged
to a single charger during its whole interval [r;, d;]. The charging may be preemptive. The
objective is to maximize the number of accepted charging requests. This problem is known
to be NP-hard (Zaidi et al. 2022) when several chargers may be activated simultaneously.
However, the complexity of the special case in which at most one charger can be activated
at any time remains open (Zaidi et al. 2022), i.e. w < wg < 2w. We can view this version
of the problem as adding a capacity of m parking spots each having a charger, while at
most one charger can be activated at any time.

When at most one charger can be activated at each time, we study both cases: the
case where the number m of chargers is a part of the instance and the case with fixed m.
The charging may be preemptive and we also suppose that any charged vehicle occupies a
charger during its whole interval.

We prove that this problem is NP-hard via a reduction from the Equal-Cardinality
Partition Problem (ECPP) and we develop an heuristic achieving excellent results.

Using Grahams three-field notation (Graham et al. 1979), the problem 1 | pmitn,r; |
>~ Uj is very close to ours, except that it does not incorporate active charger constraints.
For this case, polynomial-time algorithms are known: Lawler’s algorithm of complexity
O(n®) (Lawler 1990), Baptiste’s improvement to O(n*) (Baptiste 1999), and Vakhania’s
O(n®logn) algorithm (Vakhania 2009).

2 NP-hardness of the EVCSP with active charger constraints

We show that the problem EVCSP when the number m of chargers is a part of the
instance and at most one charger can be activated at each time is NP-hard. The proof is
given by reduction from the Equal-Cardinality Partition Problem.

Equal-Cardinality Partition Problem (ECPP):

Given a set I of 2n distinct integers a;, ¢ = 1,...,2n, and an integer B where >, a; =
2B. The ECPP consists in finding a partition of I into two subsets I; and I3, such that: I =

LUDL, I =|] =nand ) a; = B. This problem is NP-hard (Garey & Johnson 1979).
i€l
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Reduction to EVCSP:

We now reduce any instance of ECPP to an instance of EVCSP. Given an instance I of
ECPP, we build an instance I’ of EVCSP consisting in 4n charging requests defined in Table
1. A visual representation of a typical instance for 2n = 10 is shown in Figure 1. We fix
the number of chargers to m = n. The instance I’ has an unique optimal solution of value
2n, such that finding such solution automatically yields an Equal-Cardinality Partition of
1.

Table 1. Instance of EVCSP

Vi € [[1,211]]‘ L-jobs ‘ R-jobs
T3 0 (n+1)B+n—i
d; (n+1)B+n—i (n+1)B+ (n+1)’B
Di (n+1)a; w —(n+1ai+(n+1)B
e=n
J1o | i Joo
Jo | ! Jio
Js [ Jis
Jr [ Ji7
Je [ Ji6
e | Jis
Js 7] Jig
Js | J13
Jo ] Ji2
J1 ' ‘ Ju
ea=n—1 '
0 (n+1)B (n+1)’B+ (n+1)B

Fig. 1. Instance of EVCSP for 2n = 10

Key Properties

e Any feasible EVCSP solution selecting 2n requests must pick exactly n requests in the
L-jobs part and n requests in the R-jobs part due to the number of chargers.

e Any Equal-Cardinality Partition I;, I> yields an optimal solution of our problem. In
other words, if a; € Iy, then requests i and (i + 2n) in I’ are selected for charging.

e The sum of the selected L-jobs charging durations requests cannot exceed (n+1)B, as
all L-jobs charging durations are multiple of (n 4 1) and that ¢; < n — 1.

e For similar reasons, the sum of charging durations of the selected R-jobs cannot exceed
(n+1)2B.

e There exists a perfect matching between L-jobs and R-jobs in any optimal solution,
such that the matching is decreasing on the right side: each selected L-job ¢ is matched
to a selected R-job (j 4 2n) with j <4, j € [1,2n].

e Thanks to such a decreasing perfect matching, we can prove that the sum of charging
durations of selected L-jobs must be bigger than (n 4 1)B.

e Thus, any optimal solution of EVCSP corresponds exactly to a valid Equal-Cardinality
Partition of I, and vice versa.

Theorem 1. The EVCSP with m chargers, where m is part of the instance, and at most
one charger can be activated at each time is NP-hard in the ordinary sense.
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3 EVCSP under a fixed number of identical chargers

In real life applications, the number of chargers is limited to a certain fixed m. Moreover,
it may happen that some chargers are unavailable during a certain period of time. We can
consider this version of the problem as having variable charger availability constraints over
time horizon. If we define a function f that gives for any time ¢ the number of available
chargers, we then have that f(t) < m, Vt.

We showed that this problem is polynomial in n for any fixed m by proving that the
enumeration of all solutions is polynomial.

4 Heuristic approach

We propose to first select subsets of vehicles that can be assigned to chargers (at most
m at each time). Since the single-charger EVCSP with an unlimited number of chargers
can be solved in polynomial time, once such a subset is selected, the instance can be solved
using any polynomial-time algorithm from the literature (Lawler 1990), (Baptiste 1999),
(Vakhania 2009).

In order to select such a subset, we associate a score with each vehicle. By denoting
¢; = d;j — r; the length of request j, we define the score function S as:

S() = —;p;

This score favors small jobs in terms of length and energy request. We now construct
a solution I’ by iteratively selecting the highest-score request J;« and adding it to I’ if it
can be scheduled with the current I’; i.e. if the number of intervals in [r;«,d;<] does not
exceed the maximum capacity m; otherwise, it is discarded.

5 Computational experiments

We generated random instances as follows. For any number n of vehicles, we first
generated n release dates r; uniformly in [0,T — 1], n due dates d; uniformly in [r; +1,T],
and then generated a charging duration p; uniformly in [1,d; — r;], with 7" = 10000. The
number of chargers was set to m = . For each n € {50,100, 200, 300}, 100 instances were
generated. In addition, we generated 100 hard instances of size n = 100 by generating an
instance of ECPP and then translating it into an instance of EVCSP. Optimal solutions
were obtained via an efficient MILP formulation (Zaidi et al. 2022).

For a given instance I, let f; denote the optimal objective value and ff‘ the objective
value obtained by the heuristic, and the absolute gap g}4 =fi - ff‘ (axis x in Figure 2).

On the random instances (Figure 2), the heuristic consistently achieves near-optimal
solutions, with performance improving as n increases. In Table 2, we report the relative

gaps.

Table 2. Relative gap of random instances

n | 50]100[ 200 300
Relative gap (%)]1.8[0.2]0.06]0.0

On the hard instances with n = 100, while the optimal objective value is f; = 2n, the
heuristic consistently returns f f‘ = 2n—1, providing strong performance even in challenging
cases.
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Fig. 2. Gap of 100 random instances generated for n € {50, 100, 200, 300}

6 Conclusion and Perspectives

We have proved that the EVCSP with one active charger constraints and m chargers
is NP-hard when m is part of the instance.

We developed an efficient heuristic that achieves excellent results while remaining poly-
nomial, with complexity O(n?logn) using Vakhania’s algorithm (Vakhania 2009).

It would be interesting to adapt the heuristic to handle the locality of any request. It
would also be interesting to investigate whether the proposed heuristic can be formally
characterized as an approximation algorithm for the studied problem.
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1 Introduction

This work tackles the scheduling of radio-astronomical observations, in the context
of the Square-Kilometre Array Observatory project (SKAO) and in partnership with the
ECLAT laboratory. NenuFAR is a cutting-edge low-frequency radio telescope at the Nancay
Radioastronomy Observatory in France. Unlike optical telescopes, radio telescopes can be
used in the daytime as well as at night. Still, the altitude of observed celestial bodies
should ideally be high enough for responses to be quasi-isotropic — e.g., at least 20°
with NenuFAR (Zarka et. al. 2020). Because the Earth revolves around itself, plotting
the altitude of a celestial body over time yields a near-sinusoidal signal on a twenty-
four hour period. Therefore, setting an altitude lower bound leads to a daily availability
window for each celestial body, with no specific preferred observation time within this
range. Formally, given a day length L € R.(, such observations can be modeled as a set
of n jobs J = {1,...,n} with, for each job j in J, a processing time p; € R, a daily
release date r; € [0, L) and a daily deadline d; € [0, L).

Now, low-frequency signals of such distant objects are typically faint, and thus require
long observations which cannot be easily preempted. In particular, although NenuFAR is
made of close to two thousand antennas, a single celestial body is usually observed at a
time, with all the antennas pointing to it in order to amplify the retrieved signal. So, this
setting can be modeled as scheduling non-preemptive jobs on a single machine. Plus, since
this machinery is expensive even when not in use and burdensome to shut down/set up, the
primary goal is to minimize the idle time which, in our setting, is equivalent to minimizing
the makespan. We denote the resulting scheduling problem by 1|periodicy(r;,d;)|Cmax-
Surprisingly, to the best of our knowledge, this does not seem to correspond to any previ-
ously studied scheduling problem. As such, in this contribution, we propose to investigate
the (parameterized) complexity of this scheduling problem, and unveil connections to more
established scheduling settings.

Remark 1. W.l.o.g. one can assume that for all jobs j, p; € (0, L]. Indeed, if p; > L, then
the extra multiples of L in p; correspond to full days of processing job j no matter the
starting time of job j. So these extra multiples can be removed from p; before solving the
problem, then they can be inserted back with no issue.

2 Contribution

2.1 Computational complexity

First, we consider the computation of a schedule of minimum makespan OPT. Accord-
ing to the single machine setting with regular time windows 1|r;, d;|Cpqs, our problem
is (strongly) NP-complete even on a single day (Lenstra et. al. 1977). It even generalizes
machine minimization problem P|r;, d;| min(m), where each machine is interpreted as a
day. In fact, in our setting, makespan minimization is equivalent to day minimization.
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Theorem 1. If D € R", then decision problem 1|periodicy(rj,d;)|Cmax < D can be re-
duced to decision problem 1|periodic (r;,d;)|Cmax < dL, where d = [D/L].

Proof. (Sketch.) If D is a multiple of L, then nothing needs to be done. Otherwise, let
p=D mod L. We add a fill job f of processing time p, daily release date (L — p) and
daily deadline 0. Given a schedule 7 of makespan at most dL featuring this extra job f,
the sequence of scheduled jobs in 7 can be written as AfB. We propose a schedule with
job sequence BA for the original schedule. Indeed, job f is necessarily completed at the
very end of a day. So the parts Af and B of schedule 7 can safely be permuted to obtain
a schedule with job sequence BAf and makespan at most dL. Then job f can be removed
to yield a schedule of makespan at most L for the original instance. a

In response to the NP-completeness of our problem, we propose the following single-
exponential time algorithm.

Theorem 2. 1|periodicr,(r;,d;)|Cmax can be solved in O(n - 2™) time.

Proof. (Sketch.) We propose a dynamic programming algorithm computing the minimum
makespan M (S) over all job subsets S C J. Given a job j and a time ¢, let s;[t] be
the earliest available start time of job j which is greater than or equal to time ¢t. We set
M(0) =0 and, if S = {j1,...,Jk}, then:

M(S) = min, (55 M S\ D] + pi0) 1)
The 2™ subsets are considered by nondecreasing order of their size. Each subset takes
O(n) time, with each value s;,[M(S\{j¢})] taking O(1) operations — provided that mini-
mum makespan value M (S\{j,}) has been computed. O

We also show that the preemptive variant of our problem is polynomial-time solvable.
Theorem 3. Preemptive 1|periodic(r;,d;)|Cmax is polynomial-time solvable.

Proof. (Sketch.) Given a makespan threshold D € N, by Theorem 1 we consider an equiv-
alent instance of decision problem 1|periodicr(r;j,d;)|Cmax < dL with d = [D/L] and at
most one additional job. We provide a translation of this instance into a maximum flow in-
stance with O(n) nodes and O(n?) edges. First, in O(nlog(n)) time, we compute u1, .. ., ux
the increasing sequence of release date and deadline values combined with values 0 and L.
Then, on top of source s and sink ¢, we have two layers of nodes. For every job j in J we
have a node a; with an edge from source s of capacity p;. And, for every kin {1,..., K —1},
we have a node b, with an edge of capacity p; from every job j, the daily time window of
which includes interval [ug, ur11), and an edge to sink ¢ of capacity d - (ug41 — ug).
Given a solution of this maximum flow instance with O(n) nodes and O(n?) edges, a
schedule can be obtained by greedily filling every daily time interval [ug,ugt1) one day
at a time. Finally, a schedule of optimal makespan can be found by binary search on the
value of D with initial lower bound (3, <, p;) and initial upper bound (nL+3>, < ;<,, P;)
(since there always is an available start time before waiting for a full day). O

Finally, note that our setting is reminiscent of the discrete Interval Scheduling problem,
where a collection of arbitrary start times (i.e., not periodic and not necessarily consecutive)
is given to each job. While scheduling equal-length jobs with three arbitrary start times per
job is (strongly) NP-complete (Keil 1992), our setting can be solved in O(n -log(n)?) time
when time windows are tight — i.e., when their length is equal to the job processing time
(Dereniowski and Kubiak 2010). This highlights the periodicity of job availabilities as a
key property in our setting.

107



2.2 Approximation

Regarding approximation, the NP-completeness of our problem over a single day implies
that there is no better than a 2-approximation algorithm — and thus no PTAS.

Theorem 4. Unless P = NP, for every 0 < € < 1 there is no (2 — €)-approzimation
algorithm for problem 1|periodicr,(r;,d;)|Cmax-
Proof. (Sketch.) Let ¢ > 0. We reduce from NP-complete problem 1|r;, d;|Crax < D and
create a (2 — €)-gap between YES and NO instances. Given an instance Z of the former
problem, we set L = (D + 1) - [1/¢] and create an instance Z’ of 1|periodicr, (7}, d;)|Cmax
featuring [1/¢] disjoint copies of Z. For i in {1,...,[1/€]}, the i*" copy fits within daily
time interval [(D + 1)(i — 1), (D 4+ 1)i). Now, if Z is a YES instance, then we replicate the
solution in every copy to obtain a schedule with makespan at most L. Otherwise, at least
one job from the latest copy must be completed after time 2L — (D + 1). This induces a
makespan gap between YES and NO instances which is lower bounded by (2 — ¢). O
Now, whenever OPT > L, we propose a general way to adapt approximation algorithms
for the machine minimization setting, at the cost of an extra 2(1 + L/OPT) factor.

Theorem 5. Let A’ be a f(n)-approzimation algorithm for problem P|r;,d;| min(m) for
some function f. Then one can build a [2(1 + L/OPT) - f(n)]-approzimation algorithm A
for problem 1|periodicr,(r;,d;)|Cmax running in O(max(n, time(A’))) time.
Proof. Let T =(J,L,pj,r;j,d;) be an instance of 1|periodicy(r;j, d;)|Cmax. By Remark 1,
assume that all jobs j have processing time at most L. Consider instance Z' = (7, p;, r;, d;)
of P|rj,d;j| min(m) where d; = d; + L if the time window of job j overlaps with time zero,
and d;- = d; otherwise. We propose algorithm .4 which computes instance Z’ from Z, com-
putes the schedule 7’ returned by algorithm A’ on Z’, then proposes the following sched-
ule 7: if 7’ is a schedule on m’ machines and job j is scheduled on machine k € {0,...,m'—1}
in 7/, then 7(j) = 2kL 4 7/(j). Clearly, algorithm A runs in O(max(n, time(A’))) time.
We show that algorithm A is a [2(1+L/OPT)- f(n)]-approximation algorithm for prob-
lem 1|periodicy,(rj, d;)|Cmax- Let Topr be a schedule for instance Z with makespan OPT.
Then we can deduce a schedule 7(, pp for instance Z’ on [OPT/L] machines: if job j starts
during day ¢ € {0, [OPT /L] — 1}, then we set: 7/, pp(j) = Topr(j) — ¢L. This means that
value [OPT'/L] is lower bounded by OPT” the optimal number of machines for instance Z'.
Now, because schedule 7/ uses at most f(n)-OPT’ machines, the makespan of schedule T
is at most equal to 2L- f(n)-OPT’. By the previous paragraph, this value is upper bounded
by 2L - f(n) - [OPT/L], and thus by 2(0PT + L) - f(n). 0
Then, a O(log(n))-approximation algorithm for 1|periodicr (7, d;)|Cmax can be inferred
from Theorem 5 by considering the O(log(n))-approximation algorithm for P|r;, d;| min(m)
proposed by Cieliebak et. al. (2004).

2.3 Fixed-parameter tractability

Finally, we study the fixed-parameter tractability of our problem — i.e., finding param-
eters k for which there is an algorithm solving instances Z of our problem in f(k) - poly(|Z|)
time, where f is a computable function. In this subsection, we suppose that all time values
are integers — i.e., day length L, processing times p;, daily release dates r; and daily
deadlines d;. By Remark 1, we also assume that all jobs j have processing time at most L.

We consider four parameters: the number of days #days, width p — i.e., the maximum
number of overlapping time windows —, slack 0 — i.e., the maximum difference between the
length of the daily time window of a job and its processing time — and border flexibility 5
— i.e., the maximum, over all jobs j, of the minimum between their processing time minus
one and their slack plus one. Our problem is para-NP-complete parameterized by each
individual parameter (Cieliebak et. al. 2004, Hanen and Munier Kordon 2023). We show
that our problem is fixed-parameter tractable parameterized by (#days + o) and (u + )
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by adapting existing fixed-parameter algorithms on the identical parallel machine setting.
In both cases, the main obstacle is to find a way to deal with day-overlapping jobs, i.e.,
jobs which can be processed over two consecutive days.

Theorem 6. 1|periodicy(r;,d;)|Cmax is fixed-parameter tractable parameterized by
(k+5).

Proof. (Sketch.) We adapt the border schedule enumeration algorithm proposed by Tarhan
et. al. (2023). Given t € Ry, a border schedule 7 at time ¢ is defined as a schedule over a
subset of jobs j such that: 7(j) <t < 7(j)+ p;. Here, we revisit this notion in our periodic
setting of period L. We first enumerate over border schedules at daily time (0 mod L).
Once such a border schedule is fixed, no other job can be processed over multiple days.
Thus the rest of the algorithm can unfold in a similar way as in the identical parallel
machine setting. This leads to a O([2(u - 8 + 1)]?* - p*T - n + nlog(n)) running time. O

Theorem 7. 1|periodicy(rj,d;)|Cmax is fived-parameter tractable parameterized by
(#days + o).

Proof. (Sketch.) We adapt the start time enumeration algorithm proposed by Cieliebak
et. al. (2004) in their section 5.2. In order to deal with day-overlapping jobs, we enu-
merate over day choices on top of daily start time choices. This leads to a running time
in O([(o + 1) - #days]?o TV #days . 1 nlog(n)). 0

3 Discussion

This work gives a first insight on the computational complexity of scheduling low-
frequency radio-astronomical observations. Theoretically speaking, we believe that the
main remaining open question is whether there is a constant approximation algorithm for
our problem. In fact, Theorem 5 relates it to a corresponding longstanding open question
about the machine minimization problem (Cieliebak et. al. 2004). And, while insightful,
current fixed-parameter algorithms are too slow to be used in practice, notably compared
to the single-exponential algorithm proposed in Theorem 2.

Going forward, we believe that the model could be refined accordingly to the real-life
setting. Because low-frequency radio observations often take several hours to complete,
day length L could be reinterpreted as a number of daily time steps, i.e., as an integer,
possibly given in unary in the input with a reasonably large time step value (e.g., 15min).
Furthermore, since observations can usually be split in chunks, as long as the length of
each chunk is long enough, some limited preemption could be introduced to the model in
the hope of decreasing the minimum makespan value significantly.
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Abstract. We present a bounded-error hybrid quantum—classical algorithm that improves the worst-
case complexity of Dynamic Programming Across the Subsets (DPAS) for a wide class of NP-hard
scheduling problems. Building on the Quantum Minimum Finding (QMF) algorithm of Durr and Hoyer,
and extending the seminal work of Ambainis et al., we design a unified algorithmic approach capable
of handling additive, composed, and decision-type recurrences. As a consequence, we obtain improved
exponential factors O*(cguam) With Cquant < Celassical for several classical scheduling problems, including
one machine problems with deadlines, tardiness, release dates.

1 Introduction

Dynamic Programming Across the Subsets (DPAS) is one of the most powerful paradigms for deriving
moderate exponential-time algorithms for NP-hard problems. For scheduling, many classical DPAS formu-
lations yield exact algorithms with complexities of the form O*(c"), where c¢ is often close to 2.

Quantum computing offers new opportunities to reduce these exponential factors. Grover’s algorithm
and its generalization, the Quantum Minimum Finding (QMF) algorithm of Durr and Hoyer allow the
replacement of exhaustive minimization over exponentially large sets by quantum procedures of quadratic
speed-up. The seminal work of Ambainis exploited this idea for classical DP approaches to combinatorial
problems such as TSP in O*(1.728™) and Set Cover in O*(poly(m,n) - 1.728™). Other NP-hard problems
have been tackled with this idea and have led to quantum speed-ups for the Steiner Tree problem, the Graph
Coloring problem and the Subset Sum problem.

However, many scheduling problems rely on richer structures than those handled in (A. Ambainis 2019).
In particular, they involve:

— temporal feasibility constraints (deadlines, release dates, precedences),
non-linear objectives (tardiness, weighted lateness),

auxiliary parameters controlling feasibility (e.g., number of late jobs),
— or even composed decision instead of classical additive ones.

This work establishes a unified hybrid quantum-classical methodology, requiring more elaborate compo-
sition operators, called Quantum Dichotomic DPAS (Q-DDPAS), that captures all these cases under a single
analytical framework and yields guaranteed improvements in the exponential part of the complexity.

2 DPAS Structures in Scheduling

Let us describe the type of combinatorial optimization problems P on which DPAS can be applied. An
instance of problem P is denoted by Z and is described by a tuple of vectors of dimension n (the number of
elements in the tuple depends on P). We can think as an example of a single-machine scheduling problem
with n jobs where the vectors specify processing times, due dates, and deadlines, among others. Any solution

to P is a permutation of [n] := {1,...,n}. Our nominal optimization problem can be cast as follows:
P(T) : i T), 1
@©: i (D) )
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where I1(Z) C Sy, is the set of feasible permutations of [n] according to given constraints and f is thd

objective function, which both depend on Z. As we will solve P by dynamic programming based on a
recurrence formula, it is convenient to define sub-instances as follows.

P(J,t): i I t), 2

(1) L () (2)

where IT(J,t) C Sy is the set of feasible permutations of J according to the given constraints and f(., J,t)

is the objective function. This problem P(J,t), with an auxiliary time parameter ¢t € T, will be solved by

Dynamic Programming over a subset J C [n] (DPAS). We note OPT[J, t] the optimal value of P(J,t), for

J C [n] and t € Z. The nominal problem P schedules all the jobs and starts at time ¢t = 0. In other words, we

wish to solve P([n],0) and find the optimal value OPT{[n],0]. Let’s introduce two DP recurrences families.

2.1 Additive DPAS

Additive DPAS (A-DPAS) applies when the cost of placing a job last in J augments the optimal value
of the remaining set by an additive term. There exists a function ¢ : 2" x [n] x T — R, computable in
polynomial time, such that, for all J C [n] and for all ¢y € T,

OPT[J,t] = r;g?{OPT[J \ it +9(J45,t)}, (Add-DPAS)

initialized by OPT[0, o] = 0.

For a given J, the values {OPT[J\{j},0] : j € J} are known, so OPT[J, 0] is computed in time poly(n)-k
according to Equation (Add-DPAS) (the computation of g is polynomial). The total complexity of computing
OPT[n],0] is

Zpoly(n)k <Z) = poly(n) -n-2""1 = O*(2").
k=1

(Add-DPAS) solves P in O*(2").

When constraints preserve feasibility across concatenation of two halves of J, a dichotomic form exists,
call Additive Dichotomic DPAS (AD-DPAS). There exist two functions tgpi : oln] % 2l x T — T and
h: 27 x 2" x T — R, computable in polynomial time, such that, for all J C [n] of even cardinality, and for
allt e T,

OPTI[J,t] = {OPT[X, ] + h(J, X, t) + OPT[J \ X, tanisc(J, X, 1)] }, (Add-D-DPAS)

min
XCJ,|X|=|J|/2
initialized by the values OPT[{j},¢] for each j € [n] and t € T.
Thus, computing all OPT[J,#] for any J of size 2¥ and ¢ € T is done in time |T|poly(n) (zf:) (%) The

total complexity is equal to
al 2k n
e =i Y- (i) (51):

k=1
A lower bound on C(n) is the sum of the two last terms:

ety > mpts) (1) + (1) (203)) = Attlpots( ™"

where A is a constant. The asymptotic equivalent is readily obtained with the Stirling equivalent for factorials,
nl ~ 2mn (%)n for n € N. Thus, C' dominates asymptotically n — |T'|-2". In other words, C(n) = w(|T|-2").
(Add-D-DPAS) solves P in w(|T] - 2™).

Additive DPAS naturally arises in:

— 1|d;] Y w;C; (deadlines),
— 1|| >° w;T; (tardiness),
— 1|prec| >~ w;C; (precedence constraints).
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2.2 Composed DPAS 3

Some strongly NP-hard problems cannot be decomposed additively. Instead, feasible schedules must
satisfy constraints by composition. The recurrence formulas derived from the work of Lawler for the problem
Lr;, pmtn| 3 w;Uj, where € = 3, ;w;U;. Let’s define, for all J C [n], ¢t € T and € € E,

OPT[J,t,¢ = gleig{opT [{j}, OPT[J\ {j},t, ¢ — €], e’} } , (Comp-DPAS)

JjEJ

initialized by the values of OPT[{j},t, €] for all j € [n], e € E and t € T Notice that for J C [n], t € T and
e € E, we adopt the convention OPT[J,t,e] = 400 for € ¢ E. Let ¢y € E.

DP solves P'([n],0,¢€0) in O*(|E|? - |T] - 2™) where for a given €y € E, the optimal value of P’(J,t,¢g)
is the minimum value of all possible composition of optimal values of the problem on sub-instances with
parameters €; and ez such that €; + ez = €. Then (Comp-DPAS) solves P in O*(|E[® - |T| - 2™).

A dichotomic variant also exists. For all J C [n] of even cardinality, t € T and € € E,

OPT[J,t, =  min {OPT[X,OPT[J\X,t,e—e’],e’”7 (Comp-D-DPAS)

eeE
XCJi|X|=|J|/2

initialized by the values of OPT[{j},t,¢] for all j € [n], t € T and e € E. Let to € T and ¢y € E.
(Comp-D-DPAS) solves P in w(|E[? - |T| - 2™).

Composed DPAS applies to problems with release dates and non-linear cumulative costs, e.g.:

— 1|r;j| >° w;U; (late jobs)
— 1|r;] > w,;C; (weighted completion times with release dates)

3 Hybrid Algorithm Q-DDPAS

Q-DDPAS generalizes Ambainis framework while supporting all DPAS types described above. The algo-
rithm proceeds in two main phases.

3.1 Phase 1: Classical Preprocessing

All subproblems of size up to n/4 are solved using X C [n] : |X| < n/4 and ¢t € T where we compute the
optimal value OPT[X,¢] and the corresponding permutation 7*[X,¢] by classical corresponding DPAS and
store the tuple (X,¢,OPT[X,t],7*[X,?]) in the QRAM that serve as the base of the quantum evaluation
oracles.

Solving all OPT[X,¢] for all X of size n/4 and for all t € T with (Add-DPAS) is in time

e $4() <o (m(3)-

Thus, because O* ((<::/4)) = O*(2"81") the complexity of the classical part is O*(|T'| - 20-8117) .

3.2 Phase 2: Quantum Dichotomic Minimization

For subsets J of sizes n/2 and n, the DPAS recurrence requires minimizing over all balanced partitions
. . . |J] . .. |J] ~ olJ1/2
X C J. Classically, this requires O((|J|/2)) but using QMF, this is reduced to O( (|J|/2)) ~ O(W)’
yielding an improved exponential factor.
|7]/2
|71/4

shown that Add-D-DPAS over only n/4 was O*(2!:5"), this dominates the first part (explaining why this
kind of decomposition is never used), but applying QMF allow complexity of (’)*(2\ﬂ1'5)") = O*(20-75n),

We apply a second time the dichotomic search over all O(( )) To compute complexity, in 2.1, it was
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Total complexity of Q-DDPAS is 4
O* (20.75n + |T| . 20.81171) _ O* (|T| . 20.81171) _ O* (|T‘ . 1754n) .

A slight modification of Q-DDPAS amounts add a third level of recurrence in the quantum part, but
instead of searching for the best concatenation among all the bi-partition of size (n/8,n/8) (i.e. solving
Equation (Add-D-DPAS) for |J| = n/4), we search for the best concatenation among all the bi-partitions
of size (0.945 - %,0.055 - ), then the complexity is O*(|T] - 20-7%™) equally balance between classical and
quantum part.

The same reasonings applies to the composed cases.

4 Complexity Bounds

Table 1, and his extension to 3-Flowshop, can be found in (Grange 2025) and summarizes the improve-
ments obtained by Q-DDPAS. In all cases, the exponential constant decreases from cglagsical 10 Cquant Up to
polynomial factors, yielding the numerical value 1.728 for QDDPAS structures.

Problem Classical Hybrid Q-DDPAS
Ldj| 32 w;C; 0*(2")  O*(p([n]) 1.728")
|2 wiT; o*(2™) O*(p([n]) 1.728")

1|prec| > w;C; O*((2—¢)") O*(1.728™)
Ury| S w,U; O (E|T2") O*(E[’|T|1.728")
Uyl S w,Cy O (BIIT[*2") O* (B |T|* 1.728")
Table 1. Exponential improvements obtained by Q-DDPAS (pseudo-polynomial factors omitted).

5 Conclusion

We developed a unified and significantly more general framework for hybrid quantum-—classical dynamic
programming. Q-DDPAS covers all known DPAS structures in scheduling, including additive, composed, and
decision-type recurrences; it strictly generalizes existing quantum DPAS algorithms; and it offers the best
asymptotic worst-case complexities for a wide class of NP-hard scheduling problems.

This work demonstrates that quantum speed-ups in exact algorithms are not restricted to isolated com-
binatorial problems but can be systematically derived wherever DPAS recurrences exist. Future research
includes minimizing pseudo-polynomial factors, extending the framework to multi-machine environments
with richer precedence structures, and investigating quantum variants of approximation schemes for schedul-
ing.
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1 Introduction

Scheduling tasks on parallel processors with precedence constraints is core prob-
lem of scheduling theory, for which complexity results and approximation algo-
rithm have been designed till the seventies|Lenstra and Rinnooy Kan, 1978]. In
the last decade, the parameterized complexity provided a new insight on the
difficulty of scheduling problems.

Given a parameter k, a problem is called fized-parameter tractable (FPT in
short) parameterized by k if any of its instances I can be solved in time O(f(k)-
poly(|I|)) with f an arbitrary computable function [Downey and Fellows, 1999].
Such a problem is considered thus tractable if the parameter is bounded. When
the studied problem is believed to not be FPT, many complexity classes are
available as parameterized analogues to NP like para-NP or the W-hierarchy
[Flum and Grohe, 1998].

Parameterized complexity theory of scheduling problems has been recently
widely studied for problems with time windows, particularly by considering
parameters linked to their structure. Let us mention the parameters pathwidth
[Munier-Kordon, 2021],[Hanen and Munier-Kordon, 2024|, [Tarhan et al., 2025],
slack [van Bevern et al., 2016] [Cieliebak et al., 2004], [van Bevern et al., 2017]
and proper level [Mallem et al., 2024|. For problems with task rejection, some
authors [Heeger and Hermelin, 2024] developed parameterized complexity anal-
ysis based on the number of different values (weights, processing times, dead-
lines, release times).

If only precedence constraints are considered, and for the makespan objec-
tive, authors have considered parameters such as the number of machines or
the width of the precedence graph. Negative results have been provided, even
for unit processing time tasks. For example in [Bodlaender et al., 2022], the au-
thors showed that P|prec,p; = 1|Cyuae is XNLP-complete when the number of
machines is paired with precedence width.

In this paper, we focus on the degeneracy that depends solely on the struc-
ture of the precedence graph. It is larger than the width and, when time windows
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induced by a makespan bound are taken into account, it becomes independent
of the pathwidth. A recent result [Munier-Kordon and Hanen, 2025] established
that minimizing the makespan for precedence-constrained tasks of unit process-
ing times is FPT when parameterized by degeneracy. We show here that this
result extends to arbitrary processing times and to several objective functions
(makespan, lateness, total weighted completion time), when parameterized by
both the degeneracy and the maximum processing time.

2 Problem and parameter definition

Let us consider a set T of tasks, m parallel processors and a precedence directed
acyclic graph G(7T,.A). A task j is a successor (resp. predecessor) of i if there
is a path from ¢ to j (resp. from j to ) in G(T,.A). We also assume a dummy
source and dummy sink node in G(7,.A).

Each task ¢ € T is characterized by its processing time p; € N — {0}. We
denote by pmaz the maximum processing time of a task. A schedule assigns to
each task 4 a completion time C; such that for any arc (¢, j) € A, Ci+p; < C; and
no more than m tasks are in progress at the same time. We also consider several
optimization criteria, namely the makespan C,,,, = max;c7 C;, the lateness
Linae = max;er C; — d; if due dates are given, and the weighted completion
time ), w;C;.

We build the co-comparability graph Hg 1 4y = (T, E) induced by G(T, A)
as follows. Two tasks (i,j) € T2 are linked by an edge e = ij € E if there
is no path from 4 to j or from j to ¢ in G(T,.A). The degeneracy of the co-
comparability graph § = d(Hg(7, 4)) is the minimum number &k such that in any
subset S C T there is at least a task ¢ € S with degree at most & in the subgraph
of Hg(7, 4) induced by S. The degeneracy in this case can be computed easily
in polynomial time [Lick and White, 1970].

3 Fixed parameter algorithms

Observe that as the problem Plprec,p; = 1|Chuae [Ullman, 1975] is strongly
NP-hard and the same complexity holds for the weighted completion time ob-
jective too [Lenstra and Rinnooy Kan, 1978, our problems are para-NP-hard
for parameter py,q,. However in this paper we prove the following result (proofs
are omitted due to the lack of space):

Theorem 1. Scheduling problems P|prec|C for C € {Craz, Lmaz, ;e wiCi}
are FPT parameterized by both § and pmaz-

Let us consider a feasible schedule. At any time ¢, at most m tasks are
in progress, and all tasks started before ¢ have all their predecessors already
scheduled. Let us denote by B the border at time t, i.e. the set of tasks started
before t none of whose successors have started before . Then, we observe that
the set C'(B) of all tasks started before ¢ equals the set of predecessors of B plus
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B. Moreover, all tasks in progress at ¢t are in B, and as tasks in B do not have
precedence relations, B defines a clique in Hg(1 4)-

Let us consider now a feasible schedule and the time ¢ corresponding to the
completion time of a task. Then we can characterize the partial schedule of tasks
scheduled before ¢ by a border B and the profile of the tasks in progress at t,
specifically their name and remaining processing time after ¢. This leads us to
the following definition of the state graph:

A State is a tuple o = (B, S) where B is a clique of Hg(1 4),and S : B — N.
For any task i € B, S(i) = C; —t > 0 if ¢ is not completed at time ¢, otherwise
S(7) = 0. Note that there is at most m — 1 tasks ¢ for which S(7) > 0. More
generally, a state is associated with all partial schedules of C(B) that if ¢ is the
maximum completion time of a task of 4 € B with S(¢) = 0 then the completion
time of any task ¢ € B is C; =t + S(i) if S(i) > 0 or C; < t otherwise.

The core result that will lead to a FPT complexity is based on the fact that
the number of cliques of Hg(r 4y is FPT parameterized by the degeneracy ¢
[Munier-Kordon and Hanen, 2025].

Lemma 1. The number of states is bounded by n2’ - p? ...

The Arcs a = (0,0") of the state graph express that at least one partial
feasible schedule associated to ¢/ = (B’,S’) may be built from o = (B,S)
by scheduling tasks in B’\B at time t. More precisely, to extend a state o, a
subset X of at most m — |{¢ € B, S(i) > 0}| tasks should be selected among
feasible tasks, i.e. whose predecessors are in C(B) and have no predecessor with
S(2) > 0. For each subset X, we schedule them on the free processors at the
time ¢ and update it to the next completion time of task in BU X . The resulting
border B’ and associated S’ function can then be easily computed.

Dynamic programming algorithms The principle of FPT algorithms for
our three different objective functions consists in generating the state graph
using a memoization mechanism for the states. When extending a state o to a
state o', the optimal path to o plus the arc (o,0’) defines a path that can be
evaluated according to the objective function. Then each state o = (B, S) is
evaluated by the minimum value of the objective function for partial schedules
associated with the state. We can then use Bellman’s shortest path algorithm
on directed acyclic graphs to compute the optimal path from the source node
to the sink of the state graph. Its complexity only depends on the number of
states.

4 Conclusion

In this paper we provided a FPT algorithm for parameter degeneracy combined
with maximum processing time for scheduling tasks with precedence constraints
on parallel machines. The algorithm can handle different objective functions.
The parameterized complexity of our problems for only degeneracy is still open.
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Another important perspective of this work is the implementation of the dy-
namic programming scheme, using bounds to limit the practical complexity and
comparing the performance with other exact algorithms.
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1 An aerospace line-balancing problem with cyclic schedules

The aerospace line-balancing problem consists of assigning a set of tasks to a set of
workstations in order to assemble aircraft, while determining a schedule for the tasks at
each workstation. The objective is to ensure a common minimum cycle time at every sta-
tion, while satisfying precedence relations and shared resource constraints across stations.
We propose a new constraint programming model for a simplified version of the problem
without parallel stations. The model avoids the use of modulo operators to enforce cyclic
resource constraints, resulting in a formulation that is both simpler and more computa-
tionally efficient. Preliminary experiments demonstrate the superiority of the proposed
approach and highlight the efficiency of OptalCP in solving this model compared to CP
Optimizer.

2 Line Balancing Models

The line-balancing problem considered in this work comes from (Pucel 2024) and con-
sists of assigning a set of tasks to a set of stations and scheduling them so as to minimize
the cycle time ¢, while satisfying precedence constraints and shared resource capacity con-
straints. The resource capacity constraint applies to each cycle [0, ¢] for all stations simul-
taneously. It results from the assembly-line having walking workers that can walk in the
same cycle from station to station to perform tasks.

We present two constraint programming formulations of this problem that differ only
in how precedence and capacity constraints are expressed.

2.1 Temporal Model

The temporal formulation is a simplified version of the model introduced in (Pucel
2024) for the more complex problem with parallel stations. In this model each task O
is represented in absolute time. Assignment of tasks to stations is captured by an integer
variable s® € [0, max_stations — 1]. If assigned to station s, O% must lie in the interval
[s x¢ (s+1)x¢.
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min c
V(a, B) € precedences end(0%) < start(0”) (1)
Va start(O%) = start(M*) + s%x ¢ (2)
Va end(0%) = end(M®) + s*x ¢ (3)
vr Z consumption? x pulse(M<) < capacity, (4)

«

Constraint (1) enforces precedences on absolute intervals. Constraints (2) and (3) in-
troduce, for each task O%, a projected interval M“ defined inside the cycle window [0, ¢].
Formally, if 0% = [start(O®), end(O®)], then M is the interval M = [start(O®) mod
¢, end(O%) mod c]. It represents the projection of O% into the cycle window and is used
to express resource capacity constraints within that window. Resource capacities (4) are
enforced on these projected intervals. In this formulation, precedences act on absolute
intervals, whereas capacities act on projected intervals obtained through a modulo trans-
formation.

2.2 Spatial Model

We propose a new spatial formulation, where all task intervals are directly defined
within the cycle window [0, ¢].

minc¢
Vo end(M<) < ¢ (5)
Y(a, B) € precedences, s < s° (6)
V(a, B) € precedences, s* = s = end(M®) < start(M"”) (7)
Vr Z consumption’ x pulse(M*) < capacity,. (8)

e

Constraint (6) ensures all projections M remain in the cycle [0, ¢|. Precedences are
enforced directly on these intervals through station-order consistency constraints (6) and
(7). Resource capacities (8) are also expressed directly on these intervals.

2.3 Structural Difference

The fundamental distinction between the two formulations lies in the trade-off between
the complexity of modeling precedence relations versus resource constraints, and the re-
sulting impact on constraint propagation.

In the Temporal Model, decision variables represent the absolute execution time of
tasks across the entire assembly horizon. While this representation simplifies the expression
of precedence constraints (Eq. (1)), it necessitates the projection of task intervals into
the cycle window [0, ¢] via a modulo operator or equivalently with arithmetic constraints
(Eq. (2)—(3)) to enforce resource capacities. From a constraint programming perspective,
the modulo operator acts as a barrier to propagation. Domain reductions on the projected
interval M® (derived from resource contention) do not efficiently propagate back to the
absolute interval O% when the domain of O% spans multiple cycles. Consequently, the
solver struggles to prune the search space effectively, as it cannot easily deduce that a task
is forbidden at a specific absolute time based solely on resource usage within the cycle.
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Conversely, the Spatial Model defines decision variables directly within the cycle window
[0, ¢], augmented by station assignment variables. This formulation eliminates the modulo
operator entirely, allowing the global filtering algorithms of the cumulative and noOverlap
constraints to operate directly on the primary decision variables. The complexity is instead
shifted to the precedence constraints (Eq. (6)—(7)), which must now account for station
indices.

Temporal Model Spatial Model
0 Station 1 c Station 2 2 0 Station 1 c
time - time
o] o] o - -
0 Station 2 c

time
4: Mt >

Fig. 1. Illustrative example of the difference between the Temporal Model and the Spatial Model.

Ezample 1. Consider the instance depicted in Figure 1, involving four tasks and two sta-
tions. Task 1 must precede Task 4 (1 — 4), and both tasks require the same disjunctive
resource (indicated by the same color). In the Temporal Model, tasks are scheduled on the
absolute horizon [0, 2¢] while they are scheduled on the horizon [0, ¢] for the Spatial Model.
The precedence constraint is satisfied structurally because the station index of Task 1 is
strictly lower than that of Task 4. Since the assembly process imposes a sequential flow of
products through the stations, this assignment guarantees temporal precedence regardless
of the tasks’ local offsets within the cycle.

2.4 Parallel Alternative Stations

The problem introduced in (Pucel 2024) is slightly more general than the formulations
presented above, as it allows for alternative parallel workstations.

For the sake of simplicity and conciseness, this extension is not detailed here. How-
ever, both the spatial and the temporal models can be naturally extended to accommodate
parallel alternative stations by introducing additional optional intervals per station alter-
native.

3 Experimental Evaluation

Previous results

Pucel and Roussel (Pucel 2024) results are shown on table 1. They used the extended
temporal formulation with between one and three stages. At most one stage could contain
parallel alternative stations. And they tested with the first 150 instances of the j30rcp
PSPIlib benchmark on a 20-core Intel Xeon CPU @2.60Ghz with 62GB of RAM.

Our results

Our results shown in table 2 are obtained on an i7 4-core @3.3GHz with 32GB of RAM.
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Table 1. Subset of the results of Pucel and Roussel that don’t use parallel stations

Layout Solved Optimal Avg. Time (s) engine

[1] 150 150 2.5 CP Optimizer
11 150 122 72.3 CP Optimizer
[1,1,1] 150 4 151.1 CP Optimizer

With layout [1] the problem is just an RCPSP and what is being measured is overhead
caused by the models when the line balancing dimension is completely fixed. Therefore we
report the results with an rcpsp model as well.

Both the temporal and the spatial model perform significantly better in our results,
with the caveat that the model from (Pucel 2024) is capable of solving problems with
parallel stations, and ours aren’t (in their non-extended form presented here).

While the difference between temporal and spatial model seems modest in average, the
spatial model finds equal or better solutions in all instances but 3, and when the solution
found is of similar value, the spatial model finds it 2.1x faster in average.

Table 2. Our results

Model Layout Solved Optimal Avg. Time (s) engine

rcpsp - 150 150 0.44 OptalCP
temporal  [1] 150 150 0.50 OptalCP
spatial [1] 150 150 0.49 OptalCP
temporal [1,1,1] 150 113 91 OptalCP
spatial  [1,1,1] 150 116 80 OptalCP

The comparison between RCPSP and line-balancing shows the presence of stations
significantly degrades the interaction between resource and precedence constraints. While
the spatial model is able to bridge part of that gap, there is still a significant loss of
propagation, which translates into extremely long optimality proofs due to late failures.

Comparision OptalCP vs CP Optimizer

To evaluate how much of the gap in the results was due to the engine used, we requested
the 2880 models Pucel and Roussel had used in .cpo format and solved them with both
CP Optimizer and OptalCP on the same machine (http://dev.vilim.eu:8000/ petr/
Onera/cpo-vs-optal/main.html)

Table 3. Engine comparison on same models and hardware

OptalCP CPO
strictly better solution 776 7
better time with same solution 1869 105
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1 Introduction

Optimizing schedules in real-world settings requires accounting for workload constraints,
particularly for human resources, in order to ensure regulatory compliance, prevent fatigue,
and maintain productivity (Pinedo 2012). Ignoring such constraints may lead to legal penal-
ties, reduced efficiency, or high employee turnover. In contrast, enforcing adequate rest
periods and balanced workloads improves worker well-being and overall operational safety.
These issues arise in many application domains, such as project management, healthcare
(e.g., nurse rostering), and transportation (e.g., train driver scheduling), where regulatory
workload rules significantly complicate scheduling decisions (Pinedo 2012).

Constraint Programming (CP) has proved to be an effective paradigm for solving
industrial-scale scheduling problems involving complex and heterogeneous constraints
(Laborie et al. 2018). However, modeling preemption remains challenging, highly increasing
combinatorial complexity. To tackle this, we introduce a new class of constraints, called
MaxW constraints (Maximum Workload), which capture rest-time and workload re-
quirements for operators over given time intervals. These constraints provide a compact and
expressive way to model regulations such as minimum rest periods or bounds on cumulative
workload, while avoiding a decomposition of activities into unit-duration tasks.

In this paper, we focus on the NP-hard Job Shop Scheduling Problem (JSP), which in-
volves sequencing operations on machines. Few works address the integration of workload-
constrained operators. Mauguiére et al. (2005) use branch-and-bound for operator unavail-
ability, while Miiller and Kress (2022) propose a filter-and-fan heuristic for flexible JSP
under workforce constraints. The Preemptive JSP (pJSP) allows task interruptions, which
improves the makespan but increases combinatorial complexity. pJSP with workload con-
straints further couples personnel and job shop resources, retaining NP-hardness. Related
work in online printing shop scheduling uses CP models for resumable operations and
machine unavailability (Lunardi et al. 2020), providing modeling insights. More recently,
Juvin et al. (2023) proposed an efficient CP approach for pJSP avoiding full combinatorial
enumeration, forming a strong basis for extending to workload-constrained operators.

The main contributions of this paper are as follows: (i) we formalize MaxW constraints
for human operators, generalizing workload and rest-time regulations; (ii) we propose a CP
model for the preemptive Jobshop Scheduling Problem with MaxW constraints (MaxW-
pJSP), implemented using the Mistral solver; (iii) we implement a comparative CP model of
the MaxW-pJSP using state-of-the-art IBM® CP Optimizer (CPO) (Laborie et al. 2018);
(iv) we produce a new MaxW-pJSP benchmark of pJSP instances with added MaxW
constraints.

The remainder of the paper is organized as follows. Section 2 presents the definition of
the problem and introduces some CP models that solve it. Section 3 reports the experi-
mental evaluation. Section 4 concludes the paper.
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2 Problem definition and CP models

A MaxW constraint associated with operator k is defined as a triplet (9, [u, v]), where
d expresses the maximum number of work days that operator k& should have within [u, v].

The MaxW-pJSP consists of a set of jobs J, where each job J; € J is composed of
an ordered sequence of n; tasks ¢; ;, 7 € {1,...,n;}. A set of operators {0, ..., K-1} are
available. Each task ¢; ; is characterized by a processing time p; ;, an earliest start time
si,j, and a latest completion time e; ;, and is assigned to exactly one operator. An operator
may interrupt the execution of a task and resume it later, provided that the total executed
processing time equals p; ;. To regulate operator workload, each operator £ is subject to a
set of MaxW constraints of the form (d, [u,v]). These constraints are generated to reflect
realistic production regulations (see Section 3 for details).

The objective is makespan minimization. Each task must be fully executed by its as-

signed operator; tasks within the same job must satisfy precedence constraints. For each
operator, working periods and rest periods must not overlap. The MaxW-pJSP extends
the classical pJSP by incorporating the MaxW constraints described above.
Mistral model: To improve efficiency, we avoid modeling individual shifts and rely on Mis-
tral’s PREEMPTIVENOOVERLAP constraint (Juvin et al. 2023), which fixes start and end
times so that each operator can complete its tasks preemptively. Combined with dedicated
propagation (including overload checks), this efficiently solves the pJSP with makespan
minimization. A feasible schedule can then be constructed in polynomial time using Jack-
son’s algorithm We extend this framework to model the MaxW-pJSP. Unless otherwise
stated, indices range over i € {0,...,|J| —1}, j € {0,...,n;}, and k € OPERATORS. Each
MaxW constraint is decomposed into a set of non-overlapping subintervals indexed by ¢ (il-
lustrated in Figure 1). We denote by MaxW, the set of MaxW constraints associated with
operator k, and by T} the set of tasks assigned to operator k. For each MaxW constraint
¢, the parameters J., u., and v. denote its defining triplet.

min ¢qq
sij €10, UB —Pi;l, ei; € [Pi;, UB] Vi,j (V1)
Cmaz € [0, UB] (V2)
k
dy €10, 1ql] Vk,Yq (V3)
ei,j 2 Si,j + Pi,j V’L,V] (C].)
Si’j+1 Z 61‘7]‘ VZ7V] (CZ)
S3,0 = 0 and €in; = Cmax Vi (C3)
PRE.NOOVERLAP({(si,j, eij, Pij)} U{(Sq Eq, dfj)}) Vk  (C4)
Vi,ViETy v

q
Ve —tue— Y di <8 VkVeeMaxW (C5)

Vq€[ue,ve)

For each task t; ;, we define start and end time variables s; ; and e; ; (V1) (UB is
an upper bound on the makespan). We want to minimize the makespan (V2). To model
MaxW constraints, the scheduling horizon is partitioned into a finite set of non-overlapping
subintervals, whose boundaries are induced by the start and end points of all MaxW
constraints. For each operator k£ and subinterval ¢, we introduce a variable d’; representing
the amount of rest allocated to operator k during g, bounded by the length of the subinterval
(V3). As an example, a single operator with two MaxW constraints (2,5,0,6) and (3,4,4,9)
is illustrated in Figure 1 showing subintervals, duration variables, and constraints.
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Fig.1: Two MaxW constraints, their subintervals and associated duration variables

(C1) enforces full execution of tasks, (C2) handles job precedence, and (C3) links job
completion to the makespan. For each operator, PREEMPTIVENOOVERLAP (C4) prevents
overlap between work and rest periods, allowing preemption execution. MaxW constraints
(C5) ensure that rest within each interval lies between desired lower and upper bounds.
We extended Mistral’s propagation to support variable task durations df;, guaranteeing a
feasible preemptive schedule with optimal makespan.

CPO model: In CPO, with preemption, each task must be split into multiple unit-length
optional intervals, dramatically increasing combinatorial complexity and making propa-
gation more difficult. The proposed explicit CPO model is the following (note that CPO
allows for interval variables to be optional). This model was developed using insights from
previous work (Lunardi et al. 2020). The model uses two families of decision variables. For
each task j of activity i, we define unit-length interval variables (V1) corresponding to its
processing time. To handle MaxW constraints, each operator k receives . optional unit
intervals per MaxW constraint ¢ (V2), which must lie within [u., v.] (C1). These variables
provide flexibility for scheduling rest periods. The objective remains makespan minimiza-
tion. Sequential execution of task units is enforced (C2), along with precedence between
successive operations (C3). A no-overlap constraint ensures an operator’s work (W) and
rest (O) intervals do not overlap (C4). Finally, MaxW constraints require that for each ¢,
at least 0. optional intervals are scheduled within [u.,v.] (C5).

min  max (endOf(W; ; p,,))

17

interval Wy, size = 1 Vi, V4,V e {1, ,Py;} (V1)

interval Oy, optional ,size =1 Vk,Ve € MaxWy,, VA € {1, ,6°}  (V2)

Ohex C [ue, ve] Vk,VYe € MaxWy,, VA € {1, ,5°}  (C1)

ENDBEFORESTART (Wi o1, Wij.r) Vi, V5,V € {2, ,P;} (C2)

ENDBEFORESTART (W j 1., Wi j+1,0) vi,Vj € {0, ,n; — 1} (C3)

NOOVERLAP ( (Wijel U [Ogeal ) vk (C4)
Vi,j €T ¢ VcGMaka,

ve—te— Y (Okex € [ue, ve]) <0 Vk,Ve € MaxWj,  (C5)

—1,le

3 Experiments

We evaluate our models on 78 pJSP instances (Juvin et al. 2023), each enriched with 9
sets of MaxW constraints, yielding 936 instances. All instances and generation explanations
are available on GitHub. All experiments are conducted with a time limit of 45 minutes
per instance. Results clearly demonstrate the effectiveness of our Mistral-based approach.
Over the full benchmark set, Mistral solves 171 instances to optimality (24.3%), compared
to only 35 instances (4.98%) for CPO. Furthermore, as illustrated in Figure 2, the Mistral
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model consistently produces better solutions. In particular, it achieves solutions with a gap
below 20% on 565 instances (80.4%) to the best solution found, whereas CPO reaches this
level of solution quality on only 233 instances (33.2%). Overall, these results highlight the
strong performance of the proposed CP model for the MaxW-pJSP. By directly integrating
workload constraints within a preemptive scheduling framework and leveraging specialized
propagation mechanisms, our approach significantly outperforms a state-of-the-art indus-
trial solver on a large and challenging benchmark set.

500
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—— CPO

Cumulative number of instances
(both solvers found a solution)

0L- } } I I I
0.0 0.2 0.4 06 0.8 1.0
Gap to the best solution (ratio)

Fig. 2: Cumulative distribution of the gap to the best solution found by any solver

4 Conclusion and future work

In this paper, we have validated an efficient CP-based approach for handling MaxW
constraints, including scenarios with a large number of constraints, which are common
in production due to rolling rules (e.g., "no more than 5 working days over any 7-day
window"). Our experiments demonstrate that the proposed Mistral model scales well and
significantly outperforms a state-of-the-art solver (CPQO) on an extensive benchmark set.
Future work includes exploring a MILP-based formulation to analyze modeling and perfor-
mance trade-offs. Acknowledgements This work was supported by the French National
Research Agency (ANR) under the project HIS? ANR-22-CE10-0012-05.
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1 Introduction

The industry 5.0 revolution is founded on a fundamental transformation in the
interactions between humans and intelligent technologies. Maintenance project
management fits naturally within this context, since it plays a crucial role in
preventing machine breakdowns that disrupt supply chains and reduce customer
satisfaction.

Integrating human-centric principles into the maintenance scheduling pro-
cess is important when static schedules require real-time adjustments, which of-
ten happens during operational days. In such cases, decision-makers need clear
insights about the quality of the revised schedule, including why it may be
better or worse than the original one. In this work, we address a maintenance
scheduling problem formulated as a Constraint Satisfaction Problem (CSP) and
introduce a framework that places the decision-maker at the center of the pro-
cess. The goal is to support decision-makers in selecting appropriate strategies
when the initial schedule needs to be modified due to unexpected events. The
framework compares the original and revised schedules by highlighting the dif-
ferences in global scores and detailing how each solution violates the relevant
constraints.

2 Problem description

We focus on Preventive Maintenance (PM), which is a key activity in main-
tenance project management. In PM scheduling and rescheduling, the goal is
to plan and organize PM tasks in an efficient manner to prevent unexpected
equipment failures and keep high operational performance in manufacturing
systems. Addressing this class of problems requires the decision-maker to an-
swer two questions: 1) When should each maintenance task start? 2) Which
skilled technician should perform the PM task?

Given the planning horizon (daily, weekly or monthly) with p days (z weeks
when the horizon exceeds one week), ¢ available staff members and » PM tasks
to perform defined by the decision-makers of the organization, together with
the daily operating hours H = [r,v], each staff member s € S is characterized
by an unavailability interval [ng,mg], a daily workload limit A, and a weekly
workload limit w, to respect. Each staff member also has a specialization ag,
which determines the type of PM tasks they are qualified to perform. On the
other side, a set of PM tasks T" must be executed within the defined planning
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horizon. For each task t € T', a deadline 7; indicating the allowable completion
time, and a duration ¢; are specified. In addition, each task requires a specific
specialization af, which must be matched by the specialization of the staff
member assigned to execute it.

The problem contains two types of variables. The first variable, start;, rep-
resents the start time of each PM task ¢, with a domain defined as start; €

0, Mwy where g denotes the planning granularity (in seconds), used to

convert all time-related parameters into an integer time-slot representation. The
second variable, ass;, denotes the staff member assigned to task ¢, with a domain
assy € {s1,82,...,84}. The problem is subject to the following five constraints,
each associated with a penalty applied to either the hard score or the soft score,
depending on the nature of the constraint:

C7: Respect the daily opening hours of the organization.

(startt < T V start; > ’U) = SCOT€hard V SCOTEsoft = —1. (1)
C5: Respect the unavailability periods of staff members.
(startt € [ns, ms ]) = SCOT€hard V SCOTEsoft = —1. (2)

C3: Ensure that each task is assigned to a staff member with the required
specialization.

(a assy 7 a:) = SCOT€hard V SCOT€soft = —1. 3)

C4: Respect the daily and weekly workload limits of each staff member.

Z 0t > As | = scorenard V scoresorr = —1. (4)
t: starty=d, asst=s
( Z 6t > ws> = SCOT€hard V SCOTEsoft = —1. (5)
t:assg=s

Cs: Ensure that each PM task must be scheduled and completed before its
assigned deadline.

(startf, + 6 > 'yt) = SCOT€hard V SCOTEsopt = —1 (6)

3 Rescheduling with solution interpretability

When a schedule is generated according to the model presented previously, it
may still be disrupted by unexpected events that affect the initial schedule
(Details of the applied rescheduling procedures are provided in our previous
work [Ducharlet et al., 2025]). In our study, we classify these events into two
groups.

1. Ewvents that lead to modifications of the problem. In this group, we consider
three types of situations:
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— Unezpected staff unavailability or availability. A staff member may take
unexpected leave due to personal reasons, or an additional staff member
may become available on the operational day. Such events change the
set of available staff when the schedule is regenerated.

— Addition or removal of PM tasks on the operational day. This alters the
set of PM tasks that must be scheduled when generating a new schedule.

— Changes in constraint configurations or parameter values. This includes
activating or deactivating some constraints, modifying the nature of a
constraint (e.g., switching one activated constraint from hard to soft), or
adjusting constraint-related parameters (e.g., changing a weekly work-

load limit w, from 35h to 37h).
2. FEwvents that lead to modifications of the solution. In this group, we consider

one situation:
— Adjustment of the schedule based on decision-makers’ expertise. Decision-

makers are domain experts. They may adjust the schedule generated by
the optimizer without providing a formal justification. Such adjustments
are often based on practical experience, such as deciding that a specific
PM task should be performed by a particular staff member.

To address the two identified groups of uncertain events, we propose two
rescheduling strategies:

— Full recovery. The optimizer is rerun to generate a completely new schedule
after adjustments due to unexpected events, potentially involving changes in
the set of PM tasks, staff availability, or constraint configurations. This strat-
egy is only applicable to group 1 events. First Fit is used for initialization,
while Simulated Annealing is employed for local-search-based optimization.

— Dynamic scheduling. The optimizer is rerun to generate a revised sched-
ule while pining certain assignments from the initial schedule. This partial
rescheduling approach is particularly appropriate for group 2 events, but
can also be applied to group 1 events when specific task assignments must
be preserved. No initialization is performed in this strategy, Simulated An-
nealing is employed for local-search-based optimization.

To support the interpretability of changes between two solutions, we develop
a framework with a Human-Machine Interface (HMI) that highlights differences
between the initial and adjusted schedules. The HMI first shows changes in the
global score (e.g., Ohard/—2soft), allowing users quickly see if the overall quality
has decreased. A second view provides a detailed comparison of constraint vio-
lations, including the number of violations and the change in violation scores.
Negative impacts are shown in red, and improvements of score are in green.
By reviewing these elements, decision-makers can decide whether to accept the
adjusted schedule or generate a new one using the proposed rescheduling strate-
gies. An illustration of this HMI is provided in the next section through a case
study.
4 Interpretability module in practice: a case study
We conduct a case study in this section to demonstrate the interpretability
module of our framework. The problem parameters are as follows: p = 2, ¢ = 5,
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r =30 X\s = 7h, [1,v] = [Th,17Th], as,af € {sp_a,sp-b}, 6, € {1h,1.5h,2h}.
The parameters [ns,ms] and v, (applicable to 50% of the PM tasks and set no
earlier than the beginning of the second day) are presented directly within the
framework interface. The activated constraints in this example are C; = {hard},
Cy = {hard}, C3 = {soft}, Cy = {hard}, Cs = {soft}.

As shown in Part 1 of Figure 1, we first generate the initial schedule using
the optimizer introduced in our previous work [Ducharlet et al., 2025]. The right
side of the figure displays the detailed score of this solution with no constraint
violations. We then introduce a one-day unavailability on the second day for
the fourth staff member (part 2 of Figure 1), which reduces the global score
from Ohard/Osoft to —3hard/Osoft, meaning the schedule is no longer feasible.
To resolve this issue, we pin all other assigned PM tasks and reschedule only the
three tasks causing violations. Part 3 of Figure 1 presents the repaired sched-
ule, with the score improving from -3 to 0 on the hard component and a new
soft violation (C3: Respect_specialization: —2). However, the solution becomes
feasible after applying the dynamic scheduling strategy.
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= a3 2 oo T ——

Constraint Type #Matches Weight Score
@ oreniG HouRs hard o 1 3
@ swruvwaeuy  h

R —

o

© WORKOMLUMITON  hard o ) 3
o 3
o

© urcenT oeoune s 0

Score analysis (-3hard/0Osoft)

Constraint Type #Matches Weight Score
A s unavaLsLTy hd 053 a4 03
@ RESPECTSPECALZATON 5ot
@ urcenT oeaoUNE

0 1
o -1
o 1
o 1

o o o o

© oreninG HouRs

© vomwomomTo  ha

B Score analysis (Ohard/-2soft)

Constraint Type #Matches Weight Score

@ swrowaveuy  hed 350 1 3.0

RESPECT_SPECIALIZATION  soft g, 2 0->-2

© urcenoesoune « o 0

1
ot 1

@ oreuncouRs i o A 0
wd )

© woromo o b 0 N

Fig. 1. Illustration of the interpretability module based on a case study.

5 Conclusion

In this work, we present the maintenance scheduling problem and a reschedul-
ing framework that handles unexpected events. The framework includes inter-
pretability in a HMI that helps decision-makers understand the adjusted sched-
ule through score comparisons and detailed constraint violations. In future work,
we aim to use agentic Al to transform these interpretations into natural language
explanations that are easier for end users to understand.

References

[Ducharlet et al., 2025] Ducharlet, K., Zhang, L., Maqrot, S., and Saidi, H. (2025). A
recommendation system-based framework for enhancing human-machine collabora-
tion in industrial timetabling rescheduling: Application in preventive maintenance.
In Working Conference on Virtual Enterprises, pages 363—-381. Springer.

130



1

A three-phases matheuristic for the SALB3PM problem

Thiago Giachetto de Araujo, Matthieu Py, Laurent Deroussi and Nathalie Grangeon

University of Clermont Auvergne, CNRS, Clermont Auvergne INP,
Mines Saint-Etienne, LIMOS, 63000 Clermont-Ferrand, France
{thiago.giachetto_de_araujo,matthieu.py,laurent.deroussi,nathalie.grangeon}@uca.fr

Keywords: Scheduling, Line Balancing, SALBP, Power Peak Minimization, Matheuristics,
Energy, Constrained Programming.

1 Introduction

Assembly lines represent fundamental production systems characterized by sequentially
arranged workstations. In these systems, unfinished products flow linearly through work-
stations, with specific tasks being executed at each workstation until the product is com-
pleted. Such systems are commonly modeled as Simple Assembly Line Balancing Problem
(SALBP) (Baybars 1986), which has been extensively studied in the literature (Scholl and
Voss 1997, Fathi et al. 2018).

The growing urgency to address climate change has emphasized the need to reduce
industrial energy consumption. According to the International Energy Agency (IEA), in-
dustrial operations account for 45% of global COs emissions and 39% of final energy
consumption (IEA 2024). This environmental imperative has motivated the development
of energy-aware extensions to the classical SALBP, incorporating sustainability considera-
tions into production line optimization.

An example is SALBP with Power Peak Minimization (SALB3PM) introduced by
(Gianessi et al. 2019). This variant associates each task with a fixed power consumption
and aims to minimize power peak consumption throughout the production cycle.

2 The SALBP with Power Peak Minimization

In the Simple Assembly Line Balancing Problem with Power Peak Minimization, a set
O of n tasks should be assigned to a set M of m workstations arranged in sequence.

Repeated

N
.
]

" ' ’
0 2 B [ 7 B 9 | 2 3

(a) Three first cycle times of operation (b) After stabilization

Fig. 1: Example of solution for the SALB3PM
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Indivisible operations, called tasks, of the set O are necessary to assemble a product. Each
task should be assigned to a unique workstation. For each workstation, ¢ units of time,
known as cycle time, are available. Each task j € O is associated with a known processing
time ¢; and power consumption w;. Processing times and power consumption are constant
and independent of the assigned workstation. Given production constraints, tasks must
observe precedence requirements. Tasks assigned to a workstation cannot overlap. Tasks
must finish by the cycle time ¢. In the SALB3PM, given a known cycle time and the
maximum number of workstations, the objective is to assign and schedule all tasks, aiming
to minimize the peak of power consumption (Gianessi et al. 2019). In the SALB3PM,
inserting idle time before tasks (delay) could be necessary to reduce the power peak.

Figure 1a shows the first three cycles of a production line. In the first cycle, assembly
of the first product begins. In the second cycle, the assembly of the first product continues,
and the production of a new product starts. In the third cycle, we are manufacturing
three products. At the end of this cycle, the first product is finished. We observe that the
energy consumption of an instant is the summation of the energy consumption of each task
executed at that instant. Figure 1b shows a solution with an idle time before task 6. We
can observe a reduction in the power peak.

3 Proposed method

Besin Task e Yes | Workstation Task -
& Permutation SRLCa8l0 ) Assignment Scheduling ne

No

Another
random
assignment?

Insertion Yes
Movement

Fig. 2: Diagram of a three-phases solver for the SALB3PM.

The SALB3PM is NP-hard; therefore, we propose to divide the problem into three
subproblems: task sequencing, workstation assignment, and task scheduling. As shown by
Figure 2, we propose a matheuristic scheme with three components. Insertion movement
is used as a metaheuristic component for task sequencing, dynamic programming builds
workstation assignments, and task scheduling is solved with mathematical programming.

3.1 Permutation phase

The first phase considers only task permutations o = (o1, ..., 0, ) that follow the prece-
dence constraints. Initially, a random permutation that satisfies the precedence constraints
is generated. After, a neighbor permutation is built by an insertion movement that respects
the precedence constraints. At the end of this phase, the feasibility problem SALBP-F, with
m workstations and cycle time ¢, is solved with a greedy algorithm issued from (Scholl and
Voss 1997). A permutation proceeds to the second phase if a feasible assignment regarding
the cycle time exists.
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3.2 Assignment phase

In the second phase, a permutation ¢ is received. Feasible assignments that respect
the permutation are randomly generated. To accomplish this, we adapt the idea from the
giant tour splitting problem from the vehicle routing problem (Prins 2004) and sequence
splitting from the SALBP (Lahrichi 2022). We can transform it into the equivalent problem
of finding a path in a graph with at most m arcs. This graph contains n+ 1 nodes. The first
node is a dummy node, and the others represent the tasks. An arc (4, 7) in this graph exists
if assigning the tasks o;41,...,0; to the same workstation follows the cycle time constraint.
The problem of generating assignments with at most m workstations is equivalent to finding
a path with at most m arcs, from node 0 to node n.

The computation of possible paths is realized by adapting a multi-label extension of
Bellman’s algorithm (Desrochers 1988). A label A\ for a node j contains the length in
number of arcs of the path to arrive at node j. For each label, the number of paths C;())
and the set of predecessors P;(\) are stored. As the objective is to generate all feasible
paths, just labels with less than m arcs are stored on nodes 1,...,n—1. C;(A) and P;(\) are
updated with each new path with k& arcs to reach at node j is found. A random assignment
is built from the last node. Until the node 0 is reached, each predecessor [ is chosen with
probability proportional to the number of paths to achieve the predecessor.

O— O O8NP O,

3,
5

Ao = {0} A= {1} Az ={1,2} Az = {2} Ay = {2} As = {2} Ae = {2,3}
Co(0) =1 Pi(1) = {0}  P2(1) ={0}  P3(2) ={1,2} Pa(2)={1,2} Ps5(2)={2} Pe(2) ={2}
Ci(1)=1 Ca(1)=1 C3(2) =2 Ca(2) =2 C5(2) =1 Cs(2) =1
P2(2) = {1} Ps(3) = {2,
C2(2) =1 4,
06(3) =6

Fig.3: Examples of feasible paths

Figure 3 shows all the possible paths in the graph. For each node C;(A) and P; () is
shown. Two paths are highlighted: one with two and the other with three arcs. The path
with three arcs 0 —1 —4 — 6 is equivalent to the assignment {{o1}, {02, 03, 04}, {05, 06}}.
And the path 0 — 2 — 6 is equivalent to {{o1, 02}, {03, 04, 05, 06} }.

3.3 Task scheduling

The sequence of tasks is built in the first phase, and the assignment is chosen in the
second. In this phase, the starting time of each task remains to be defined. Here, we
present a constrained optimization formulation to address this problem. Table 1 gives the
parameters and decision variables used.

Constraints 2 ensure that tasks maintain the order of execution. Constraints 3 guarantee
that the last task of the workstation finishes before the cycle time. Constraint 4 and the
objective function 1 ensure the variable W contains the peak of energy consumption. For
each time frame ¢, the power peak W is greater than or equal to the summation of the
power consumption w; of tasks being executed at t.
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Table 1: Parameters and decision variables.

Parameters
Uf j-th task assigned to workstation k
Ok  |permutation {o},o%,- - ,Jﬁk} assigned to workstation k € M
Nk is the number of tasks, |Oy|, assigned to a workstation k € M
k .
o Z;;ll tr,Vi € {1, -+ ,ni}, k € M is the earliest starting time of task o¥
J
k
NG o 7; tof,Vi € {1, -+ ,nk}, k € M is the latest starting
Decision variables
S; is the starting time of task j
Winae|is the maximum power consumed in all period

min W (1)
s.t.

Sof + th < 5‘754.1’ Yk e M,i € [1,n, — 1] (2)
Sony, tton, <6 vk € M (3)
DSy =it 1) A(S; < D) w; < W, Ve [0,c—1] (4)
JjEO

Saf € [’Y;fzn77’g1;t]7 Vk € M,Z (S O}C (5)
W > 0. (6)

4 Computational experiments

We evaluate our approach in a benchmark of the literature (Gianessi et al. 2019, Py
et al. 2024) with 25 instances, 19 of which have known optimal solutions. For each con-
figuration and instance, 10 independent runs were executed. We compare Integer Linear
Programming (Gianessi et al. 2019) and Constraint Programming formulations for the
delay phase. Considering instances with known optimal solutions, our best configuration
achieved 15 optima, with an average optimality gap of less than 0.51
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1 Introduction

This research develops a comprehensive optimization framework for generating stable project
schedules under activity duration uncertainty. Schedule stability is measured by deviations between
the planned and actual schedule. We investigate the stability regarding two perspectives: the change-
lessness of the activity start times and the resource allocation. Stability of both types is desired
in practice to limit the system nervousness and additional work and cost. We formulate two-stage
stochastic programming models that directly optimize schedule stability measures rather than sur-
rogate slack-based metrics common in the literature. We present two model variants representing
different organizational contexts and constraints. The Fixed Resource Allocation (FRA) model
suits projects where resource reallocation is prohibitively expensive (e.g., moving heavy equipment
between geographically distant construction sites), while the Variable Resource Allocation (VRA)
model accommodates agile environments where resource flexibility provides value (e.g., software
development with shared teams). We explicitly model and quantify both temporal stability (.#;:
expected weighted deviations in activity start times) and resource stability (.#5: expected changes
in resource flow allocations). Through extensive computational experiments, we provide action-
able insights on how problem characteristics (deadline tightness, network complexity, resource
factor, resource strength) affect the tradeoff between temporal and resource stability. We compare
our approach against the established baseline of minimizing extra precedence arcs Deblaere et al.
(2007), through a rigorous out-of-sample validation with 1,000 scenarios, demonstrating substantial
improvements in both stability measures.

2 Mathematical models

This section presents our two-stage stochastic programming framework for generating stable
project schedules. We begin with the baseline resource-constrained project scheduling problem
(RCPSP), then we systematically extend it to incorporate uncertainty and stability measures.

Consider a project network described by an activity-on-node network, where the set V =
{1,...,n} represents a set of activities to be scheduled, and the dummy activities s = 0 and
t = n + 1 represent, respectively, the project starting and ending nodes. The set E denotes the
finish-start, zero-lag precedence relationships among activities. Specifically, (i, j) € E requires
that activity i be a predecessor activity of activity j. The execution of project activities requires
renewable resources. The resource availability of k € K every time period is R. Each activity
i € V requires a non-negative amount r;; of each resource k € R. On this basis, and assuming
that each activity i € V has a deterministic duration d;, and ds = d; = 0, the compact flow-based
continuous-time formulation of Artigues et al. (2003) can be defined for the RCPSP. In this model,
flow variables f;; are introduced to model the flow of resources for each type of resource and
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for each pair of nodes and denote the number of units of resources k directly transferred from an
activity i to an activity j. These variables eliminate the forbidden-set constraints, provided that
rsk = 'tk = Rx Yk € K. The binary variables x;; assume a value equal to one if an extra arc is
introduced into the flow network, implying that activity j is restricted to start after the completion
of activity i. Variables S;,i = 0, ...n + 1 represent the starting times of activities.

Under these assumptions, the formulation for the RCPSP can be written as follows:

min S, 4 Q)
x;j=1V(@,j) € E @)
Sj=Sizdi—M(—x;)Vi,jeV,i# ] &)
So=0 “)
fifk = Nxij <O Vi,jeV,i#ji#zn+1,j#0, Vk €K, o)
Z fijk=rici e V\{n+1}, Vk € K, (6)
jeV\{i}
> Fuk=rxi€V\{0}, Vk ek, )
ieV\{j}
fijk=0Vi,jeV,itji+n+1,j#0,Vk €K 3
xij €{0, 1} Vi, jeV,i# ) ©®

The preprocessing constraints (3) set the preexisting precedence constraints. The constraints (3) and
(4) impose precedence constraints and set the project’s start time, respectively. M is an arbitrarily
large number. Constraints (5) are big-M constraints linking flow variables with precedence-related
variables. Here N can be set to min(ri,r ;). Constraints (6) and (7) are the resource flow-
conservation constraints. The remaining constraints define the nature of the variables.

In practice, activity durations are uncertain. Let £ denote a finite set of scenarios representing
possible realizations of activity durations. Scenario o~ € X has probability 7, (With ) ;cs 75 = 1)
and specifies duration d;” for each activity i. In FRA, the second-stage recourse is limited to
adjusting activity start times; resource flows and precedence relationships remain fixed at their
first-stage values. The model reads as follows:

(FRA) min »* 3 7,(S7* +577)

JEV oeX
3) -0
(S;+A7) = (Si+ A7) 2df = M[1 - x;;]Vi,jeV,i# jVoeX (10)
Sps1 <D (11)
AT =S87T 8577 VieV\{0},Vo e X (12)
ST 20,87 >0,Vi,jeV,VoeX (13)

The objective function minimizes the weighted sum of the expected absolute deviations between the
start times in the realized schedule and those in the baseline schedule (.#). Constraint (11) bounds
the makespan by deadline D, generally stipulated by the client or contractor. Constraints (10) adjust
the starting times of the successor activities j, according to the realization of the duration of activity
i in scenario . Constraints (12) define the variable A7, introduced for conciseness. The railroad
reactive scheduling, requiring SRe¢@/ized > gPlanned cap easily be incorporated into the model by
removing the variables S;", Vj € V,Vo € Z. The Anchor-Robust RCPSP was defined in Bendotti
et. al. (2023), within the general framework of 2- stage robustness (or adjustable robustness). In
this framework, a baseline solution is chosen in first stage, then, the schedule can be changed in
second stage into a new schedule with sequencing and resource allocation decisions unchanged.
The starting times of anchored jobs are the same in baseline schedule and second-stage schedule.
Our model is a more general approach than the anchor robustness approach, and it is not a robust
approach.
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To present the mathematical model of the VRA version, let define x;;* equal to one if a new
precedence relation has been established between i and j in the second stage that was not present
in the first stage and x;; 7~ if a precedence relation between i and j, present in the first stage has
been removed in the second stage. Thus, the two-stage stochastic programming model is presented
as the following model.

(VRA) min > 3 7, (S7* +577) (14)

JeV oeX
(3)-9),d1-(13)
(Sj +A7—) - (S, + A[o‘) > d;r —M[l - (xij +‘f,‘j(r)]

Vi,jeV,i#j (15)
Jijie + @7 S N(xij + &I, jeV,i# ji#zn+1,j#0
Vk e K, Vo eX (16)
DT i+ 870 =rui € VA {n+1},Vk e K (17
JEV\{i}
DT ik + 850 =rjx J € VA{OLVk € K (18)
ieV\{j}
X,‘j(r++xi_,‘SlVi,jGV,iij,VO’GZ (19)
x,'jo'_Sxij Vt.,_]'GV,l'ij,VO'GZ (20)
fg =)C,‘ju—+ —Xij(r_ Vi,jeV,i#], 21
O = [~ [V eVi# ji#tn+1,j#0,Vk e K Vo e X (22)
fiix T i 2OV, jeV,i#jitn+1,j#0,VkeK Vo eX (23)
x,'j0—+,xija—_G{O,I}Vi,jEV,i?tj,VO'EE (24)

Constraints (3)-(9) are first-stage constraints and only involve first-stage variables. Constraints
(15) are the equivalent of constraint (10), but consider the possibility that different extra arcs can
be used for different disruption scenarios. Constraints (16)-(18) ensure resource feasibility in every
disruption scenario. It should be mentioned that this condition enforces the complete recourse
property, i.e., the second stage problem is feasible for all choices of the first stage variables.
Constraints (19) and (20) are logical constraints stating that an Extra arc can be added in the second
stage only if it was not already added in the first stage, whilst it can be deleted only if it was present
in the first stage. Constraints (21)-(22) properly define the variables & l"; and (1)1."]'.,( introduced for the
sake of conciseness.

2.1 Model Comparison

Given our variable definition .Z| = 3 ;cy Y gex nU(S;.’++S;.") and A = Y pes Mo Dijev kek (fl(]’]:’+
fij".'k‘). The lower are the values of the measures, the higher is the stability. In our experiments, each
instance’s project due date D is set as Cmax (1 + a). Cmax represents the optimal makespan
under a deterministic environment. Table 1 only reports the results averaged over different network

characteristics, for the sake of conciness.

Table 1: Average stability values for different values of .
VRA FRA Extra
My M\ M M| M A
a =0.1/0.90 10.36/0.97 11.44]|4.49 13.48
a =0.2/0.43 13.19(0.81 10.75|3.34 10.18
a =0.3]0.22 11.69|0.26 8.14 |3.82 6.86
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The VRA model consistently achieves superior temporal stability across all deadline tightness
levels, with .#) values of 0.90, 0.43, and 0.22 for @ € {0.1,0.2,0.3} respectively. Comparing
VRA to the Extra benchmark (which simply minimizes additional precedence arcs without explicit
stability optimization), the improvements are dramatic: 80% improvement for @ = 0.1, 87% im-
provement for @ = 0.2 and 94% improvement for @ = 0.3. These substantial gains validate our core
hypothesis: explicitly optimizing stability measures during baseline generation, rather than using
surrogate heuristics, yields dramatically more stable schedules. Even compared to FRA (which also
optimizes stability but with resource constraints), VRA achieves 7-52% better temporal stability
depending on «. However, this temporal stability improvement comes at a cost in resource stability,
and there is a trade-off between the two types of stability. The tradeoff becomes evident as deadlines
relax: When @ = 0.2 .#, = 13.19 for VRA and .#, = 10.75 for FRA (23% worse resource
stability). When @ = 0.3 .#, = 11.69 for VRA and .#, = 8.14 for FRA (44% worse resource
stability). Meanwhile, comparing temporal stability at @ = 0.3, VRA achieves .#; = 0.22 while
FRA 0.26-only 15% better. While for @ = 0.2 the starting time stability drop (increase of .#)
of around 84%) is not compensated by a notable resource allocation stability increase (the .4 is
only 20% lower), when @ = 0.3, the FRA model can be considered a good option for the decision
maker. At this relaxed deadline, FRA becomes highly competitive, achieving comparable temporal
stability with substantially superior resource stability. For tight deadlines (@ = 0.1), VRA achieves
> = 10.36 compared to the FRA value 11.44, actually achieving slightly better resource stability
and also better temporal stability. This seemingly paradoxical result arises because with very tight
deadlines, even FRA must make substantial adjustments, and VRA optimization framework finds
more efficient adjustment patterns. For the Extra model, the results show a dramatic loss in the
stability of the starting time and a moderate increase in the stability of the resource allocation.
While intuitive, this heuristic performs poorly on actual stability metrics with .#; values 4 to 15
times higher than optimized approaches.

2.2 Managerial insights

Having established the computational performance of VRA and FRA approaches across diverse
project contexts, we now synthesize the findings with the aim of providing guidance for project
managers. We will separately discuss different characteristics that impact stability. Highly inter-
connected project networks (many dependencies between activities) are inherently more difficult to
stabilize. During project planning phases, managers should explicitly evaluate network complexity
as a risk factor. For unavoidably complex networks, organizations should bargain higher « values
to compensate for reduced stability potential. The relationship between resource availability and
stability is complex and non-monotonic. Counterintuitively, moderately constrained resource sit-
uations can be more difficult to stabilize than either scarce or abundant resource cases. At both
extremes-very scarce resources and abundant resources-stability is more easily achieved, albeit for
different reasons. In scarce resource environments, the limited options create natural stability (fewer
alternatives to consider). In abundant environments, resource conflicts are rare. For projects with
high resource factor (activities requiring multiple resource types), resource stability challenges per-
sist regardless of deadline. In such projects it is paramount to carefully negotiate resource flexibility
arrangements with suppliers/subcontractors, trying also to reduce multi-resource requirements and
complex resource interdependencies whenever possible. Moreover, maintaining buffer stocks of
critical resources (if possible) would help reducing reallocation necessity.
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1 Introduction

We consider a two-stage robust scheduling problem under a set of discrete scenarios
{2 on a single machine with release dates, precedence constraints and the objective is
to minimize the maximum sum of job completion time across all scenarios. A discrete
scenario s € {2 gives for each job j € J a release date r;, and a processing time pj,.
In a deterministic setting the problem is denoted 1|r;, prec| > C; and is already strongly
NP-hard, even without precedence constraints (Lenstra et al. 1977).

In classical single-machine robust two-stage scheduling (Aloulou and Della Croce 2008,
Kouvelis and Yu 1997) with discrete scenarios, the first-stage (also called “here and now”)
decisions that have to be taken before the uncertainty is revealed, i.e. before one of the
scenario is realized, are a total order of the jobs, in other words a job sequence. Hence,
when uncertainty is progressively revealed in real time, the second-stage (“wait-and-see”)
decisions fix the job start time as early as possible w.r.t. the prescribed sequence. This
is the earliest schedule policy (ES), which is optimal given a sequence for regular objec-
tives. Let © denote the set of job sequences compatible with the precedence constraints.
Let ES(6,s) the job start times obtained with an earliest schedule policy given a job
sequence 6§ € O. The classical (two-stage) robust scheduling problem can be written
mingee Maxsen Y 7 (E£S;(0,s) +pjs). One of the issue with such an approach is its lack
of flexibility. Because of the restriction to follow sequence 6, the optimal sequence 6% of a
particular scenario s is likely to be excluded. To deal with this issue, a previous work aimed
at increasing flexibility of first-stage decisions by only prescribing a partial order taking
the form of a sequence of groups of permutable jobs (Riviére et al. 2023). The second-stage
scheduling policy scans the group sequence and schedules at each decision time ¢ (i.e. the
end of the release of a job) the unscheduled task of minimal realized passed release date
(FIFO policy). For a given scenario set, this solution representation scheme dominates the
job sequence, because a job sequence is itself a group sequence and the FIFO policy reduces
to the ES policy in this case. However, the optimal minmax group sequence may be harder
to find than the optimal minmax job sequence. Furthermore, for a practical usage, the
obtained first-stage decision must be compared on unseen scenario, where the dominance
is not guaranteed anymore.

But these particular partial ordering of the set of jobs are only one kind of partial
decision that can be made in the first stage. Indeed, any representation of a set of sequence
can be seen as a partial decision, or a restriction of the set of feasible solutions. The
scheduling literature is rich with examples of such representation.: partial orders, groups
of permutable jobs, PQR trees, etc. Each representation type has different properties such
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as how they are able to restrict the solution space, how compact the representations are,
or how easily they can be handled.

In this work, we are interested in studying how the type of decision taken in the first
stage affects the quality of the solutions obtained in out-of-the-box scenarios. That is, how
different ways to split the decision process between first stage and second stage allows to
make use of both the cheaper cost of computing time in the first stage and of the additional
information available in the second stage.

2 The two-stage robust scheduling problem

A strategy F is defined by the it’s first stage partial decision space ¥ and it’s sec-
ond stage policy H¥. We require the second stage policy to be valid, non anticipa-
tory, fast, and order-inducing with regard to the partial decision space. For each sce-
nario s, given a partial decision 7 € % and a scenario s, H¥ must induce a total or-
der < on the set O(rm) of represented sequences. For example, for the FIFO second
stage policy and the partial decision space made of sequences of groups of permutable
operations, consider 4 jobs, group sequence m = {4, B},{C, D} and 2 release date sce-
narios r; = (0,1,4,5) and 75 = (1,0,4,3). Sequence ordering gives (A4, B,C,D) <¥
(A,B,D,C) <f'< (B,A,C,D) <f'< (B, A, D,C) and the reverse order for scenario 2 and
order <I". This means that if scenario 1 occurs, the second-stage policy selects sequence
(A, B, C, D) while sequence (B, A, D, C) is selected if scenario 2 occurs. Hence, for every
partial decision 7 representing a set of sequences O(7), and for every scenario s, the policy
H* should be able to yield the feasible sequence H*(m,s) = min.r O(r) in polynomial
time (the corresponding optimal earliest schedule can then be deduced). Given a strategy
F = (9F, HT), the general formulation of the problem is:

. g F ,
wrgg}v Ignea(}z( _GJ(ES] (H"(m,s),s)+ pjs)
J

That is, the goal is to find the restriction 7 € ¥ that, when used to guide the policy
HY in scheduling the set of jobs, minimizes the robust score over the set of scenarios.
We call those restrictions metasolutions, and each metasolution represents a set of se-
quences, the ones that are compatible with the partial decision. Recall that for a given
sequence, the optimal corresponding schedule is the earliest schedule (ES) for regular ob-
jectives. Hence it is enough for the policy H¥ to yield an admissible sequence.

3 Solution strategies

This paper aims at comparing 4 strategies F. For the first one (F = JSEQ), a meta-
solution 7 is a full job sequence (i.e. " = © and H (7, s) = m), which resorts to the
standard robust scheduling approach. For the second one (F = GSEQ), a metasolution
m is a sequence of groups of permutable jobs and the second-stage policy is FIFO. In
(Riviére et al. 2023), it is shown that using a starting JSEQ solution, a greedy heuristic
like the one introduced in (Esswein 2023) is competitive with more complex approaches
and metaheuristics. Esswein’s greedy procedure starts from a sequence of single job groups
and successively merges adjacent groups until no non-worsening merges exist. The two last
strategies are set strategies, namely F' = SJSEQ and F = SGSEQ. Let F = (®F', HT)
be a strategy, we define the set strategy SF = (&°F, H") where metasolutions are rep-
resented by sets of metasolutions from the strategy F' : IT = {my,m2... 7} with m; € oF.
The decision space is then @5 = P(HF). In the second stage, the policy H*F yields the
sequence according to the order defined by H¥ : HS(II,s) = min_r{H" (,s), Vr € IT}.
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4 A polynomial algorithm for best metasolution subset extraction

Given a set of metasolutions IT, we introduce a polynomial algorithm (in the size of the
set |1I]) to find a subset II* C IT optimal with regards to the described two stage decision.

Algorithm 1 starts with setting the best so-

Algorithm 1 Best-Subset algorithm lution so far IT* and its corresponding score
1: From a starting set of metasolution IT B* by evaluating the full set of metasolu-
2. 1" =11 tions IT with objective v and policy H (2-3).
3 B = max V(H(I1, 5)) Then, while the set of metasolutions isn’t
4: while [II| > 0 do empty, the algorithm extracts the limiting
5. s =argmax y(H(II,s),s) scenario s and removes the corresponding
6: 1= mins<s I metasolution & € IT from the set (5-7). The
7. I =1II\{x} new amputed solution is evaluated and the
8: if max y(H(II,s),s) < B" then best found solution so far is updated if rele-
9: om=n vant (8-10). The algorithm then returns the

10: B* = max v(H(II, s), s) best solution found so far IT*.

11: Return IT* The time complexity of the algorithm as

presented is O(|2||11]?).

Figure 1 illustrates how the algorithm behaves at a given step. In this exemple, the
algorithm aims to find the best SJSEQ subsolution from a starting JSEQ solution for an
instance with 3 training scenarios. The figure displays, for each scenario, the score reached
for each sequence in the JSEQ (sequences are identified by colors) in the order given by
<7 (hence, the leftmost values represent the score of the sequence yielded by the policy.
In the first loop, the worst scenario s = s3 is extracted with v(H(BAC, s3)) = 6. Sequence
BAC is removed, and the new worst score becomes 5 in scenario 2. In this example the
reached subset {ACB, ABC'} is optimal, but note that the subset {ACB} would be too.

<s
s1:ra<rp<rcld 5 /
sa:rec<rp<rall 5 6
S3:1rp<ra<rc 3 2
Fig. 1. Illustration of the best subset algorithm(|2| = 3, IT = {ACB, ABC, )

Proposition 1. Given a valid policy H, and an objective v, and a set strategy solution IT
Best-Subset(IT) yields II* = argmin max v(H(X,s),s) in polytime in |II|.
XCIl se

5 Experiments and preliminary results

Given the chain of dominance established (of respectively GSEQ over JSEQ, and
SGSEQ over GSEQ), and as a proof of concept for the proposed family of strategies,
we propose a "get better solution quick" scheme, that is guaranteed to improve solutions
in theory. Starting from a good quality JSEQ 7;srqg, an SJISEQ solution is created by
generating a diverse set of JSEQ solutions including ;. Esswein’s procedure is applied
to each JSEQ solution and the resulting GSEQ solutions make up an SGSEQ solution.
Among these GSEQ solutions, the best one is set aside as mgsgg. The best GSEQ subset
55k 1s then extracted using the best subset algorithm.
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Table 1. Performance (Score/Bound)
Table 2. Testing scenarios
distribution (|£2| = 100)

Instances are generated starting from a deterministic 1|r;, prec|  instance where dura-
tions of jobs p; are selected from a uniform distribution in [50,100] and release dates in a
[0, pi/2] interval. Precedence constraints are generated randomly with a 1% density.
From this deterministic instance, scenarios are generated by sampling new release dates
r§ around the nominal release date r; based on a normal law N (r;,r; * A), where A is a
variability parameter of the generated instances. The higher the value of A, the more dif-
ferent each sampled scenario will be. The sampled scenario set is then divided into training
scenarios and testing scenarios.

We compare the performance of the different computed solutions (7yspq, Tasrg, and
56 spq described earlier) as a ratio of the score to a bound of the best possible strategy
score on the instance (see (Riviere 2023)).

Preliminary results suggest that, as expected, the proposed dominating strategies out-

perform the dominated ones in training. Although, for the GSEQ and SGSEQ strategies,
when the number of training scenario increases, the necessity for robustness reduces the
difference in training score to almost none, indicating that the gain observed in training on
fewer sampled scenarios likely represents overfitting (Table 1). Indeed, we can observe on
Figure 2 that in the testing phase , the SGSEQ method is actually competitive with the
GSEQ method only when the number of training scenarios is high.
Overall, while the theoretical and practical dominance of GSEQ solutions over JSEQ ones
was demonstrated, the preliminary results suggest that the increase in expressivity pro-
vided by the SGSEQ strategy isn’t necessary to provide even better solutions on these
instances. Further research is required to characterize what instances would benefit the
theoretical superiority of SGSEQ.
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1 Introduction

Aerospace assembly systems face many sources of uncertainty (e.g., resource shortages,
variable task durations) making it challenging to rely on a single baseline plan. In daily
operations, decision-makers must constantly deal with limited resources and inefficient use
of those resources. They also need to support repeated allocation and reallocation decisions
subject to industrial constraints, often under multiple criteria such as workload balance
and cost.

To the best of our knowledge, only limited research has addressed how to model and
manage uncertainty on aircraft assembly lines. Pulido et al. (2017) provide a detailed rep-
resentation of operational uncertainties within a discrete-event simulation of an aircraft
assembly line. In addition to planned maintenance and scheduled absences, the model
explicitly accounts for four types of stochastic disturbances: steady throughout the year:
machine failures and errors that require extra work, variable over the year: operator ab-
sences, and final test rejections. These uncertainty factors are used to assess the impact
of troublemakers on delivery performance and to evaluate alternative mitigation strate-
gies, such as adding workers or implementing night shifts. Ziarnetzky et al. (2014) model
structural and supply-chain uncertainties in low-volume mixed-model assembly lines, in-
cluding random supplier delays, variable replenishment lead times, finite buffer capacities,
and stochastic troublemakers in upstream processes. The way uncertainty is understood
and described as a risk strongly influences its analysis and, therefore, may have significant
implications for both risk management and decision-making (Aven 2016).

In this work, we focus on multi-mode time-constrained project scheduling in aircraft
assembly systems subject to operator-related troublemakers. Starting from a fixed baseline
sequence and a predefined Target Cycle Time (TCT), we evaluate the sequence performance
across a set of representative TCT-detractor scenarios and characterize the resulting dis-
tribution of stressed cycle times. Rather than optimizing under uncertainty, the approach
analyzes how the baseline behaves when subjected to troublemakers. In addition, key sta-
tistical characteristics of this distribution are translated into solution-quality indicators
such as reliability, stability, and robustness.

2 Problem statement and solution approach

The scheduling of aircraft assembly activities exhibits characteristics that differ consid-
erably from those of classical high-volume, high-automation production systems. Aircraft
assembly stations operate with long cycle times, multi-manned operations, limited buffer
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capacities, strong precedence and spatial constraints, and intensive human labor. Because
tasks can be executed in different ways (e.g., with different operator profiles, team sizes,
or processing times), the corresponding scheduling problem takes the form of a Multi-
Mode Resource-Constrained Project Scheduling Problem (MMRCPSP). In MMRCPSP,
each task can be executed in one of several modes, each specifying its processing time,
required resources, and feasible areas. MMRCPSP also involves precedence relations and
task incompatibility. Time lags restrict the minimum or maximum delay between related
tasks.

In this study, we focus specifically on operator absences and derive a set of representative
scenarios from real-life settings. Operator absences are modeled as extra time units added
to the reference processing times of tasks. Since the problem is multi-mode, each task can
be executed using different combinations of operators, which enables us to capture how
operator availability affects task durations and overall schedule feasibility.

To evaluate the quality of a baseline sequence (i.e., the order in which tasks are per-
formed on assigned resources) against disturbed processing times, we employ a stress-
testing procedure that perturbs the processing times of tasks according to a set of TCT-
detractor scenarios 2. We start from a baseline sequence S*, determined using reference
processing times and a given Target Cycle Time (T'CT). We then stress-test S* by eval-
uating its performance over {2. For each scenario w € {2, we compute the resulting cycle
time TCT(S*,w) and collect these values into a set that approximates the distribution of
stress-tested cycle times. Based on the resulting empirical distribution, we derive the ser-
vice level (or on-time completion), i.e., the probability that the stressed cycle time remains
below or equal to TCT.

3 Numerical experiments

For illustration purposes, numerical experiments were conducted on a subset of bench-
mark instances for the deterministic time-constrained multi-mode scheduling problem pro-
vided in (Borreguero Sanchidrian et al. 2024). As indicated in Table 1, each instance
includes 8 tasks and is characterized by a defined number of precedence constraints, time
lags, incompatibility constraints, renewable resources, working areas, execution modes, and
a fixed cycle time. After assuming that the deterministic processing times correspond to
the reference values, a baseline sequence was computed using CP Optimizer 22.1.2, by
solving the model proposed in (Borreguero Sanchidrian et al. 2024).

Table 1. Benchmark instance characteristics

Instance |Tasks|Precedence Time lags |[Incompat. Ressources|Areas|Modes| TCT
constraints constraints

Set1-8 8 |6 1 1 2 2 11 |350

Set3-8 8 |7 1 1 2 2 17 1,650

Set4-8 8 |7 1 1 2 2 15 1,400

Fig. 1 illustrates how the cycle time is affected under uncertainty and shows differences
in sensitivity when operator R1, operator R2, or both R1/R2 are absent. To assess the
impact of stochastic processing times on the performance of a given sequence, we evaluate
the resulting distribution of the random cycle time 7.

Since a full probability distribution is difficult to compare across sequences, we summa-
rize its key features using a set of statistical aggregators. Table 2 provides the definition of
each aggregator together with its interpretation.
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Fig. 1. Example of simulated distributions of stressed cycle times versus the target cycle time:
Instance Set-8-1, Instance Set-8-3, Instance Set-8-4.

Table 2. Statistical aggregators for a sequence with random cycle time T, where TCT denotes
the target cycle time. The up/down arrow symbol denotes the optimization sign (max/min).

Agregator Definition Interpretation
T o P(T* < TCT)  Reliability: Probability that the realized performance meets TCT
lo Var[T*] Stability: Variability around the mean, lower o indicates more

stable and predictable performance.

J MeanBesto.o E[T™ | T* < qo.9] Performance on normal/good conditions: Conditional mean over
the best 90% of realizations

1 SemiVarrcr E[(T* — TCT)3] Downside robustness: Downside semi-variance relative to TCT,
focus only late/abnormal cases

} CVaRo.9 E[T* | T* > qo.9] Robustness to rare abnormal conditions: Conditional Value-at-
Risk (CVaR) at level 0.9, average performance in the worst 10%
of scenarios

CVaRg.9 CVaRo.9
o o
—Q —Q
SemiVaryer SemiVarqer
MeanBestg. g MeanBestg.g
(a) Sequence S7 (b) Sequence S3
— R — R — Ri/Rs]

Fig. 2. Comparison of statistical behavior of two equivalent deterministic sequences ST and S5
under uncertainties in terms of statistical aggregators defined in Table 2: Instance Set-8-1.

For illustration purposes, let us focus on Instance Set-8-1 and consider two equivalent
sequences ST and S5 (i.e., having identical sum of maximum operator profile demands).
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Fig. 2 summarizes the key characteristics of the distributions shown in Fig. 1 through scalar
aggregators that capture average behavior, variability, reliability with respect to TCT, and
robustness to atypical operating conditions.

4 Conclusions

This study focuses on multi-mode time-constrained project schedules in aircraft as-
sembly systems that are subject to operator-related troublemakers. Starting from a deter-
ministic baseline sequence, we quantify the impact of representative detractor scenarios
on cycle-time performance. The resulting stressed cycle-time distribution is then analyzed
using complementary statistical aggregators. The proposed indicators provide a multidi-
mensional view of solution performance under uncertainty, capturing reliability, stability,
robustness, and sensitivity to abnormal events.
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1 Grouping of Time-Triggered Signals

Time-triggered messages are of crucial importance in modern communication networks.
Offline-generated schedules, which specify start times for periodic messages, enable us to
achieve deterministic behavior in critical applications. In automotive and avionics domains,
so-called signals (measurements and commands) are periodically generated and communi-
cated (via messages) among sensors, controllers, and actuators.

However, the message contains not only the useful signal data, but also necessary meta-
data, e.g., message ID. Metadata is stored as a header or tail and extends the message size;
when the signal is very short (as it often is in applications), sending each in a separate
message is inefficient. Thus, several signals are grouped into a single message, depending on
their periodicity and length, and sent with just one header. Such an approach increases the
utilization of the communication resource (link or bus), since less bandwidth is wasted on
headers (Kuaban et al. 2021). However, grouping the signals into messages is complicated.
The maximum size of the message (including the metadata) is finite, since longer messages
have a lower probability of successful delivery. Also, longer messages are less flexible for
scheduling in a periodic setting. This is similar to the work of Huan et al. (2019), where
the compromise between energy efficiency and latency for IoT devices was investigated.

In this paper, we study the fundamental problem of grouping time-triggered signals
into messages and periodic scheduling of messages on a single resource.

2 Problem Statement

The joint problem of grouping signals and scheduling messages is modeled as an exten-
sion of the Periodic Scheduling Problem (PSP), which is generally strongly NP-complete
(Cai & Kong 1996). Our problem consists of set of tasks J = {J1, ..., J;i, ..., J,}. Each task
models one of the time-triggered signals. J; is associated with integer period T, and integer
processing time p;. We consider a set of harmonic periods, which is often used in applica-
tions; for any J;, Jir, Ts, is an integer multiple of T, , or vice versa. This implies period set
T={Ty,...,Ty,...,Tr_1} of size r, such that Vk € {1,...,7 —1},T, = b, Tyy_1,b, € ZT.
Note that harmonic periods allow us to utilize efficient packing model, based on canonical
form outlined later. o; maps J; to one of the r periods, partitioning J to task-period sets
TJu = {Jz : Ta,-, = Tu}

We allow grouping of signals with the same period only. Thus, tasks of 7, are grouped
into groups (i.e., messages) given by set G, = {Gu71, oo Gugy oo, Guy g }; sufficient num-
ber of groups is used to accommodate single-task-per-group corner case. Group G, ; has
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period T,,, and its processing time depends on tasks assigned to it. With a set of tasks J,,,;
assigned to G, j, we define the group size gs,, ; as:

GSu i = {hs T2eq P (gl >0 (1)
7 0 otherwise

Thus, gs,,; includes the header of constant size hs, if there are any tasks. The group
size is also upper-bounded by a fixed maximum group size M G. Every task is part of some
group: J, = chw Ju,;- The groups are then scheduled on a resource. Our grouping differs
from grouping in the context of a multi-processor scheduling (Ren et al. 2024), where task
sets are partitioned among multiple resources As in Grus. et al. (2024) the schedule can be
visualized by stacking each of the first Zz=1 intervals of length Ty on top of another. A row
k is then called an observation interval and corresponds to the interval [k — 1 - Ty, k - Tp).
Each group of period T, is scheduled periodically in T—l such intervals. The shorter the
period of the group is, the more occurrences of it are present. This is shown in Fig. 1a

As was applied in Lukasiewycz et al. (2009), Eisenbrand et al. (2010), and proven in
Grus. et al. (2024), only solutions in canonical form need to be considered. Canonical form
means that each task/group of a given period has all the tasks/groups with a shorter period
to its left in each observation interval. Thus, scheduling groups into suitable observation
intervals can be modeled similarly to bin packing. It is only necessary to decide in which
observation interval the first occurrence of the group is scheduled. The indices of intervals
relevant for the first occurrence are given by the set B, = {0, ..., T, /Ty — 1}.

To find a feasible solution, each observation interval utilization (sum of processing time
of occurrences of present groups) needs to be limited by the shortest period Ty. However,
this constraint can be made into a soft constraint by minimizing the Chax, the maximum
utilization of any observation interval. If C.x < Tp, the solution is feasible with respect
to the minimum period. Any margin Ty — Chhax makes the schedule more flexible, e.g., for
scheduling additional sporadic tasks.

3 Mathematical Programming Model

In this section, we describe the mixed-integer linear programming (MILP) model for
the extended PSP outlined in the previous section. The model assigns task J; to exactly
one group G, ; via binary variables x,;; in Eq. (3). Group size gs, ; is calculated and
constrained with Eqgs. (4) to (6), where the header is included via binary variable zy;.

min Cmax (2)
> auy=1 VI, € TV € Ju (3)
VGy,;€9u
Z Di * Tuij S |u711| * Zuj VT‘u S T VGu,j € gu (4)
VI €Tu
GSu,j = hs - zuj + Z Di * Tuij VT, € T VGu,j € Gy (5)
VJ; €JTu
gsu,j < MG VT € T YGu,j € Gu (6)
Z Yuji =1 VT, € T VGu,j € Gy (7)
keBy
Cujk < GSu,j VT, € T VGu,; € Gu Yk € B, (8)
Cujk < T0 * Yujk VTy € T VGu,; € Gu Vk € By 9)
Cujk 2 gSuj — To - (1 = Yuj) VT, € T VGu,j € Gu Vk € By (10)
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Puk = Z Cujk VTu S T Vk € Bu (11)
VG, €Gu

Z Dulk mod |By|] < Cmax Vk € Br_1 (12)
VTwET
C’max S Z7 Puk € VA VTu S T Vk S Bu (13)
Tuij € {0,1} VT, € TV € JuVGu,j € Gu (14)
zuj €{0,1}, gsu,; €Z VT, € T YGu,j € Gu (15)
Yujk € {0, 1}, Cujk € Z VT, € TVGuJ € Gu Vk € By (16)

Each group is scheduled in exactly one suitable observation interval via y, i, see Eq. (7).
Even empty groups are scheduled, but with G, ; = 0, they do not affect the solution. The
contribution of group G, ; to utilization of the observation interval k is tracked via cy;x
variables. Due to the dynamic group size, this is done with a big-M approach in Egs. (8)
to (10); cujr = 9Su,; if yujrl, and zero otherwise. Finally, individual contributions are
combined to obtain the load p,x of the given observation interval by groups with period
T, in Eq. (11), which, summed across periods, forms Chyax (13).

Note that a simpler model, based on Lukasiewycz et al. (2009), Grus. et al. (2024) can
be utilized for two special cases: when each task is in an individual group (obtaining the
upper bound on Chyax). Only one group is necessary for any number of tasks with period
T, in the observation interval k (obtaining the lower bound on Ciax)-

4 Experiments

We performed experiments with several synthetic instances, derived from those in Grus.
et al. (2024). We varied parameter values of hs and MG, and we obtained 47 example
instances with 50 - 600 tasks and up to six distinct periods. We compared three solvers
(with five minutes time limit): Gurobi v10.0, CP-SAT v9.14 of OR-Tools, and CP Optimizer
v22.1. We were mostly interested in comparing MILP and CP solvers, since in our previous
work (Grus. et al. 2024), CP Optimizer was slightly better than Gurobi.

‘# feasible‘mean bg‘median bg‘mean rank

Gurobi 47 0.10 0.00 1.15
CP-SAT 42 6.13 1.17 2.13
CP Optimizer 40 1.90 0.00 1.72

Table 1: Performance of the solvers for 47 instances. Best gap bg[%] is gap between
method’s Chax and best found Cp, .. Rank is calculated for each instance.

As is shown in Table 1, the Gurobi MILP solver was able to slightly outperform the
CP-SAT solver of OR-Tools and CP Optimizer. It was able to find a feasible solution for
each instance, and it reported the smallest averaged best gap bg and the averaged rank of
the methods. However, the actual MIP gap was zero only for the less complex instances;
for the harder instances, the MIP gap after five minutes was often more than 10 %.

In Fig. 1, several results of the Gurobi MILP solver are presented. In Fig. la, we can
see how the maximum group size and headers affect the schedule. The header of size 90 is
required for groups with a maximum size of 600. Headers are shown as gray rectangles at
the start of the block of tasks implicitly included in the group.

In Fig. 1b we can see how the increase of the maximum group size MG improves
the objective Chax. Furthermore, the effect of different header sizes hs is quite predictable,
essentially moving the curves upwards with steeper gradients. Finally, we can see the upper
and lower bound solutions with dashed and dotted lines, respectively.

151



e hs=120
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(a) Example solution. Header size was set to  (b) Parameter sensitivity analysis showing ef-
90 and maximum group size to 600. Headers fect of hs and MG on Cuax. Dashed lines are
are shown as gray tasks at the start of each  solutions obtained for the upper-bound model,
(implicit) group. and dotted lines for the lower-bound model.

Fig. 1: Example solution and parameter sensitivity analysis for Gurobi solver on instance
with 7 = {4000 - ¢ | Vi € {1, 2,4, 8}}. Each solution was optimized for 5 minutes.

5 Conclusion

It is clear that grouping of signals offers significant advantages in real-life communica-
tion settings by improving resource utilization. We solved the problem using MILP and
CP solvers. In the future, we will investigate the multi-resource setting (Grus et al. 2025)
and the usage of different values of MG per period. Furthermore, we will study special
cases, including instances with divisible group sizes and periods for which the second-level
problem is polynomial.
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1 Introduction and Problem Statement

Modern production and service systems exhibit inherent, unpredictable vari-
ability in processing times. These fluctuations stem from diverse sources, in-
cluding tool wear and degradation, operator absenteeism, network congestion,
unplanned maintenance, and resource contention. While deterministic schedul-
ing models offer computationally tractable and often elegant solutions in theory,
their practical utility is frequently compromised: minor stochastic disturbances
readily propagate through the system, and low-probability, high-impact delays
can disproportionately govern the overall performance. We consider a stochastic
m~machine permutation flow shop, a set of n jobs must be processed sequen-
tially on each of m machines, adhering to the same fixed machine order. The
processing time p; ; of job ¢ on machine j is modeled as a non-negative random
variable, which is considered general and may vary for each job-machine pair
(i,7). Upon selection of a fixed job sequence, x = {z1,22,...,2,}, the system
makespan, Cpax(x), becomes a random variable. The cumulative distribution
function (CDF) of Ciax(x) is dictated by the joint statistics of all processing
times. [Kulkarni and Adlakha, 1986] showed that stochastic activity networks
can be modeled as Markov-regenerative processes, enabling exact estimation
of makespan distributions, and state generation process can be performed us-
ing the uniformly directed cut (UDC) approach ([Creemers et al., 2010]), while
the UDC approach often suffers from generating many equivalent or symmetric
states, requiring frequent merging of duplicates, which slows down computation
significantly. Hence, we propose a constraint satisfaction—based framework that
builds the CTMC state space for stochastic flow shops more efficiently, allow-
ing exact and scalable evaluation of the makespan distribution under general
processing time models.
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2 Methodology

Although the exponential distribution is frequently used in stochastic scheduling
due to its memoryless property, it often poorly represents real-world processing
time variability. To overcome this limitation, we adopt phase-type (PH) distri-
butions, which can approximate any non-negative distribution arbitrarily well
while remaining analytically tractable. In a stochastic flow shop, the system
evolves from the start of the first job on first machine until the completion of
the last job on machine m. At any time ¢, each operation is in exactly one of
three states: Completed (0), Running (1), or Pending (2), the latter indicat-
ing that the operation is waiting for its upstream job or preceding job on the
same machine to finish. Given a fixed job sequence {1,2,...,n}, the execution
progresses through a series of stochastic transitions: starting with only (J; M)
running, the system moves to states where multiple operations may be active,
with future states depending on which running operation completes first. This
process continues until the absorbing state, where all operations are completed,
is reached. Although the resulting state space can become large and highly
branched due to concurrency and precedence constraints, we observe that the
state-generation mechanism can be precisely modeled as a constraint satisfac-
tion problem (CSP), with variables encoding operation statuses and constraints
enforcing flow-shop sequencing rules.

The Constraint Satisfaction Problem (CSP) formulation systematically de-
fines the feasible state space of the CTMC by identifying all valid combinations
of operation statuses across the n jobs and m machines that adhere to the in-
trinsic operational rules of a permutation flow shop. The state of the system is
defined by the status of the n x m operations. The decision variable x; ; indicates
the status of operation (i,7) (job ¢ on machine j), where

0, operationz;; has been completed

xy; = { 1, operationz;;is running in this state (1)
2, operationx;;is waiting
S.t.

Tij = Tij—1, tel,....n, jE€2,...m (2)
Tij > Ti—1,5) 1€2,...,n, je€l,...m (3)
Z(ﬂﬁu =1) <1,V (4)

J
D (@i =1) < 1,Vi (5)

i
> (@ =121, (6)

1,J

T =2=w1;-1#0,Vj > 2 (7)
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Ti1 = 2= Ti—1,1 7& 0, Vi >2 (8)
Tij—1 = 0 && Ti—1,5 = 0= T 7& 2, Vi > 2,VJ > 2 (9)

Constraint (2) ensures job operations follow their machine sequence. Con-
straint (3) maintains the permutation property on each machine. Constraint (4)
and (5) limit each job and each machine to at most one running operation, re-
spectively. Constraint (6) ensures at least one operation is running. Constraint
(7) prevents the first job from having a pending operation if its predecessor is
complete. Constraint (8) prevents a pending operation on the first machine if
the previous job’s operation is complete, and Constraint (9) forces an operation
to start if both its job and machine predecessors are complete.

Once the complete and feasible state space S is generated by the CSP
model, the system’s evolution is described by the Continuous-Time Markov
Chain (CTMC). State transitions, from a starting state X € S to a subsequent
state X; € S, are initiated by the single, time-homogenous event of one oper-
ation completion. These transitions are governed by the physical irreversibility
of the processing status:

— No operation may revert from a Completed status to a Running status.

— No operation may bypass the active processing stage, meaning a direct tran-
sition from Pending to Completed is prohibited.

— The transition event must correspond to the completion of exactly one op-
eration, which transitions from Running to Completed.

The infinitesimal generator matrix @ of the CTMC is constructed as a block
matrix partitioned according to the states in §. The diagonal block matrices
encode the internal phase transitions of the Running operations within each
state, while the off-diagonal transition matrices encode the rates of movement
between states X and X;. Both the diagonal and off-diagonal blocks can be
calculated efficiently through Kronecker algebra operations, which applied also
to the subgenerator matrices of the Phase-Type (PH) distributed processing
times [Liu and Urgo, 2023]. The makespan Chax is defined as the time required
to reach the absorbing state in which all operations have completed. Its cumu-
lative distribution function, denoted Fc,, (t), admits a phase-type representa-
tion, characterized by an initial probability row vector B and a subgenerator
matrix Q obtained by removing the absorbing state, i.e., by eliminating the last
row and column of the CTMC’s infinitesimal generator. The CDF is then given
analytically by Fo__ (t) = 1 — Be®'e, where e is a column vector of ones.

3 Results

A set of test instances was generated with n = 5,10, 15,20 jobs and m = 2,5, 10
machines. Processing times were modeled using phase-type distributions, ran-
domly generated via the BuTools library by specifying the mean and the number
of phases. The experimental results, summarized in Table 1 and Fig. 1, show
how our constraint satisfaction based state-space generation model scales with
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problem size. Average CPU times ranged from 0.01 s to 1658.78 s, and a clear
power-law relationship emerged between the number of generated states and the
state-generation time, highlighting the efficiency and structured nature of our
approach. Moreover, the procedure is anytime-capable: if a time limit is reached,
it returns the subset of states generated so far, enabling a controlled approxi-
mation of the full state space when exact enumeration becomes infeasible. For
comparison, we also implemented the UDC method on the same instances. Even
for a modest case with n = 5 jobs and m = 5 machines, UDC required about 1
minute of computation time, and this quickly grew to over 1 hour as the problem
size increased. This comparison further underscores the scalability advantage of
our CSP-based framework.

S(n,m)—i(n+:_1)—i<m+:_l> (10)

k=1 k=1

n m No. State Avg. CPU time (s)
5 2 20 0.01
5 3 55 0.01
5 5 251 0.05
5 10 3002 0.68
10 2 65 0.01
10 3 285 0.05
10 5 3002 0.59
10 10 184755 60.20
15 2 135 0.03
15 5 15503 3.42
15 10 3268759 1658.78
20 2 230 0.05
20 5 53129 14.49

Table 1. State size and CPU time.
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1 Introduction

Radiotherapy is a cancer treatment technique used in over 50% of cancer cases, either
independently or in combination with surgery and/or chemotherapy. It involves delivering
controlled doses of ionizing radiation to a specific area of the body to destroy cancer-
ous cells while sparing surrounding healthy tissue as much as possible. The duration of a
radiotherapy treatment varies between patients due to the site (tumor location) and treat-
ment technique. Radiotherapy treatments are delivered by linear accelerators, referred to
as "linacs", where the patient receives, in general, a fractional daily dose over several weeks.

Cancer treatment centers face a challenging problem when it comes to radiotherapy
sessions scheduling, due to various medical and technical constraints as well as resource
availability. In many centers, such as in our cancer treatment center partner, scheduling is
done manually by the staff. Optimizing the process could lead to better quality of treatment
by sparing unnecessary waiting times, since it has been shown that it was related to more
negative outcomes.

Moreover, uncertainty in patient arrival is a major concern of cancer treatment centers
since it could put the radiotherapy service to stress, consequently decreasing the standard
of care. Once patients agreed to radiotherapy and have gone through their first stage of
care, they wait for a variable amount of time to start the irradiation sessions. In compliance
with our application case, we model this patient arrival uncertainty as an uncertainty on
patients’ release dates. The idea is to take into account all available knowledge, certain
and uncertain, in order to achieve a better overall schedule with the ambition of a clinical
usage.

In this work, we address the radiotherapy scheduling problem with uncertain patient
arrivals.

2 Problem Statement

2.1 Deterministic setup

Let P be the set of patients (p € P) to be scheduled in an horizon 7. Assuming perfect
knowledge of arrival over 7, the schedule of all patients could be computed at decision
time ¢t = 0. However, P is revealed throughout the time horizon 7, therefore we have at a
given time t € T, P(t) as the set of known patients to be scheduled, with P = U;c7P(1).

This means that patients in P(t) \ Uy < P(t') are still unknown at any days ¢’ < ¢, and
their schedule on a local scheduling horizon £; must be fixed before day ¢t + 1 without
possibility to change it later due to the communication of the schedule to the patients at
day t. The local scheduling horizon L£; is the set of days such that £, = {¢,...,t + D},
where D is a constant value, large enough to ensure all patients’ sessions can be scheduled
in this local horizon.

157



Two major aspects can influence the performance of this batch scheduling procedure: the
model used for scheduling and the scheduling period. Indeed, too-frequent batch scheduling
leads to excessive myopic "online" scheduling , but not too-frequent batch scheduling leads
to delays for patients. In this work, we will focus on analyzing the performance of the batch
scheduling model where scheduling frequency is set by the cancer treatment center.

We define K as the set of treatment machines (kK € K) and K? C K as the set of
authorized machines where patient p can effectively be treated. For each patient p, we
denote by I, the number of sessions also called fractions, by b, the treatment frequency
(1 for daily sessions and 2 for one session every other day) and by wu, the emergency of
patient p (1 for very urgent, 2 for urgent and 3 for normal urgency). We also define a, as
the admission date (in our case, the scanner date) and m,, as the medical validation date.
Finally, the ready date of patient p is denoted r, and d,, is the first session due date for
patient p. In this section, we assume that we know all the attributes of all the patients
that need to be scheduled.

The decisions are the start dates for each patient p : S, = (5’;, .. .,5’1{") and their
associated treatment machine. A schedule z; is the set of the decisions variables above for
every p € P(t). The objectives are to minimize the sum of waiting time Szl, —rp and the

sum of treatments spans S,{” — S; to softly enforce treatment frequency. For concision’s
sake, if x4 is a schedule, we will simply denote by f(x:) this objective value.

Illustrative example

P(t) P(t+1)

t+1 1 - t4+dt+d+1l --- t+Dt+D+1 T
1 Il Il }
| Ly |

| \f Ly

Fig. 1: Dynamic scheduling process.

t+d t+d+1 ttd+2 t+d+3
M1 s1 53 81 8% 53 89 si 83 8§
M2 53 s3 53 51
M3 83 Day off 53 s s3 s5
P(t)
p rp, K p Tp KP

prt+d M1 pat+d+1 M1,M3
pat+dMILM2 ps t +d+ 2 M1,M2,M3
pst+d M3 pst+d+1 MIM2

Fig. 2: Scheduling process at instant .

Figure 1 shows that at a given time ¢ patients P(t) are scheduled in the local horizon
L;. As the scheduling process moves forward in time, £; becomes L£;11 by removing the
first day of £, and adding an extra day. Decisions taken at time ¢’ < ¢t become data in our
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current problem.

In figure 2, days of the local scheduling horizon £; are separated by vertical red lines and
the interval between each dotted vertical line represents a 3-hour time slot. The sessions’
durations as well as machines operating time ranges have been exaggerated for the sake of
the example. Gray tasks are planned unavailability or already scheduled sessions at time
t' < t — 1. The notation s} stands for the session k of patient p. The table from figure
2 gives the release dates r, and the set of authorized machines ICP for patients p in the
batch P(t). The release dates are values in £; of the form ¢ + d + x where d is the minimal
treatment setup delay and x varies depending on the treatment type.

2.2 Leveraging uncertainty

In practice, we remark that the knowledge we dispose at time ¢ € T can be divided in
two groups :

— The patients with certain information, ready to be scheduled, p € PC(t).
— The patients with partial information, waiting for more knowledge to be included in
the scheduling batch, p € P!(t).

Previously, we considered that P(t) = P(t) also called "myopic" scheduling, while we
now have Vt € T, P(t) = P (t) UP!(t) and the sets are two-by-two disjoints.

More precisely, the available information for a patient p € P(t) is all above-described
patient characteristics except patient ready dates without known their precise probability
distribution since in practice we know only the minimum and maximum validation times.
Note that patient due dates are set after the scanner step and are not subject to uncertainty.

The new scheduling strategy is a batch scheduling strategy, while leveraging the addi-
tional uncertain knowledge to better account for new arrivals.

‘We propose to address this problem with a two-stage model, where first-stage scheduling
is done using second-stage knowledge. Let X;* be the set of all possible schedules for certain
patients (p € PY(t)) and Z; the uncertainty set. We also define ), ¢ as the set of all possible
schedules for uncertain patients (p € P(t)) relatively to x € X; and ¢ € Z;. The two-stage
problem can be written :

min f(x) + P g9(x,¢) (1)

TEX ce=
=t

with g(z, &) = ygi{ﬁ f(y) + h(y).

f is a real-value function defined over X; and Y and h : Y — R is a specific cost of
scheduling of uncertain patients. € is an aggregation operator over the uncertainty set.
If @ = max, one can recognize a classical robust 2-stage model while @ = E leads to a
stochastic 2-stage model.

‘We chose to model the uncertainty set = with a scenario-based approach, where scenar-
ios are variations on uncertain patients’ release dates. The uncertainty set = is a discrete

set and will be denoted § = {(r} ,--- ,r, ), ,(r,l,‘?‘,--- rff! )}

PO PPt VPRI (1))

3 Results

We measured the cumulative objective values over the horizon 7 : », .+ f(}") where
" are first stage solutions computed with method m that can be "myopic" or 2-stage
with limited number of scenarios (|S| = {1,2,5,10}).

4 x e X, is aset of s} defined in the example.
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We implemented the models defined above using constraint programming (CP-Sat) and
evaluated them through simulations using real-world data. Our approach demonstrated a
clear advantage over the myopic batch scheduling method. Notably, the two-stage model
effectively reduced patient waiting times, a critical factor in improving the quality of care.
We also explored the impact of the number of scenarios on the model’s performance, finding
that while increasing scenarios captures more uncertainty, it also increases computational
complexity. Our results indicate that a single-scenario approach or using a small number
of representative scenarios can achieve a favorable balance between solution quality and
computational efficiency. This is inline with the results obtained in (Frimodig et al. 2023),
except that they considered only one scenario while we show that including more scenarios
may bring additional improvements and we also have a much finer scheduling granularity
thanks to the constraint programming model.
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1 Introduction and problem description

Project work plays a central role in many companies, particularly in research and de-
velopment, IT, and finance. For our purposes, we represent projects as activity-on-node
networks N = (V,E). Set V = {0,...,n + 1} contains all non-preemptive activities,
including the two fictitious activities 0 and n + 1, and set E comprises the precedence
constraints between activities 7,7 € V. If the objective is to minimize the project dura-
tion, the resulting problem is the classical resource-constrained project scheduling problem
(RCPSP), which assumes a fixed duration d; > 0 for each activity ¢ € V and constant
resource requirements r;; > 0 for all renewable resources k € K throughout the execution
of activity 7. Since these assumptions ignore uncertainties regarding future durations and
resource requirements, a resulting solution (schedule) S = (S;)iev, including the start
times S; of activities 7, may be too restrictive and unsuitable for the underlying applica-
tion. The stochastic RCPSP (SRCPSP), introduced by Méohring et al. (1984), addresses
some of these uncertainties by modeling d; as random variables while keeping r;;, con-
stant. In many practical settings, however, only the total resource requirement (workload)
w; > 0 of activity 4 € V' on resource k € K is known in advance, and the realized dura-
tion of i depends on how the resources are allocated over time. This motivates the flexible
RCPSP (FRCPSP) of Kolisch et al. (2003), which allows for a flexible distribution of
workloads across the individual time periods t € T'.

In our previous work (cf. Mendl and Rieck, 2026), we combined the SRCPSP with
the FRCPSP and introduced the SRCPSP with flexible resource profiles (FSRCPSP). In
the corresponding model, each activity ¢ € V is associated with a stochastic workload,
which is obtained by scaling the deterministic workload w?k with an activity-specific factor
fi > 0 drawn from an underlying distribution P. In this way, both the general structure of
resource demands and the ratio between the individual resource requirements of activity ¢
are preserved while uncertainty is introduced. The flexible resource allocation over time
is modeled through real-valued decision variables r;x; > 0, i € V) k € K,t € T, which
must lie within the predefined lower r,, and upper limits 7;;. An activity is completed
once its workload is exactly covered, i.e., EteT rikt = w; holds for all 4 and k. The
model also includes binary decision variables; x;; indicates whether activity ¢ is started
at time t or not, while y;; takes the value 1 if activity ¢ has not yet been completed
at time ¢, and 0 otherwise. By connecting the two decision variables x;; and ¥, it can
be determined whether activity ¢ is in progress at time ¢ or not. In order to ensure
feasibility under uncertainty, we formulate the precedence and resource constraints as
joint chance-constraints by specifying a confidence level (CL). Since the resulting chance-
constrained model cannot be solved directly, it was reformulated using the sample average
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approzimation (SAA). In the resulting SAA-FSRCPSP model, the decision variables dT,
ri., and y7 depend on the scenarios 7 € S. Taking into account a sample-based CL (1—e¢)
with € = 0.1, the number of violated scenarios is limited to [|S] - €].

In what follows, we intend to solve the SAA-FSRCPSP with a relaz-and-fix (R&F)
approach. To this end, related work is presented in Sect. 2.

2 Relax-and-fix and fix-and-optimize for scheduling problems

Relax-and-fix and fix-and-optimize (F&O) approaches have been applied to a wide
range of scheduling problems (for a survey, see, e.g., Tanksale and Jha, 2020). F&O
methods date back to Pochet and Wolsey (2006), who introduced an iterative approach
in which a sequence of mixed-integer programs is solved. In each iteration, the binary
decision variables are decomposed into two sets; one set of decision variables is fixed,
while the other set is optimized together with all continuous decision variables. A formal
framework for F&O was later provided by Helber and Sahling (2010), who distinguished
between product-, resource-, and process-oriented decomposition strategies for the multi-
level capacitated lot-sizing problem (CLSP). Stadtler and Heinrichs (2024) combined
sample average approximation with a product-oriented F&O heuristic for the stochastic
CLSP and introduced an additional postprocessing step in which the scenario-based model
is solved as a linear program with a larger scenario set.

In order to solve the resource renting problem, Reinke and Zimmermann (2022) applied
a F&O procedure. Furthermore, for resource-constrained project scheduling problems,
mainly R&F methods have been developed, in which an additional set of binary decision
variables is relaxed in each iteration so that they can take values between 0 and 1 (i.e.,
from the interval [0,1]). Etminaniesfahani et al. (2024) proposed a time-oriented R&F
method for the multi-mode RCPSP based on rolling time windows. Vasilyev et al. (2023)
introduced a two-phase approach for the multi-skill RCPSP that combined a R&F pro-
cedure with a large neighborhood search. Bigler et al. (2024) presented a unit-oriented
R&F matheuristic for the multi-site RCPSP, in which sequencing decisions are fixed inde-
pendently of activity start times, enabling stable subsequences while retaining temporal
scheduling flexibility. The review of the related work shows that R&F and F&O methods
have already been applied to the RCPSP and its variants. However, no corresponding
approach has been proposed to address the stochastic or flexible RCPSP. In the following
Sect. 3, we therefore introduce a specific R&F procedure to solve our SAA-FSRCPSP.

3 Activity-oriented fix-and-optimize for the SAA-FSRCPSP

In our activity-oriented REF procedure, we transfer the decomposition concept of the
unit-oriented R&F approach by Franz et al. (2019) to the activity-based structure of the
SAA-FSRCPSP. In a first step, an initial solution S is generated in a greedy manner using
a serial schedule generation scheme with the priority rule “earliest start time first”.

The subsequent iterative phase concentrates on localized adjustments to activity start
times while preserving all precedence and resource constraints of the underlying SAA-
FSRCPSP. For every activity ¢ € V or for every activity set V,, with a = 1,...,5 and
ngl V., =V, we restrict the range of start times to a discrete time window W;, where
W; = {max{ES;, S; — w}, ..., min{LS;, S; + w}} and w determines the refinement around
the start time S;; ES; and LS, specify the earliest and latest start time of 7. All decision
variables x;; which are not in W; are fixed to zero, resulting in a subproblem that includes
fewer binary decision variables, contains additional real-valued decision variables, and can
be solved more efficiently. Depending on the number of activities and resources, a time
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limit ¢, € {10, 30,60, 120, 180,240} in seconds is set. The solution is schedule S’, which
is only accepted if it satisfies CL = (1 — ¢€) and provides an improved makespan S;, ;.
Otherwise, the procedure considers another w for activity (set) i or fixes the start times
taking into account the greedy solution S.

Algorithm 1 Procedure of the proposed activity-oriented R&F

1: Determine a feasible, greedy solution S by applying a serial schedule generation scheme
2: for i =0to |V|—1 (or i = Vi to Vs=3) do

3: Set counter o = 0 and set upper limit & = 2

4 while limit & on attempts o is not reached do

5: Choose parameter w = rand(1,10) and set o : =0 + 1
6: Define W; = {max{ES;, S; — w},...,min{LS;,S; + w}}
. L
8

Fix z :=0 for all t ¢ W; N
Solve subproblem of the SAA-FSRCPSP with t;m using (a) x; € {0, 1}, Vi € W,
(b) zj: € [0,1], Vj >4,t € T, and (c) all already fixed decision variables

9: if solution S” of the subproblem is feasible then

10: Fix T = land @y ;=0 forall t € T\ Si: set counter ¢ := &

11: if S’ improves the makespan then Update S = S’ with S,4+1 = S; 44
12: else if 0 =& then Fix x;,5, :=1 and z;: :=0 for all t € T\ S;

13: return Solution S

Algorithm 1 is implemented in Python using the CPLEX API. In Sect. 4, we evalu-
ate its performance and compare the results with optimal solutions and our previously
developed scatter search (implemented in C++, cf. Mendl and Rieck, 2026).

4 Computational results and outlook

Based on the PSPLIB library, we generated 400 instances with n = {10,30} real
activities. Since the PSPLIB does not provide single-mode RCPSP instances with n = 10,
we derived them from the multi-mode dataset (j10 files) by fixing the first execution mode
of each activity. We always selected the first 50 instances from the library and adapted
each of them to the resource configurations |K| = {1, 2, 3,4}, resulting in 200 instances for
each n. The deterministic workloads are defined as wg, = ré& -d$ and serve as the expected
workloads E(w;). The stochastic workloads follow w}, = f;- E(w;) with f; ~ 5[0.5,2.25]
as in Lamas and Demeulemeester (2016). To enable flexible resource allocation, we set the
upper limit to 7, = r?k and the lower limit to r;, = [0.5 - T;]. The maximum runtime
of each approach is limited to Tyax = 7,200 seconds. Moreover, we set the number of
scenarios (sample size) to |S| = 10 and the CL to (1 —¢€) = 0.9.

Table 1 reports the results obtained by R&F and our previously developed scatter
search. For each configuration, we present the average project duration @, , and the
average runtime @;_ in seconds. The GAP-values measure the deviation of the heuristic
solutions from the optimal results achieved by GAMS 39.3 and CPLEX 22.1. For each
instance, the GAP (in percentage) is computed individually, and the arithmetic mean
P aap is included. The results obtained show that the proposed R&F procedure provides
a strong performance for all instances. While @gap ranges between 0% and 4%, the
runtimes remain relatively low for all instances. Overall, the results confirm that the
R&F approach outperforms the scatter search in terms of solution quality.

Building on this, the examination of additional decomposition strategies is planned
in the future. For example, a time- (cf. Franz et al., 2019) or scenario-based (cf. Stadtler
and Heinrichs, 2024) approach could be suitable for our SAA-FSRCPSP. Moreover, larger
instances and larger sample sizes should also be investigated.
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Table 1. Comparison of Opt, R&F, and scatter search approaches on instances with
n = {10, 30} activities, setting CL = 0.9 and sample size |S| = 10, grouped by | K|

n |K| Opt R&F Scatter Search
DSpt1 Dtepu DSpt1 Dtepu DaAP DS i1 Dtepu LeTN
1 28.84 47.65 28.84 33.53 0.00 30.16 18.43 5.01
10 2 29.34 132.07 30.12 38.68 2.75 30.50 25.79 4.28
3 29.56 177.62 29.92 66.99 1.05 30.78 37.42 4.82
4 30.15 479.50 31.00 138.23 3.74 31.26 33.59 4.18
1 87.08 274.37 87.12 142.28 0.06 92.76 100.77 7.68
30 2 87.06 266.39 87.06 171.69 0.00 91.98 119.35 6.50
3 87.26 569.36 87.48 238.18 0.27 94.44 132.76 8.99
4 86.88 755.62 88.56 306.64 2.20 92.20 127.14 6.83
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1 Introduction

In the last decade, the resource-constrained project scheduling problem (RCPSP)
has been extended in different ways to make the problem more applicable to
real life. One of these extensions, called the multi-skilled resource-constrained
project scheduling problem (MSRCPSP), considers the human aspect of re-
sources. In the MSRCPSP, renewable resources are replaced by a set of human
workers who are able to master a number of skills. Many solution procedures
have been proposed for the MSRCPSP [Afshar-Nadjafi, 2021]. Although these
algorithms generally result in high-quality solutions, they typically assume that
the resources and their mastered skills remain static.

This research assumes that a project manager has received a specified budget
to expand the mastered skills of its workforce. This can be done by deciding
which resource-skill pairs to train, as long as the training budget is not exceeded.
These choices have a large impact on the achievable project objective as training
inefficient pairs will not lead to an improved schedule. Additionally, even if
the budget allows extensive training, it is not necessarily the case that each
additional training leads to a project schedule with a lower makespan. Investing
in training that does not contribute to an objective improvement would be
inefficient. For that reason, training decisions should be made sparingly.

To model this problem, the MSRCPSP is extended with training decisions
(Section 2), with the budget represented as a maximum quantity of these de-
cisions. To solve the problem, two different meta-heuristic methodologies are
proposed that are able to find high quality solutions in a reasonable amount of
time (Section 3). The two methodologies are compared and preliminary results
are shown in Section 4.

2 Problem description
A project is represented by a topologically ordered acyclic activity-on-the-node

network G = (N, A), in which the set N contains all activities of the project
including a dummy start activity, a dummy end activity, and |N|—2 non dummy
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activities. The finish start relations between activities are represented by the arc
set A. Each activity ¢ € N can be scheduled by giving it a starting time s;. Once
an activity ¢ is scheduled, it requires p; time units to become completed. The skill
requirements r;; specify the integer amount of resources that must be assigned
to a skill j on activity 4 for it to be scheduled.

The skill requirements from an activity can be performed by a set of renew-
able multi-skilled resources. This set is called the workforce R which contains
|R| resources. Each resource k € R masters one or more skills from the skill
set S which is represented by the binary variables by; in the skill distribution.
This variable is equal to one if resource k masters skill ;7 and zero otherwise.
Resources are assigned to activities such that each of the skill requirements 7;;
from that activity ¢ are satisfied. This is done by using the assignment variable
25, which equals 1 if resource k is assigned to activity ¢ on a requirement for
skill j. When a resource is assigned, it stays assigned for the full duration p; of
that activity and it can not be assigned to other activities during that period.

Training decisions are made using the binary decision variable t;; which
represents the training of a resource k on the skill j. This variable equals 1 if
resource k is trained to master skill j, or zero otherwise. Note that a resource-
skill pair {k, j} can only be trained if the resource k does not already master the
skill j (bx; = 0). In this research, training does not require time to be completed,
and is hence done before the execution of the project. Once the training decisions
are implemented in the workforce R, the trained workforce (R!) is obtained.
The training quantity ¢ represents the maximum number of training decisions
that can be made, while the training used variable ¢* represents the number of
training decisions that are made >, >°. tk; = ¢* < ¢

The objective is to find the minimal project makespan by making choices
concerning the starting times of activities (s;), the assignment of multi-skilled
resources (x;55) and the training of resource-skill pairs (¢x;), taking the allowed
training quantity into account (¢q). Note that, between two project schedules with
the same makespan, the one that requires less used training (¢g*) is preferred.

3 Methodologies

Two methodologies are described that each use a different approach considering
the training. The first method separates the problem in two phases. The training
decisions are made in the first phase after which a well performing algorithm
for the MSRCPSP is used in the second phase to generate a project schedule
(Section 3.1). For the second method, a specialized genetic algorithm (GA) is
created in which training, assignments and scheduling are integrated in a single
phase (Section 3.2). Both approaches are visualized in Figure 1.

3.1 Adapted GA

The GA from [Snauwaert and Vanhoucke, 2025], originally created to solve the
MSRCPSP, is adapted for the training problem by implementing an additional
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Fig. 1. Overview of procedures for the training problem

phase before the scheduling procedure. In this phase, the workforce R is con-
verted into a trained workforce R! by making ¢* = ¢ training decisions. The
number of possible, differently trained workforces corresponds to (q";‘“”), with
(maz TePresenting the maximum number of training options (¢ma. = |S| X |R| —
Do ; bij)- AS ¢mag becomes larger, the number of possible trained workforces
increases quickly. Therefore, considering each possible R?! is not an effective ap-
proach to find the set of trained resource-skill pairs for which the second phase
can find the lowest project makespan. In this research, one single R! is con-
sidered by making a selection of promising training decisions. This selection is
made by using a ranking of all training possibilities. This ranking can be seen as
a priority list of resource-skill pairs. When a training quantity of ¢ is considered,
the first phase of this methodology selects the ¢ highest ranking training options
to be selected. The second phase generates project schedules according to the
algorithm of [Snauwaert and Vanhoucke, 2025]. However, since a choice is made
in the first phase, the performance of the GA in the second phase lies in the con-
text of this choice. An additional disadvantage is that ¢ training is imposed on
the workforce, even when this training does not offer benefits in the scheduling
procedure. These disadvantages are overcome with the next methodology.

3.2 Specialized GA

In this specialized one-phase GA, the core scheduling procedure is adapted such
that the assignment of resources can happen when these resources do not master
the required skills. This means that a resource k& which does not master (or is
trained upon) the skill j (bx; + tx; = 0) is allowed to be assigned on a skill
requirement r;; of activity ¢ for skill j. However, each time such an assignment
happens, the resource k is considered to be trained on the skill j and one training
is incurred (t; = 1). These assignments may happen as long as > 3, >~ tx; < ¢
This way, training only occurs when it provides a direct advantage to schedule
activities. As result, each training decision is utilized sparingly.
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4 Preliminary results

Instances with a ¢nee = 100 are selected from the MSLIB dataset, created by
[Snauwaert and Vanhoucke, 2023]. The dataset is solved for different ¢ values.
In the first approach, a MIP is created and solved with Gurobi. Additionally,
both described GA’s are used. The results are shown in Figure 2 in which the
makespan of the obtained solutions is represented in the context of the q.

100 = Gurobi

-+ Specialized GA
Adapted GA

99

98

97

96

95

Average Makespan

P
7
’
/
!

94

93

0 20 a0 60 80 100
Training quantity (q)

Fig. 2. Fair comparison between Gurobi and two proposed GA'’s.

From this figure it becomes clear that both GA’s generally outperform
Gurobi. The specialized GA obtains the lowest makespans on low training quan-
tities compared to the adapted GA. When the training quantity is high, both
solution procedures have the same solution quality. Deciding which skills and re-
sources to train is a difficult and strategic decision that can have a large impact
on the achievable quality of the project. This research proposes two methods
for making these training decisions in a project scheduling context. The results
indicate that a two-phase GA is outperformed by the specialized GA when train-
ing opportunities are scarce, which can be explained by the integration of the
training procedure in the scheduling algorithm.
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1 Introduction

Agile project management organizes work in short sprints and seeks early delivery of
a minimum viable product (MVP). We study a sprint planning problem in which a finite
set of issues I = M U N is divided into must-have issues M and nice-to-have issues N.
Each issue ¢ has story points sp;, predecessor set P;, and required resource type reg;; if
i € N, completing it yields value v;. Resource type r = 1,..., R has K, instances, where
instance k has per-sprint capacity cap,i, cost c.r, and availability bound wu,.,. The project
is constrained by a total budget B and a deadline of D sprints, and work may be split
across sprints.

We propose a two-stage formulation. Stage 1 builds the MVP as early as possible at
minimum cost. Stage 2 uses the remaining budget and remaining sprints to maximize
the value of the nice-to-have issues. The proposed setting differs from standard project
scheduling formulations in that mandatory MVP delivery and optional value-driven scope
expansion are modeled as two linked decision stages. The problem combines elements of
the resource-constrained project scheduling problem and the knapsack problem, and is
therefore NP-hard (Blazewicz, Lenstra & Rinnooy Kan 1983, Karp 1972).

2 Two-Stage MILP Formulation

Table 1 summarizes the core notation. In addition, binary variables start,; and finishy;
indicate whether issue i starts or finishes in sprint o.

For sprint o, let 41 € [0,1] denote the fraction of issue i processed in sprint o by
instance k of resource type r; thus (r, k) denotes resource type r and its kth instance. Let
Yo € {0,1} equal 1 if sprint o is executed, and let gorp € {0,1,2,...} be the number of
units of instance k of type r used in sprint o. Binary variables start,; and finish,; indicate
whether issue ¢ starts or finishes in sprint o.

Stage 1: MVP development. Let Sp.x be an upper bound on the number of sprints
that may be used to complete the MVP. Following the weighted-sum approach commonly
used in multi-objective optimization and project scheduling (Deb 2014, Bomsdorf & Derigs
2008, Liang, Cui, Wang & Demeulemeester 2019), we solve

Smax SH] ax R K’V‘
min w1 § Yo + w2 E E § Crkqork- (1)
o=1 o=1 r=1 k=1
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Table 1. Core notation used in the two-stage model.

Symbol Meaning

I=MUN set of all issues, partitioned into must-have issues M and nice-to-
have issues N

Spi story points of issue @

P; set of predecessors of issue @

req; required resource type of issue ¢

V5 value obtained if nice-to-have issue ¢ € N is completed

CaAPrky Crik, Urk
Toirk

capacity, cost, and availability of instance k of resource type r
fraction of issue ¢ processed in sprint o by instance k of resource

type r

Yo binary variable equal to 1 if sprint o is executed

Qork number of units of instance k of resource type r used in sprint o
S* number of sprints used to complete the MVP in Stage 1

N(s,a) visit count of state-action pair (s,a) in the RL procedure

The constraints enforce full completion of every ¢ € M, compatibility with the required
resource type, capacity limits >, spiZoirk < caprigork, work only in executed sprints
(oirk < Yo), unique start and finish indicators, precedence Zle finish¢; > starty; for
every j € P, resource availability ¢t < u.kYs, and contiguous sprint use y, < y,_1 for
o> 2.

Stage 2: value maximization. Let S* be the number of sprints used in Stage 1. Stage 2
starts at sprint S* 4+ 1 and solves

D D
max Z v; ( Z fz'm'shgi> — ws Z Yo, (2)
1EN o=S*+1 o=S5*+1

where w3 is a small tie-breaking penalty favoring compact use of the remaining sprints.
The linking budget constraint is

D R K, S* R K,
S S entern <B-"3 el (3)
o=8*+1r=1k=1 o=1r=1k=1

The remaining Stage 2 constraints mirror those of Stage 1 for resource compatibility, ca-
pacity, start/finish logic, precedence, and sprint contiguity.

3 Reinforcement Learning Approach

To complement the exact model, we use a two-stage Monte Carlo Control approach.
The state s is the current sprint number; all other scheduling information is maintained
through auxiliary sets of completed issues (done), in-progress issues (doing), not-yet-started
eligible issues (to_do), and remaining resource capacities. An action a is the selection of
one feasible issue to start in the current sprint.

In Stage 1, the per-sprint reward is R, = —wi0 — wac,, where ¢, is the sprint cost.
In Stage 2, the episode return is the total value of the completed nice-to-have issues,
Riotal = 2 jcdone Vi- We employ an e-greedy policy and update action values by

R—Q(s,a)

N(s,a) ~’ ()

Q(s,a) < Q(s,a) +
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Table 2. Summary of the illustrative-instance outcomes.

Metric MILP RL
Total value points 225 200
Total cost $24,600 $24,600
Schedule length (sprints) 5 4
Completed nice-to-have issues 11 10
Omitted nice-to-have issues I17 Iy, I3

MVP Development

R ERRRRE

(a) MILP schedule (b) RL schedule

Fig. 1. lllustrative comparison of the schedules produced by the MILP model and the RL approach.
The MILP solution attains a higher objective value but generates a more fragmented schedule with
several split issues across sprints, whereas the RL policy produces a more balanced sprint structure
with fewer fragmented tasks.

where N(s,a) is the visit count, i.e., the number of times the state-action pair (s,a) has
been observed. Feasibility is enforced by a greedy scheduling routine that assigns available
capacity to the cheapest compatible resource instance and carries partially completed issues
to later sprints.

4 Illustrative Example and Discussion

We illustrate the models on a hypothetical software project with 20 user stories: 8 MVP
issues and 12 nice-to-have issues. Story points follow the Fibonacci scale {1,2,3,5,8,13},
nice-to-have issues are assigned value points between 5 and 50, and the team has three
resource types—developer, designer, and tester—with two heterogeneous instances of each
type. The total budget is $25,000 and the deadline is five sprints.

Table 2 reports the main quantitative outcomes, while Figure 1 highlights the structural
differences between the two schedules. The MILP solution attains 225 value points at a
total cost of $24,600, whereas the RL policy attains 200 value points at the same cost. The
MILP solution yields the higher objective value, but it also creates a more fragmented plan
by splitting some issues across multiple sprints and concentrating many concurrent issues
in the same sprint. The RL solution is less fragmented and distributes work more evenly
across sprints. We therefore regard the example as an illustration of a practical trade-off
between mathematical optimality and execution-friendly sprint structure, rather than as a
full computational validation.

Overall, the paper contributes a two-stage agile sprint planning formulation that explic-
itly separates early MVP delivery from later value maximization under budget, precedence,
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resource, and deadline constraints. The illustrative example shows that both approaches
can generate feasible sprint plans, and it suggests a trade-off between value optimality and
fragmentation. A broader computational study is left for future work.
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1 Introduction

The resource-constrained project scheduling problem (RCPSP) is one of the most chal-
lenging combinatorial optimization problem as it has both many practical applications and
presents a real computational challenge. The RCPSP has many variants and extensions
to further increase its applicability. Among the relevant extensions, this paper considers
resource setup times also called transfer times. Indeed, these setup times may represent the
physical transfer of resource units between an activity A and an activity B. In this case, the
transfer time may depend on activity locations, and may not be symmetric: transferring
units from A to B may take a longer time than transferring the same units for B to A.
Also, some additional resources, e.g. vehicles, may be needed to transfer these units. In
this paper, we aim at solving an RCPSP extension that deals with these characteristics of
the transfer times. We propose constraint and integer linear programming approaches.

2 Problem definition and related work

Recall the standard RCPSP model with a set of activities A, a set of resources R and
a set of precedence constraints £. Each resource k& € R has a number of units (capacity)
denoted Bj,. Each activity ¢ € A has a duration p; € N and requires b; ;, € N units on each
resource k € R. Let A= {1,...,n} and AT = AU{0,n+ 1} where 0 and n+ 1 are dummy
activities with pg = pn,4+1 = 0 and such that for each ¢ € A, arcs (0,7) and (i,n + 1) are
present in £. Given a time horizon 7, the standard RCPSP formulation aims a assigning
a start time S; to each activity i € A and is as follows:

min Sna1 (1)
So =0 (2)

Sj = Si+pi v(i,j) €€ (3)
ZieA,Sigtgs,-,w,-,q bir < By Vte T, VkeR (4)

The resource units are not explicitly assigned to the activities and the capacity check
is solely based on the fact that the resource capacity is not exceeded at each time point.
Hence, to model a resource transfer, a resource flow variable f;;; > 0 must be introduced
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to denote the number of units of resource k that must be transferred from i to j after
the end of i and before the beginning of j. The time needed for the transfer is denoted
sijt. > 0. In addition, we consider that the transfer may require additional secondary
resources gathered in a set R’. Accordingly, resources in R are called primary resources.
Each secondary resource k' € R’ has a limited capacity Bj,. If a transfer actually occurs
between two activities ¢ and j on a primary resource (meaning that f;;; > 0), the number
of units of each secondary resource k' € R’ is proportional to f;;, according to a coefficient
ckr - The time required by resource k' to support the transfer of some primary resource from
i to j is denoted s;jk, > 0. The presence of both s and s’ in the model allows to represent
various situations. There are constraints that the transfer activity occupies resource k'’
non preemptively, lasts s};;, units and has to occur inside time window [S; + p;, S;]. Once
the transfer is completed, the secondary resource units are assumed to be instantaneously
available for any other transfer. This means that in case the secondary resource 7’ is a
vehicle that physically transport the resource r from the location of ¢ to the location of j,
the empty moves of the vehicle have a negligible time. Given this informal explanation, the
problem can now be formally described as follows, where S;jrr (Cijkrr) denote the start
(end) of the transfer of the primary resource k units from ¢ to j supported by secondary
resource k'

min Spi1 (5)
% =0 (6)

S; > S+ pi Y(i,j) € & (7)

2icAu{n+1} Joik = By VkeR 8)
2icavfo} fim+1,k = B VkeR 9)
ZjEAU{O} fiik = bik Vie A (10)

2 jeautniy fisk = bik Vie A (11)

fijk > 0= 55 > Si +pi + siji Vi,j e AVEER (12)
fizk > 0= Sijiw = Cijrrr + 8550 Vi, j € AVE € RVE € R, cppr > 0(13)
Sijerr 2 Si+ pi Vi,j € AVk € R,VE € R/, crp > 0(14)

Cijrrr < 9 Vi,j € AVEk € RVE € R, e > 0(15)
Ei,jeA,keR,Sijkk,5t<cijkk, ik fije < B YVt € T,VE € R (16)

From Objective (5) to Constraints (12), the model is the resource flow model proposed by
(Artigues et al. 2003) for the RCPSP, with the difference that setup times are included
in Constraints (12). Constraints (13) “create” the transfer activity of f;;, units from 4 to
J supported by secondary resource k' (whenever f;;; > 0) by setting its completion time
to its start time plus its duration.With Constraints (14) and (15), this forces the transfer
activity to be performed after the end of i and before the start of j. Finally, Constraints
(16) state that each such transfer activity uses cgi fijr units of secondary resource k' to
support the transfer and ensure that the capacity of &’ is not exceeded at any time period.

Such models involving setup/transfer times and secondary resources to support the
transfer have already been considered in the literature for generalized shop scheduling
problems (Artigues and Roubellat 2001) and for the RCPSP (Kriiger and Scholl 2010,
Poppenborg and Knust 2016), mostly with heuristics. Exact methods proposed so far are
unable to solve instances of more than 10 activities.
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3 Illustrative example

Consider an instance with |A| =7, |R| =2, |[R'|=1, By=4, By =3, B, =3, ¢po =
co1 = 1 and the other parameters provided in Fig.1. A solution is displayed in Fig. 2 where
arrows represent resource transfers (the plain arrow has length s;;5 while the dotted arrow
has length s;jk,). The reader can check that when a secondary resource is occupied, the
transfer is delayed, such as for the transfer of 2 units of resource 1 from activity 2 to activity
4 that cannot start before time 6 because secondary resource 0 is occupied.

o Ai|pi bio bin
0 0

ST WD~ O
Ok = WD NN O

Activity precedence graph.

Activity parameters.

A;101 23456 A;l01 23456 A;l01 23456
0/0O0OO0OO0OO0O0OO 0/0O0O0O0O0O0O 0j0000O0O0O0
110 -22120 110 -22220 110 -22120
2103 -1220 2103 -1310 2101 -1210
31034 -330 31024 -340 31032 -220
410122-10 410122-10 410121-10
5101212 -0 5102212 -0 501 112-20
6|100000O0O0 6/00000O00O0 6|/000000O0O0

850 Sij1 8450

Fig. 1: Instance parameter definition.

4 Proposed methods and results

We first propose an integer linear formulations to solve the problem, extending the
resource flow MILP formulation (Artigues et al. 2003). We use a sequencing variable z;;, €
{0,1} equal to 1 when f;;; > 0, which allows to linearize implication constraints (12) and
(13) with the standard big— M formulation. To linearize secondary resource constraints (16)
in the same way, we introduce secondary resource flow variables @; ; i ¢.6,1,x Tepresenting
the number of units of secondary resource k' transferred from transfer activity (4,7, k) to
transfer activity (a, b,1), as well as sequencing variable y; ; i q.6.1,0’ In Fig. 2, P2 113100 =1
and 931,0,2,4,1,0 = 2 while y2.1,1,3,1,00 = ¥3,1,0,2,4,1,0 = 1.

Unfortunately, this MILP formulation has a huge number of binary variables due to
the considerations of all possible transfers. Therefore, we propose a constraint program-
ming (CP) formulation based on the concept of interval variables used to model activities
in several solvers such as CPOptimizer, CP-SAT, OptalCP, Hexaly.... We introduce an
interval variable for each activity ¢ € A and an optional interval variable for each possible
transfer (4, j, k, k').
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Fig. 2: Solution of the illustrative example.

We also propose a greedy randomized heuristic (GRH) to obtain a solution to the global
problem and that can be used as a warm-start solution to the CP model.

Finally, we propose a multi-phase heuristic based on CP and ILP. We first solve by CP
the standard RCPSP ignoring all transfers. we store the pairwise time distance 7;; between
activities in the solution, the precedence constraints £’ induced by the solution and the
transfers Z inconsistent with the solution. (e.g. if 4 precedes j in the solution then the
transfer from j to i is forbidden). By searching a feasible primary resource flow assignment
given & and Z, the search space is highly reduced and we aim at creating arcs that preserve
the 7 ; (i.e. such that s; ; r < 7; ;). A right-shifting heuristic then obtains a global feasible
solution (i.e. also satisfying the secondary resource constraints) by keeping the primary
flows obtained at the previous and the partial order from the first step. Finally, the CP
method is warm-started with the so-obtained upper bound.

The table below reports the average gap of the CP model and the multi-phase method
from the best known lower bound on a set of instances from 30 to 120 activities. The results
show that the multi-phase method outperforms the CP model.

Approach 330 j60 j90 j120

CP model warm started by GRH 0.13 0.20 0.23 0.23

Multi-phase method 0.00 0.00 0.00 0.00
Acknowledgments

This work was funded by the Grant Agency of the Czech Republic under Project GACR 25-17904S.

References

C. Artigues, P. Michelon and S. Reusser, 2003, “Insertion techniques for static and dynamic
resource-constrained project scheduling”, Furopean Journal of Operational Research, vol.
149(2), pp. 249-267.

C Artigues and F Roubellat, 2001. “A Petri net model and a general method for on and off-line
multi-resource shop floor scheduling with setup times”, International Journal of Production
Economics vol. 74 (1-3), pp 63-75

J. Poppenborg and S. Knust, 2016 “A flow-based tabu search algorithm for the RCPSP with
transfer times”. OR Spectrum, vol. 38(2), pp. 205-344

D. Kriiger and E. Scholl, 2010. “Managing and modelling general resource transfers in (multi-)
project scheduling”. OR Spectrum, vol. 32(2), pp 369-394.

178



Learning to Schedule the Final Assembly Line: a GNN
for Fast, Stable Scheduling under Uncertainty

Sergei Gladyshev!, Olga Battaia!, Romain Guillaume?, Philippe Ruiz!

! KEDGE Business School, Bordeaux, France
{sergei.gladyshev02, olga.battaia, philippe.ruiz}@kedgebs.com
2 IRIT — Universite de Toulouse, Toulouse, France
romain.guillaume@irit.fr

Keywords: aircraft final assembly line, project scheduling, stability, deep neural networks,
uncertainty.

1 Introduction

Scheduling tasks in aircraft Final Assembly Lines (FALs) is a challenging combinatorial
problem: hundreds of jobs must be allocated to a limited pool of workers under precedence
and resource constraints. In practice, processing times are uncertain (variable working
conditions, possible delays), and maintaining schedule stability is crucial because many
logistic activities depend on initial task start times. Frequent changes, therefore, incur
high operational costs.

Classic optimization approaches for scheduling, such as Mixed Integer Linear Program-
ming (MILP) and Constraint Programming (CP), can produce high-quality schedules for
deterministic formulation of the problem but typically require substantial computation time
to take into account uncertain processing times. We propose a learning-based alternative:
a Graph Neural Network (GNN) that, given the current partial schedule and job dura-
tion distributions, quickly predicts which jobs should be scheduled next, by which workers,
and how much buffer time to insert. We train the model by imitating robust schedules
produced by a CP solver using Sample Average Approximation (SAA) with explicit buffer
allocation, and we evaluate both the fidelity of the predictions to CP solutions and the
final schedule quality obtained by iteratively applying the GNN. Results on synthetic FAL
instances (30, 60, 120 jobs) show that the GNN yields competitive schedules with greatly
reduced runtime.

2 Problem formulation

We consider a single assembly station modeled as a Stochastic Resource-Constrained
Project Scheduling Problem (SRCPSP). Let J = {1,...,n} be the set of jobs and W =
{1,...,m} the pool of identical workers. Each job j € J requires one worker and has a
stochastic processing time P; with known distribution and expected value E[P;]. Precedence
constraints are represented by a partial order: i < j means job j cannot start before job i
completes. A worker can process at most one job at a time (capacity constraint).

Even if the duration of jobs is uncertain, an initial schedule, for instance, considers
initial durations as pi"** = E[P;]. When the initial plan is executed, the actual durations
may differ from the planned durations, and the schedule has to be adjusted. Formally, let
55" denote the start time in the initial schedule and s; the start time in a realized plan.
Since many secondary processes depend on the initial schedule, we restrict s; > sinit g,
Also, in the realized schedule, job assignment and execution order should be identical to
the initial plan. We treat start-time delays in the realized schedule relative to that initial
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plan as costs. We adopted the sum of expected start-time deviations

Stability = E Z(Sj — ginity

J
JjeJ

as a measure of schedule stability. Makespan and stability are objective functions. The
deterministic version of this problem with makespan as objective function is known to be
NP-hard (Garey, M.R. and Johnson, D.S. 1978).

3 Baseline CP model and training data generation

We generate training labels using a CP-based approach that combines Sample Average
Approximation (SAA) and explicit buffer-time allocation. Specifically:

— We sample N scenarios of job durations. Scenario 1 uses pj-”it = E[P;]; the remaining
N — 1 scenarios sample durations from the distributions of P;

— The CP solver is given the NV scenarios and allowed to choose, for any "bound" jobs
in scenario 1, increased (alternative) durations. Where "bound" is a fixed parameter in
advance. This effectively reserves buffer time after chosen jobs.

— Constraints enforce that no job may start earlier than in scenario 1, and jobs cannot
be reassigned to different workers (to preserve the initial assignment).

— The objective function minimizes the makespan and stability function in lexicographical
order.

We implement the model in IBM ILOG CP Optimizer 22.1.1, following the pseudo-code
in Algorithm 1.

Parameters: The model sets the number of scenarios N, the duration matrix P
(lines 1-2), and binary buffer times (lines 3-4). The parameter bound fixes how many
jobs may receive buffer = 1. Variables: Interval variables for each job and scenario are
created in lines 5 and 7. In scenario 1, optional alternative intervals encode buffer choices
(line 6). Optional worker-assignment variables x5, (line 8) and sequence variables seq;
(line 9) model the assignment and execution order of jobs. Constraints: Precedence con-
straints appear in line 10. Worker choice and buffer-choice alternatives are set in lines 11 and
15. No-overlap constraints ensure resource capacity (line 12). Same-sequence constraints
(line 13) enforce identical assignments and execution orders across scenarios. Start-before-
start constraints (line 14) prevent earlier starts in scenarios 2,..., N than in scenario 1.
A cardinality constraint fixes the number of nonzero buffers (line 16). Objective: The
lexicographic objective (lines 17-18) minimizes (i) makespan in scenario 1 and then (ii)
the stability metric across scenarios.

The CP output is a stable schedule across scenarios; we extract from each solved in-
stance a sequence of (partial schedule; next-dispatched-job(s), assigned worker, buffer be-
fore job) pairs to construct supervised training data. This process produces a dataset of
partial schedules and the corresponding "next actions" recommended by CP under uncer-
tainty and stability constraints. These are the targets used to train the GNN.

4 GNN model

Graph Neural Networks are gaining extreme popularity for job shop scheduling prob-
lems (Smit, I.G. et. al. 2025). We applied a similar approach to our specific stochastic
RCPSP. We encode each instance as a directed acyclic graph (DAG) of precedence rela-
tions and then enrich it to reflect the current partial schedule (see example in Fig. 1):
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Algorithm 1 CP baseline model

1: N < ScenariosNum > Set the number of considering scenarios
2: P« |[p; |j=1...n] | s=1...N] > The matrix of the jobs’ duration in the all scenarios
3: b« [0,1] Vj=1...n > Possible buffer times for the first scenario
4: bound < Total BufTime > The sum of buffer times
5: x} < intervalVar() Vj=1...n > Jobs in the first scenario
6: avj“ <« interval Var(size = pj + b; [r],optional) Vj=1,...,n; r=0,1

7. xj < intervalVar(size =pj) Vs=2...N;j=1...n > Jobs in the other scenarios
8: xj, < intervalVar(optional) Vs=1...N; j=1...n; k=1...m » Assignment variables
9: seqy + sequenceVar([zj, |j=1...n]) Ys=1...N; k=1...m > The job sequences
10: endBeforeStart(xz;,z;) Vs=1...N; (i < j) > Precedence constraints
11: alternative(z;,[z5, |k=1...m]) Vs=1...N;j=1...n > Assignment constraints
12: noOwverlap(seq) YVs=1...N; k=1...m > No overlap constraints
13: sameSequence(seqi, seqs) ¥Vs=2...N; k=1...m > The job sequences are equal
14: startBeforeStart(:cjl-, ;) Vs=2...N;j=1...n > Right-shift policy
15: altemative(w}, [x;'" |r=0,...,0) Vi=1,....,n > Choose buffer time
16: >°,5°, by [r] ~presenceOf(:cjl-’r) = bound > Limit total buffer time
17: minimizeStaticLex {endOf(z},..); @Y, F(s)} > endOf(Tmas) is an initial makespan
18: @Y F(s) =30, >0 (startOf(x5) — startOf(x})) > Minimize the Stability

— add execution-sequence arcs for already-scheduled jobs;

— append, for each worker, a virtual node representing the end of its current sequence
(handles idle workers);

— mark as candidates the jobs whose predecessors are all scheduled (eligible next jobs);

— add reverse precedence and reverse-sequence arcs to improve message flow and conver-
gence.

Node features comprise min, max, E[P;], a scheduled flag, start time, worker ID, comple-
tion time distribution parameters (when scheduled), a virtual-node flag, and a candidate
flag (see example in Fig. 1c). Edge features indicate edge types (precedence, execution-
sequence, reverse).

scheduled
virtual
candidate
worker ID
min duration
max duration
init. duration
min comp. t
Max comp. t.
comp. t.

Fig. 1: Example of transforming precedence constraints (a) and a partial schedule (b) into
a GNN graph (c) for 6 jobs j1,...,js and 2 workers w1, wa. Jobs j1, jo, and js are already
assigned to wy. In (c), orange nodes vy and vy represent virtual end of sequence jobs; js is
a single candidate.
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A message-passing GNN computes node embeddings with L rounds of convolution over
all edge types using GATv2Conv (PyTorch), hidden dimension hid_dim, ReLU activations,
and a final projection to out_dim. The model has two prediction heads:

1. a perceptron classifier on each candidate node that outputs the probability the job
requires a buffer before execution (binary classifier);

2. a perceptron link-classifier for each (virtual-node, candidate) pair that takes the con-
catenation of their output embeddings and predicts a score for assigning that candidate
to the worker represented by the virtual node (link prediction/assignment).

Training minimizes binary cross-entropy (BCEWithLogits) for both buffer and link
predictions. At inference, we iteratively select the highest-scoring (virtual, candidate) links
to fix assignments and buffer decisions.

5 Experiments and results

We generate 600 random instances with n € {30,60,120} jobs and 5 workers. Each
job’s processing time is a discrete uniform distribution with randomly selected parameters
Pj e Ufpi™™ —1;;pi"" 4 1;}, where pi™* and I; are generated from U{5;10} and U{1;3},
respectively. For each instance, we solve the CP model to obtain target schedules and
construct the supervised dataset of (partial schedule, next jobs) pairs.

After shuffling, we split the dataset into training, validation, and test sets in a 0.8/0.1/0.1
ratio. We evaluate imitation accuracy (ROC AUC) and runtime. On the test instances, the
GNN achieves solid imitation performance (ROC AUC > 0.75) for both worker assignment
of candidate jobs and buffer-time prediction.

6 Conclusion and future work

We presented a GNN-based scheduler that rapidly predicts next dispatch decisions
for a single-station FAL with stochastic processing times and precedence constraints. By
imitating CP solutions generated with SAA and explicit buffers, the model learns to trade
off schedule quality and stability while enabling fast rescheduling. So far, we have tested
the model that predicts only the next job to schedule. Future work will investigate (i) using
the model for generating a complete schedule in a beam search or stochastic sampling to
mitigate rollout error (ii) integrating the GNN into a Deep Reinforcement Learning (DRL)
framework.
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1 Introduction

This research is motivated by a real-world production planning problem encountered
in the screen printing industry. The production system is modeled as a Dual-Resource-
Constrained Re-entrant Flexible Flow Shop Problem (DRCRFFSP), which is a variant of
the classical Re-entrant Flow Shop Problem (RFSP). Unlike to the standard Flow Shop
Problem (FSP), where jobs progress through all stages in a fixed sequence once, the re-
entrant characteristic considered here allows jobs to revisit specific stages multiple times
before completion. Additionally, the problem involves a heterogeneous, multi-skilled work-
force and requires skilled workers to operate the machines throughout the entire processing
time. As a result, the schedule must not only adhere to precedence constraints but also
account for resource limitations while ensuring that tasks are assigned to workers with the
necessary skills.

Given that the FSP with n jobs and more than two machines is NP-hard (Pinedo 2008),
designing efficient solution methods for such an extended setting is particularly challenging.
Prior work introduced a constraint programming (CP) formulation and a hybrid genetic
algorithm (Mlekusch and Hartl 2024), which were able to generate feasible solutions quickly
for large-scale instances, although with limited ability to prove optimality.

To address these limitations, the present research introduces an exact solution method
based on a novel Logic-Based Benders Decomposition (LBBD) scheme. In most existing
benders decomposition approaches for scheduling problems involving resource flexibility,
the assignment problem usually acts as the master problem (Juvin et al. 2023). In contrast,
this methodology uses a decomposition in which the scheduling problem acts as the master
problem. It fixes the timing of operations, while a graph colouring subproblem with for-
bidden colours handles the assignment of operations under skill constraints and identifies
combinations of operations that cannot be assigned.

Computational results demonstrate that the proposed exact method outperforms an
integrated CP approach in terms of the number of instances solved to optimality and
the strength of the bounds obtained for instances that remain unsolved within the time
limit. Overall, these results show that the proposed LBBD scheme is an effective exact
solution method for the DRCRFFSP and may also be suitable for other complex scheduling
problems with limited multi-skilled resources.
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2 Problem description

In the DRCRFFSP, a set of jobs J = {1,...,n} is processed on stages S = {1,...,g}
in a fixed order. Each job j € J consists of operations O; = {1,...,k;} that may revisit
stages, i.e., jobs may traverse the ordered stage sequence multiple times while possibly
skipping stages. Although comparable to a Job Shop Problem (JSP) (Pinedo 2008), the
job routing is not arbitrary since all jobs follow the same global stage order.

At every stage s € S, there are some identical parallel machines m € M, and several
workers w € W, who can operate on the corresponding machines.

Each worker w is qualified to operate machines on a subset of stages S,, C S, such that
w € Wy if and only if s € S,,. Each operation o0;; requires the simultaneous availability of
one machine m € My;, and one suitably skilled worker w € W, at its respective stage sj;
throughout the processing time pj;. Processing times are deterministic and independent of
the assigned worker and machine. The objective is to minimize the maximum completion
time. Figure 1 depicts an example of a schedule with 3 jobs, 3 stages (with 2-2-1 machines,
respectively) and 3 workers.

Stage 3{wq, wo} [T =N
Stage 2{ } 2w
age 2{wsg, w
e St ) E) wy R = B
222 222 150 SRR oip v v v v O1re ™
Stage 1{w1, w3} frres 198800 - wa | (@ng)iiie R C15) (@e)
(Ot w1 (Grr) Ous) (953)

Fig. 1: Example of the DRCRFFSP

3 Logic-based Benders Decomposition

The solution method, first introduced by (Hooker and Yan 1995), builds upon the classic
Benders decomposition, which typically separates optimization problems into a master
problem and one or more subproblems.

The DRCRFFSP can be decomposed into a scheduling master problem and an as-
signment subproblem. The master problem represents the classical RFFSP, which can be
efficiently solved using CP methods (Mlekusch and Hartl 2024). To account for the re-
sources of workers already in the master problem, we add a constraint ensuring that the
number of operations processed simultaneously does not exceed the number of available
workers |W|. Figure 2 shows how a part of the solution to the master problem could look
for the example instance shown in Figure 1. By solving the master problem, we obtain a
lower bound (LB) for the global problem.

Before solving the subproblem, we solve an additional scheduling problem using CP to
obtain an upper bound (UB). In this UB-model, we fix the sequence of operations on each
machine from the master problem, but not the exact start times, while we determine the
worker assignment. Any feasible solution to this model provides a valid UB for the global
problem.

The subproblem involves assigning avaialable workers to the scheduled operations and
thereby identifies conflicting operations. Each operation oj; can only be performed by a
subset of workers, W,;,, who possess the required skills. Two operations that overlap in
time must be assigned to different workers. Hence, the subproblem can be formulated as
an interval graph coloring problem with forbidden node colors, which is NP-complete.
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Through the subproblem, we identify minimal conflicts, defined as subsets of operations
for which no feasible worker assignment exists. Removing any single operation or overlap
between operations in such a subset restores feasibility. Figure 2 illustrates an example of
such a conflict as operation o013 cannot be assigned in the current schedule. To identify
these conflicts, we use a complete enumeration method based on the recursive list-coloring
algorithm of (Zeitlhofer and Wess 2003), which exploits the interval structure and runs in
pseudo-polynomial time. These conflicts are then translated into feasibility cuts and added
to the master problem, thereby eliminating infeasible solutions and guiding the search
towards an optimal schedule.

(1,3)

O ‘

Stage 3{wq, wo} 6////6;5///// N ’ ‘ 1
Stage 2 s 7
{wg, wg} 915 e / \
Stage 1{wq, wg} S— Oz \,“
245)::: 0% Osn | =
: (1,3)

Fig. 2: Example of a conflict, with two cliques

4 Computational study

A preliminary computational study was carried out on a set of instances comprising

up to 7 jobs, 5 stages, 4 workers and 2 re-entries. To generate the set of instances for the
DRCRFFSP we use the parameter shown in the Table 1.
The distribution of skills among the workers is determined as follows: Each worker has a
50% probability of having skills for a given stage. In cases where a worker has no skills, a
random stage is assigned to that worker. For each stage, we randomly select several parallel
machines from the range [1,4]. To maintain a balance between the available machines and
the number of jobs to be produced, we ensure that the number of machines never exceeds
the number of jobs. If the number of workers qualified for a particular stage is less than the
number of machines in parallel, a corresponding number of workers is randomly selected
for that stage, allowing all machines to run in parallel if necessary. Following this scheme,
we generate 3 instances, each characterised by a different skill and machine distribution,
for each possible combination of the parameters jobs and stages, resulting in a total of 36
instances.

5 Results

The proposed Logic-Based Benders Decomposition (LBBD) approach was compared
with a CP formulation of the integrated problem, implemented using IBM ILOG CP Op-
timizer. Both methods were executed within a time limit of 1800 seconds using the default
solver settings.
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A summary of the computational results is reported in Table 2. The LBBD approach
demonstrated greater performance than the CP formulation, solving 31 out of 36 instances
to proven optimality, versus 23.

Of the 22 instances in which both approaches reached optimality, LBBD achieved an
average computation time of 38.22 seconds, which was slightly lower than the CP formu-
lation’s average time.

In the four instances where neither approach could prove optimality within the time
limit, the LBBD produced higher-quality solutions, with an average gap of 0.68% to the
best known solution, compared to 23.25% for the CP formulation. In one instance, the CP
formulation was the only approach that could find and prove the optimal solution, taking
675.09 seconds, whereas the solution obtained by LBBD had an optimality gap of 1.59%.

Finally, LBBD uniquely solved 9 instances to optimality with an average runtime of
23.53s. For these instances, the CP formulation failed to prove optimality and reported an
average optimality gap of 32.46%.

Overall, these results indicate that the LBBD framework provides superior solution
quality compared to the CP formulation for the integrated problem on small DRCRFFSP
instances, particularly by providing tighter lower bounds.

Future work will focus on evaluating the approach with larger instances involving more
jobs, stages and workers, as well as alternative problem settings, in order to further assess
scalability and generalisability.

Parameter for instances Tiny

Nr. of jobs [5,7] Category Nr. Inst. CP LBBD
Nr. of stages (2, 5] Both optimal 22 38.83s 38.225
Nr. of re-entrances {2} Only CP optimal 1 675.09s 1.59%
Nr. of machines/stage [1,4] Only LBBD optimal 9 32.46% 23.53s
Processing times [1,10] Neither optimal 4 23.25% 0.68%
Nr. of workers [0.6m] Total 36 23 optimal 31 optimal
Missing operations 20% Table 2: Comparison of CP and LBBD over

Table 1: Parameters for instance
generation

36 instances (time limit: 1800s). Entries in
seconds (s) denote average runtime, while en-

tries in % denote the average optimality gap
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1 Introduction

In Germany, energy-intensive companies must pay for their electricity consumption, as
well as for their annual or monthly peak power (§17, StromNEV). This peak can be caused
either by a single energy-intensive process, or the overlap of several activities. Especially in
the latter case, the objective function for a project scheduling problem should be the sum
of resource peaks over disjoint time intervals, which must be minimized. To our knowledge,
this objective is novel and may also be of interest for other monthly or periodically paid
resources like software licences, server capacities, or temporary workers. Therefore, we
extend the well-known resource investment problem (RIP), also known as the resource
availability cost problem (Kreter et al. 2018), to a multi-interval RIP.

2 Problem Formulation and Mathematical Model

A project is decomposed into n real activities as well as dummy activities 0 and n + 1
for the project start and completion. Each activity i € V = {0,...,n+ 1} has a start time
S; € N and the start times of all the activities create a schedule & = (Sy...,Sn+1). We
assume that a project always starts at So = 0. The project is modelled as an activity-
on-node network N = (V, E,0), where each arc (i, j) € E with weight J;; € Z represents
either a minimum or maximum time lag between the start of two activities. The maximum
project duration is given by d and is met by an arc from the project completion to the
start. Let d;; be the length of a longest path in NV from activity ¢ to activity j. With these,
the earliest start time E.S; := dy; and the latest start time L.S; := —d;p can be determined,
resulting in the set of feasible start times W;. Each activity i has a processing time p; € N,
with pg = pp41 = 0. During the project, a set of renewable resources R = {1,..., R} is
used and the amount of resource k required by activity ¢ is given by 7.

We introduce a partition of the time horizon [0, d] into intervals of length A, resulting
in the set of intervals 7, where each interval 7 € T spans [(7—1)-A, min(7- A, d)[. The cost
for resource k in interval 7 is denoted as cg-. The objective is to find a feasible schedule
minimizing the sum of cost for the maximum resource consumption over all intervals 7.
For A = d the multi-interval RIP equals the classic RIP. Consequently, the multi-interval
RIP is NP-hard like the classic RIP (Kreter et al. 2018). The problem is modelled with
binary variables z;; indicating if activity ¢ starts at time ¢ according to Pritsker et al.
(1969). Variable zj, represents the maximal utilization of resource k in interval 7.
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3 Structural properties

For the classic RIP, a search space reduction is possible due to structural properties,
which we outline before exploring if something similar applies to the multi-interval RIP. A
strict order is implied if an activity j starts after the end of activity 4, i.e. S; > S; + p;.
All strict orders between pairs of real activities (i,7) € {1,...,n}? that are satisfied by
a schedule S are denoted as the schedule-induced order O(S). Furthermore, the equal or-
der set consists of all schedules that induce the identical strict order and is denoted by
ST(0(8S)) :=={S5" € Sr|O(S) = O(5")}, where Sy is the set of all time-feasible schedules.
The classic RIP-objective is constant on equal order sets and lower semicontinuous. There-
fore, it is locally regular and it is sufficient to consider the minimal points of all order
polytopes. In such schedules, each activity i € V either starts at S; = ES; or immediately
after at least one other activity j € V i.e. S; = S; + p;. These schedules are called quasi-
active schedules (Kreter et al. 2018). Figure 1 illustrates the structural properties of the
multi-interval RIP. In the given example, the start times of activities 7 and h are fixed,
while the start time of activity ¢ remains open, ranging from ES; = 0 to LS; = 5. The
cumulative resource consumption, which depends on the schedule S and the point in time
t, is denoted as r(S,t) and is depicted in the resource profile on the left. Based on the
resource profile, it is evident that three distinct schedule-induced orders arise depending
on S;, as listed on the right. The middle of the figure depicts the objective value f(S;) for
the multi-interval RIP, illustrating that objective function remains lower semicontinuous.
Regarding the intervals, the objective value can generally increase if a new interval starts
when an activity is processed. Furthermore, the objective value can decrease if an activity
starts exactly at an interval start. To reflect this, we can insert for each interval 7 € T a
fictitious activity with a processing time of zero at its start (7 — 1) - A. Considering the
extended set of activities, the objective function remains constant on equal order sets and
thus locally regular. Therefore, there is always an optimal schedule in which S; of each
activity ¢ € V satisfies one of the following: S; = ES;, S; € {(tr —1)- A | 7 € T} or there
is an activity j € V with §; = S; + p;.

4 Solution approaches

The reduction of the solution space can be exploited in heuristic approaches. Algorithm
1 is an easy construction heuristic based on a serial generation scheme. If the given project
network does not contain a cycle of positive length, the algorithm returns a feasible schedule
S. We use a multi-start approach that repeats the algorithm as long as a timelimit is not
reached. To construct a schedule, we start by fixing the start times of activities ¢ with
ES; = LS; to S¢ := ES,. After defining C' and C, an activity j € C is chosen based
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Fig. 1. Example for structural properties

on selection strategy 1. For example, the selection of an activity could be based on a
priority list containing all activities j € C in descending order of resource utilization. The
decision set D; of start times S; is determined according to the structural properties of the
problem. For each start time in D; the expansion cost are calculated. The objective value
of the partial schedule S¢ with the activities in C is subtracted from the objective value
of SCUi} with activities in C' U {j}. The start time of j is chosen by selection strategy
2, which could be a greedy strategy that chooses t* with minimal expansion cost or the
choice is made randomly. Activity j is postponed from set C' to C. Then, the earliest
and latest start times of the remaining activities in C' are updated. Once all activities are
scheduled, post-processing is performed. The activities are rescheduled in ascending order
of activity index. Activity j is removed from the current solution S and D; is determined.
Then, expansion cost are calculated and the start time S; is set to t* € D; with minimal
expansion cost. If the objective value could be improved by changing the start of activity
J, the value of S; is updated in the schedule S and the process is repeated with activity
Jj+ 1L

Algorithm 1 Construction heuristic with different selection strategies

1: Determine d;; Vi,j € V, and ES; := do; and LS; := —diy Vi € V

2: set C':= {0}, S :=(0) and C :=V \ {0} o

3: for i € C with ES; = LS; do set S¢ := ES;, C:=CU{i} and C:=C \ {3}
4: choose activity j according to selection strategy 1 and determine D;(S°)

5: for t € D;(S°) do calculate expansion cost f*(S€,j,t)

6: choose start time t* € D; according to selection strategy 2

7. set SY:=1t", C:=CU{j} and C:=C\ {i}

8: for i € C' do ES; := max(ES;, S; + dj;) and LS; := min(LS;, S; — dij)

9: for i € C with ES; = LS; do set S¢ := ES;, C:=CU{i} and C :=C \ {3}
10: do post processing

5 Preliminary results

The experiments were made using the UBO-testsets' (Schwindt 1998), which were
solved by Gurobi as well as five heuristic variants. Selection strategy 1 to choose an activity

! available online: https://www.wiwi.tu-clausthal.de/abteilungen/
betriebswirtschaftslehre-insbesondere-produktion-und-logistik/forschung/
schwerpunkte/single-mode-project-duration-problem-rcpsp/max
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j is either random or greedy. Further, selection strategy 2, which determines the start
time t* of activity j, are random, greedy or roulette wheel. For the latter, selection
probabilities were based on expansion cost. The combination of greedy and greedy was
not examined. All solution approaches were tested with a maximum solution time of 60
seconds and ci, = 1 for all 7 € T. The time periods were interpreted as weeks or days,
with the interval length A set to 4 weeks and 30 days, respectively. The maximum project
duration is set to [1.25 - ES,,11]. The experiments were made under Windows 11 with an
Intel Core i9-11900K processor at 3.5 GHz and 64 GB RAM. The results show that in
most cases a simple multi-start construction heuristic is capable to find a better solution
than Gurobi does. In Table 1, the gap for Gurobi and the gap between the Gurobi result
and the heuristic approach are shown. A negative value for the heuristics means that the
heuristic solution is better. It can be seen that a bigger interval length leads to bigger gaps
for Gurobi. The heuristic with a random activity choice and a greedy start time selection
(RG) performs best for the instances with an interval length of 30.

Table 1. Average gaps [%] for different selection strategies (RR: random-random, RG:
random-greedy, RRW: random-roulette wheel, GR: greedy-random, GRW: greedy-roulette
wheel) and instances (size-interval length).

Instance Gurobi RR RG RRW GR GRW
50-4 13.58 -2.64 -1.58 -2.67 -2.58 -2.48
100-4 23.79 -11.47 -10.56 -11.33 -11.49 -11.39
200-4 21.95 -9.55 -9.36 -9.44 -9.67 -9.50
50-30 56.91 -14.49 -15.51 -14.43 -13.43 -13.19
100-30 71.14 -31.44 -33.07 -31.30 -31.42 -31.25
200-30 66.64 -31.38 -34.03 -31.27 -31.60 -31.32
6 Outlook

This work presents a multi-start construction heuristic with different selection strate-
gies for the novel multi-interval RIP. Further research could explore more sophisticated
methods like genetic algorithms or local search. Moreover, the problem formulation could
be extended by including interval-dependent interval length A, and the impact of the
interval-dependent cost cg, could be examined.
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1 Introduction

For long-term, capital-intensive projects, the net present value is an important perfor-
mance measure, and is commonly computed based on cash flows associated with the project
activities. However, additional per-unit earliness penalties can arise from on-site storage or
holding cost of materials or equipment. Furthermore, per-unit tardiness penalties may be
contractually agreed on for a late delivery. In the literature, Afshar-Nadjafi and Shadrokh
(2008) and Khoshjahan et al. (2013) study project scheduling problems with the objec-
tive to minimize the sum of discounted per-unit earliness and tardiness penalties. In this
paper, we extend this objective by incorporating discounted cash flows. For projects with
general temporal constraints, we derive structural properties and propose efficient solution
approaches.

2 Problem description

A project consists of a set of n real activities, augmented by a fictitious project start
0 and a project completion n + 1. Each activity ¢ requires a processing time p; € N,
with pg = pn41 = 0. The start times S; € N of all activities together form a schedule
S = (So,51,---,S0+1)., where the project start is fixed at So = 0. General temporal
constraints S; — S; > §;; (with d;; € Z) restrict the start times, with the maximum
duration d being represented as a maximum time lag between S, ; and Sy. The project is
modelled as an activity-on-node network N = (V, E, ), where arcs F represent the given
temporal constraints. The longest distance d;; from activity 7 to activity j in in the project
network N can be determined using a longest path algorithm. Using these distances, the
earliest start time for each activity ¢ € V is given by ES; = dy;, and the latest start time
by LS; = —d;o. The earliest and latest completion times are EC; = ES; + p; and LC; =
LS; + p;, respectively, defining the set of feasible completion times W = {EC;, ..., LC;}.

We assume that a cash flow ¢, which can be either an inflow or an outflow, occurs
when an activity i is completed. Each activity ¢ may also have a due date d; € W. Then,
a per-unit earliness penalty ¢ > 0 applies for each time period activity i is finished before
its due date d;, and a per-unit tardiness penalty ¢/ > 0 applies for each period of delay.
Payments are discounted to the project start at ¢ = 0 using the one period discount factor
e~ %, The problem is formulated as follows:

di—1 Si+pi
max f(5) = Zcfe_a(siﬂ”) — Z Z cFemat Z Z clemot
ieV i€V t=S;+p; i€V t=d;+1
st.  S;—8;>6; V(i,j)€eE
So=0
S; €N VieV
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3 Mathematical model formulations

A pulse-based model in which z;; equals 1 if activity ¢ ends at time ¢, and 0 otherwise,
is formulated as follows (Khoshjahan et al. 2013):

difl difl LC’L

max Yl D, e Mow =) o D, owe ) =) Y wa 3 Q)
i€V tewf i€V t=EC; = 7=t i€V t=di+l  T=d;+1

st Y wip=1 VieV (2)
tewys
Z tej — Z try > 05 +pj —pi V(i,j) €E (3)
tews tewg
zy € {0,1} Vi€ Vvt € WE (4)

We also introduce a step-based model for this problem, where z;; is equal to 1 if activity 4
is completed before or at time ¢, and 0 otherwise (Artigues et al. 2014).

F —aEC; F —at E —at
max E i Zi,BC, e + E c; E (zit — zit—1)e — E c; E e 2y
eV i€V t=EC;+1 eV t=EC;

LC;

=Yl > e 1=z (5)

i€V t=d;+1

St Zit — Zjtgs,4p—p =0 V(i,j) € BVt € {ES; — 6ij + pi, ..., LC;} (6)
Zit+1 2 Zit Vi e V,vt € WE\{LC;} (7)
zinc; =1 VieV (8)
2y € {0,1} VieV,vt e WE (9)

The objective (5) uses that activity ¢ ends at time ¢ when z;; — z;,—1 = 1. A per-unit
earliness penalty applies at time ¢ < d; if z;; = 1 and a per-unit tardiness penalty applies
at time t > d; if activity ¢ was not completed at the previous point in time t —1 (z; ;1 = 0).
Inequalities (6) enforce the general temporal constraints, while (7) ensure that if z; = 1,
the same applies for all 7 > ¢. Constraints (8) guarantee that activity ¢ is completed by its
latest completion time.

4 Structural properties and exact solution approach

The net present value objective fNPV(S) =3, |, cFe®(5i+71) is sum-separable and
for a binary direction z € {0,1}""2 and a step-size A > 0, the directional derivative is given
by V£.(S + X2) = e V_f(S). Thus, fNPV is either strictly increasing or decreasing, or
constant for any binary direction z. This property is called binary monotonicity.

We now examine whether this property also holds for f, which includes additional per-
unit earliness and tardiness penalties. Due to the integrality constraints on the start times,
we only consider integer step sizes A € N. Moreover, the binary direction vector z¢ is
defined based on a subset C C V as follows:

Zj = ]., lf] S C
2 =
¢ zj =0, else.
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For a schedule S, we defnee ={i € C | S; <d; —p;}and 7 ={i € C | S; > d; — p;}.
Assuming that for each ¢ € ¢, the updated start time satisfies S; + Az¢; < d; — p;, the
change in the objective function from S to S + Az¢ is given by:

Af(N) = f(S+Az0) = f(5)

— Z ( a(Sj+p;+A) _ *Of(SjH’j))

jeC
di—1 di—1 Si+pi+A Si+pi
N B S o B D ST W)
1€€ t=Si+pi+A t=S;+pi 1ET t=d;+1 t=d;+1
Si+pi+A—1 Si+pi+A
= Z cfe_o‘(s-7+pf e A — )+ Z ¢ Z et — Z cr Z e
jec ice t=S;+p; i€t t=S;+pi+1
_ Z cfe—oz(Sj-i-p] e~ N _ + Zc e—a(S +pi) Z et _ ZC e—oz(S +pi) Z e—ot
jec i€e 1ET

Let us distinguish two cases for A = 1: either Af(1) > 0 or Af(1) < 0. We begin with
the case Af(1) > 0. Assuming Af(A\) > 0 for some A > 1, the question arises whether
the same also holds for Af(A + 1) (under the condition that for each activity i € e, the
updated start time still satisfies S; + (A + 1)z¢; < d; — p;).

Af(A+1)
= Z cfe—a(sjﬂ’j) <e—a(>\+1) _ 1)
jeC
A—1 A
+ ZciEe—a(Sri‘Pi) (Z e—at ) ZCT —a(Si+pi) (Z e—at + e—a(k—i—l))
i€e t=0 1ET t=1
With

Cfefa(sj+pj) (6704)\67(1 . 1) _ C] e —a(Sj+p;) (670[/\ o 1) + Cfefa(sj+pj)efa)\ (67(1 . 1)

the following holds:

Af(A+1)
A—1 A
_ § :c e—a(S; +pg e~ _ Jr Z cFem a(Si+pi) Z et _ Z cle” a(Si+pi) Z e—at
jec i€e t=0 iET t=1
Z Fo—a(S; +p1 Jr Z a(Si+pi) Z a(Si+pi+1)
Jjec i€e 1ET
= Af(A) +e Z Fe —a(S; +p3 ) + Z —a(Si+pi) _ Z CiTefoz(SHrpiJrl)
jec i€e 1ET

= Af(\) + e Af(1) >0

So if Af(1) > 0, the function is monotonically increasing. Likewise, if Af(1) < 0, the
function is monotonically decreasing. Therefore, the extended objective function remains
binary monotone, though only on the same set €. Once an activity ¢ no longer incurs
earliness penalties, i.e. S; = d; — p;, the monotonicity may change. From this point on, the
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positive earliness penalty term for activity ¢ is absent from Af, so the monotonicity cannot
switch from decreasing to increasing. Moreover, f remains sum-separable. Therefore, the
steepest ascent approach to maximize fN*V introduced by Schwindt and Zimmermann
(2001), can be adapted here as an exact solution method. For the fNV the algorithm
starts with the earliest start schedule and then a steepest ascent direction based on the
derivatives is determined. Due to the binary monotonicity of fNV, this direction remains
unchanged for all non-negative step sizes. Thus, step sizes are only limited by the temporal
constraints. After updating the respective start times with the chosen step size, a new
steepest ascent direction is identified. Starting from the earliest schedule ensures that step
sizes are always non-negative i.e. the start times of all activities are non-decreasing over
the iterations. In order to adapt the steepest ascent algorithm to the problem at hand,
Af(1) must be evaluated instead of the derivatives. Furthermore, step sizes are restricted
by both temporal constraints and activity due dates.

5 Experiments

The problem instances are based on the benachmark test sets UBO! for the RCPSP /max.
The maximum project duration is set to [1.5 - ES,11]. Each activity is assigned a cash
flow ¢" € {-1000,...,5000}, with 25% of activities having a cash inflow. 10 % of ac-

i
tivities are assigned a due date d;, as well as per unit earliness and tardiness penalties

e I € {1,...,5}. Payments are discounted with a = 0.01. The solution approaches are

implemented in C++ with a 300-second runtime limit. The mathematical models are solved
by Gurobi.

Table 1. Preliminary results

Instances Mathematical formulations Adapted steepest
Pulse-based Step-based ascent approach
n_ | ogapl%]  topls) | Ogapl%] Dtopils] | Stopels
50 0 2.69 0 0.22 0.01
100 0.23 81.17 0 1.44 0.02
200 29.10  284.47 0 21.09 0.05

Of the mathematical models solved by Gurobi, the step-based formulation achieves a
shorter average runtime and a smaller average gap for larger instances than the pulse-based
(z4¢) formulation. The adapted steepest ascent approach utilising the identified structural
properties achieves the best overall runtime and terminates within the time limit for all
instances. Consequently, it always obtains optimal solutions.
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1 Introduction

Projects are an essential part of business operations, representing a significant share of
overall economic activities (Schoper et al. 2018). According to Klein (2000), a project is “a
one-time activity with specific objectives which has to be realized in a certain period of time
using a limited number of resources." In practice, project resources frequently represent
teams of people. Consequently, project success often depends on high team performance,
which in turn requires strong collaboration and cohesion (Yang et al. 2011). A significant
factor in achieving this is a well-balanced contribution from all team members (Hoegl and
Gemuenden 2001). The allocation of activities among the team members is conducted in
the planning phase of a project, in which determining a suitable project schedule is a
pivotal task (Klein 2000).

We consider a project that consists of multiple activities and requires several types of
resources. The objective is to determine a schedule with optimal workload balance across
the resource types. To this end, we propose to minimize the schedule’s total workload
imbalance, measured as the sum of the differences between the maximum and minimum
unit workloads for each resource type. Furthermore, all activities must be completed within
a prescribed time horizon, which results from the client’s project deadline. The schedule
must also be feasible with respect to the prescribed resource capacities and precedence
relations among the activities.

In this paper, we outline a novel MIP-based approach for workload-balanced schedul-
ing of resource-constrained projects with a fixed maximum duration. We implement this
approach as an extension of the mixed-integer linear programming (MIP) formulation pro-
posed by Rihm and Trautmann (2017). Our computational results indicate that this ap-
proach consistently yields project schedules with a markedly better workload balance com-
pared to schedules devised without workload balance consideration.

Most MIP formulations for project scheduling (for an overview, see Artigues et al. 2015)
focus on minimizing project duration while accounting for resource capacities and prece-
dence relations among activities. Our work contributes to this research by demonstrating
that the workload balance in project schedules can often be improved considerably, which
fosters stronger team performance. The objective of workload balancing has been stud-
ied in other scheduling contexts such as parallel machine scheduling (cf., e.g., Cossari et
al. 2013, Ouazene et al. 2014), but has not been considered in the project scheduling
literature.

The remainder of this paper is structured as follows. In Section 2, we describe the
planning problem in detail. In Section 3, we outline our MIP-based approach and report
on the results of our computational experiment. In Section 4, we conclude the paper and
provide an outlook on future research.
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2 Planning problem

We consider a project that consists of n activities. We represent the start and finish of
the project by introducing two fictitious activities, 0 and n + 1, and denote the set of all
activities by V := {0,1,...,n,n + 1}. Each activity ¢ € V has a duration p; and requires
renewable resources during execution. We denote the set of resource types by R. For each
resource type k € R, Ry denotes the capacity, i.e. the maximum number of units that can
be used simultaneously, and 7;; denotes the number of units of resource type k required by
activity ¢. The two fictitious activities 0 and n+1 have a duration of zero and do not require
any resources. We denote the set of prescribed precedence relations by E: for each pair of
activities (i,7) € F, activity ¢ must be completed before activity j can start. The project
must be completed within the prescribed time horizon T, specified by the client’s project
deadline. The objective is to optimize the workload balance across the resource types. A
common measure of workload balance in machine scheduling is the difference between the
maximum and minimum workload across machines (cf., e.g., Cossari et al. 2013, Ouazene et
al. 2014). Following this concept, we define the workload imbalance of resource type k € R
as 0y = T — I, where 7, and r; denote the maximum and minimum workloads across
the units of resource type k. An optimal solution is a project schedule, i.e. a start time for
each activity, such that workload imbalance is minimized, the project is completed within
the time horizon T, and all precedence relations and resource capacities are satisfied.

We illustrate the planning problem through the following example. Consider a project
with n = 7 activities, depicted as an activity-on-node network in Figure 1 (left). The project
involves a single resource type k = 1, representing a team of Ry = 5 team members. For
example, activity ¢ = 2 has a duration of pp = 3 and requires r5; = 1 team member.
The arcs in the activity-on-node network represent the set of precedence relations F. For
instance, activity ¢ = 1 must be completed before activity 7 = 2 can start. The project
must be completed within the prescribed time horizon T' = 16. Figure 1 (right) illustrates a
feasible schedule for this example project. The maximum workload of resource type k =1
is 71 = 12 (units 1 = 1 and 1 = 2), and the minimum workload is r; = 4 (unit 1 = 5).
Therefore, the workload imbalance is 61 = 12 —4 = 8.

1=5 6 [7]
B1)  (52) 1=14 2 [ 5
Unit 1=3] 6 3
1=2 1 3 B
1=1] 1 [7] 4
(3,2) (1,2) 012345678 910111213141516

Time
Fig. 1: Activity-on-node network (left) and feasible schedule (right) for the example project
3 MIP-based solution approach

In this section, we outline our novel MIP-based solution approach for workload-balanced
scheduling and present the results of our computational analysis.

3.1 Overview

To optimize workload balance, the objective function to be minimized is the sum
> rer Ok of the workload differences across all resource types. Analogously to Ackermann
et al. (2024), the constraints for computing 0 are based on the CTAB model proposed
by Rihm and Trautmann (2017). This unit-based continuous-time formulation has demon-
strated a solid performance and inherently incorporates information on the workload of
individual resource units, which is essential for determining the workload balance.
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Our formulation focuses on creating a feasible schedule that meets the specified deadline.
To this end, we introduce an additional constraint to ensure that the project duration does
not exceed the time horizon T. Depending on the value of T, it might be challenging to
devise a feasible schedule; therefore, we propose to proceed as follows. First, the CTAB
model with the objective of minimizing the project duration, but without consideration
of workload balancing, is applied, and the solver is stopped as soon as a feasible schedule
has been found according to which the project is completed within the given time horizon.
Then, the extended CTAB model for workload balancing is applied, using this schedule as
an (incomplete) warm start solution.

We illustrate the effect of workload balancing in Figure 2 using the example project from
Section 2. The schedule generated with workload balancing is shown in dark gray, while
the light gray schedule corresponds to the solution presented in Figure 1, obtained without
workload balancing. Both schedules represent feasible solutions to the planning problem:
the project is completed within the time horizon (¢ = 16), all precedence relations are
satisfied, and the capacities of all renewable resources are respected. In the schedule with
workload balancing, the maximum workload is 7; = 9 and the minimum workload is r; = 8,
resulting in a difference of §; = 1. Without workload balancing, the maximum workload
is 71 = 12, the minimum workload is r; = 4, and the difference is §; = 8. Although
both schedules are feasible solutions, the workload is distributed considerably more evenly
across units when workload balancing is applied. Furthermore, Figure 2 shows that the
improvement in workload balance cannot simply be achieved by moving activities between
units, but also requires adjusting their start times (see, for example, activity 6).

_ 4 |
1=5 G 7]
=4 3 5 |
— [ 2 [ 5 Schedule with
Unit | 1= 3 - g 6 [ 7 workload balancing
Schedule without
1=o—1 2 __| rkload balancing
= 1 3 T = workload balancing
_ 1 5 [7
=1 1 @ 1 |
0o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Time

Fig. 2: Comparison of project schedules for the example project

3.2 Computational results

In this subsection, we evaluate the performance of the novel MIP-based workload bal-
ancing approach outlined in Subsection 3.1 by benchmarking it against the CTAB model
without consideration of workload balancing. For this comparative analysis, we used the
J30 test set from PSPLIB (Kolisch and Sprecher 1996), comprising 480 project instances,
each with n = 30 activities and up to k = 4 resource types. For each instance, we set the
project time horizon to 110% of the optimal makespan for the project-duration minimiza-
tion problem, assuming that the prescribed deadline includes a reasonable amount of buffer
time. Both MIP models were implemented in Python 3.13 and solved with Gurobi 13.0.0
on an Apple M4 Max (128 GB RAM). For each phase of the solution approach, we set the
solver time limit to 60 seconds per instance and limited the number of threads to two.

Table 1 summarizes the comparison results. Following the procedure outlined in Sub-
section 3.1, the first row presents the aggregated results after the first phase, in which the
CTAB model was applied without workload balancing. For all instances, a feasible sched-
ule with a project completion within the prescribed time horizon was found within the
60-second time limit. The second row represents the schedules after the second phase, in
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which the extended CTAB model for workload balancing was applied. Applying this model
reduced the workload imbalance in all instances, decreasing the average total workload
imbalance by 93.5% compared to the schedules before workload balancing. Optimality was
achieved in 445 instances, often within a few seconds. For the remaining 35 instances, no
proven optimal solution was found within the solver time limit of 60 seconds; however, also
in these instances, the workload imbalance was reduced by 92.5% on average compared to
before workload balancing.

Table 1: Comparison of computational results

Schedules Avg. >, 0, Avg. runtime
Before workload balancing 103.94 1.36
After workload balancing 6.79 11.22

4 Conclusion

In this paper, we analyzed a novel MIP-based approach to workload-balanced scheduling
of resource-constrained projects with a given time horizon. We illustrated that the proposed
approach generates schedules with considerably more balanced workloads than schedules
generated without consideration of workload balancing.

For future research, we propose to develop a weighted goal programming approach that
simultaneously considers both the conventional project-scheduling criterion of minimizing
project duration and the newly introduced criterion of optimizing workload balance.
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1 Introduction

Project managers and researchers need accurate duration forecasts to take ac-
tions for keeping the projects on track. Existing forecasting approaches are split
into static methods that rely on initially estimated activity risk profiles and dy-
namic methods that rely on the progress data and update the forecasts during
project execution. The static methods has no adaptability based on the progress,
while the dynamic methods often assume the complexity of the finished part of
the project is the same with the remaining. These shortcomings leave a gap
for a forecasting method that models risk profiles and project complexity, and
also updates as progress data becomes available. We address this gap with an
evolving Bayesian Network model (BN), performed in three approaches. We
integrate network and resource complexity indicators from Project Scheduling
with time, cost and resource sensitivity metrics from Schedule Risk Analysis into
a probabilistic forecasting framework that works both before the project start
and during execution. Figure 1 summarizes the three-approach evolution as fol-
lows. Approach 1 builds a Bayesian Network model with network complexity
variables and time and cost sensitivity metrics. This approach ignores resource
limitations and applies the model statically before the start. Approach 2 adds
resource-related variables while keeping the static framework and Approach 3
applies the resource-extended model dynamically during execution.

| Approach 1 (Static) | =) | Approach 2 (Static) | =) | Approach 3 (Dynamic)

¢ Network complexity
« Time sensitivity
* Cost senstivity

* Resource complexity * Progress data
+ A + e .
« Resource sensitivity * Periodic variable updates

Fig. 1. Summary of the model variables used in each approach

The Bayesian Network model represents causal dependencies among the
complexity and sensitivity variables. Making use of these variables, the model
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generates predictions for the probabilistic distributions of the project duration.
All three approaches follow the same underlying logic following five phases.
The specifics of each approach is given in the following sections. Phase 1 spec-
ifies the theoretical model by defining variables and their causal dependencies.
Not all three approaches rely on the same set of variable. Approach 1 is the
most restrictive one, only incorporating the grey variables in Figure 2, while
the two other approaches are more extensive and make use of all variables in
the figure. Variables (ellipses) are defined as weighted sums of associated in-
dicators (rectangles). The indicators follow [Van Eynde and Vanhoucke, 2022]
for network and resource related complexity, [Vanhoucke, 2010] for Time, Cost
and Resource Sensitivity, and [Song et al., 2021] for Resource Time Sensitivity.
Phase 2 simulates artificial project instances to imitate progress under multi-
ple duration uncertainty settings. Phase 3 validates the theoretical model on
the training split of the project data from Phase 2 using Structural Equation
Modeling (SEM). This phase leads to the exclusion of some variables and reten-
tion of only the significant metrics for the retained variables. Phase 4 trains the
validated model also on the training split, using Bayesian learning to estimate
parameters of the probabilistic causality. Phase 5 feeds the trained model with
the variable values of instances in the test split and predict the expected project
duration.
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Fig. 2. Evolution of the theoretical model

2 Approach 1. Static forecasting without resources

The first approach tests whether the Bayesian Network model built on network
complexity and time and cost sensitivity variables improve the static duration
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forecasts of the benchmarks. Forecasting accuracy is compared against Monte
Carlo simulations (MC) and machine-learning algorithms (ML). The results
show that the Bayesian Network model delivers the most accurate forecasts when
duration uncertainty is low and moderate, yet forecasts are less accurate when
actual deviations from the baseline schedule are significantly large (leftmost
pane of Table 1). This approach validates the static use of the Bayesian Network
model before the project execution begins and highlights the need to improve
accuracy under higher uncertainty settings.

3 Approach 2. Static forecasting with resources

This approach extends the Bayesian Network model by adding variables to repre-
sent resource complexity and resource sensitivity to test the accuracy when fore-
casting resource-constrained projects. We simulate such project instances under
varying levels of duration uncertainty and execution flexibility, which is defined
by the percentage of activities that can start earlier than plan. The extended
model is tested on projects with higher uncertainty to investigate whether the
shortcoming of the first study is well addressed. We evaluate the performance
of the extended model by comparing with the initial model from Approach 1
and with the same benchmarks. This approach yields three main results. First,
the resource-extended model improves accuracy over the initial model, with the
largest improvement for projects having strict resource constraints. Second, it
outperforms the benchmarks under higher levels of uncertainty, especially when
execution flexibility is estimated accurately during model training. Third, the
impact of execution flexibility depends on the network topology. In parallel
projects, our model is more accurate as flexibility increases and it performs best
when the training flexibility matches the test flexibility (middle pane of Table
1). In serial projects, flexibility has almost no impact because possible early
activity starts are limited since the precedence constraints are strict.

4 Approach 3. Dynamic forecasting with resources

The third approach applies the resource-extended model dynamically during
project execution. The model is performed at nine tracking periods from 10%
to 90% completion. At each period the project progress is observed, finished ac-
tivities are removed from the activity network and the variables are re-calculated
on the remaining network. We evaluate the accuracy across different levels of
network topology and resource scarcity, duration uncertainty and different poli-
cies for updating the input variables. The accuracy is benchmarked against
dynamic methods based on the earned value (EV). The results show that the
dynamic Bayesian Network model is most accurate for more complex projects
having parallel networks under high resource scarcity on average over all track-
ing periods. However, in low complexity projects with serial networks and low
scarcity, benchmarks outperform our model over all periods (rightmost pane of
Table 1). Finally, the initial results indicate that updating all variables at each
period is not optimal, as selective updating yields higher forecasting accuracy.
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5 Conclusions

This study presents a continuing research for forecasting project duration and
the results obtained so far. Although the research is not yet complete, the results
highlight three findings. First, quantitative metrics from scheduling and risk
analysis are valid indicators of project duration performance and can be used for
forecasting. Second, forecasts for resource-constrained projects should account
for the resource-related characteristics. Third, these quantitative metrics change
during execution and updating them periodically yields more accurate forecasts.

Approach 1 (uncertainty) Approach 2 (flexibility) Approach 3 (complexity)

Low Medium High Low Medium High Low Medium High

BN 2.4 5.4 10.1 5.8 5.8 31.0 15.5 4.9 1.1
MC 6.3 24.7 31.0 3.5 9.8 45.2 - - -
ML 3.7 7.3 9.2 7.4 4.9 35.7 - - -
EV - - - - - - 9.9 6.5 10.0

Table 1. Summary of the accuracy comparison in terms of % error (MAPE)
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1 Introduction and problem description

The Resource-Constrained Project Scheduling Problem (RCPSP) is known to be strongly
NP-hard and solving even small instances using exact methods can be computationally pro-
hibitive. Consequently, a substantial portion of research efforts has focused on developing
approximate solution methods that produce high-quality solutions within reasonable com-
putation times.

Newly proposed solution methods are typically evaluated against standardized instance
sets to ensure robustness across a wide range of problem characteristics. While such bench-
marking provides valuable aggregate performance metrics, it is widely recognized that no
single algorithm performs best across all instances. Some algorithms may perform excep-
tionally well on specific subsets of instances, while performing poorly on others.

This phenomenon, known as algorithm complementarity, provides a strong motivation
for algorithm selection strategies. The algorithm selection problem (ASP) has been origi-
nally proposed by Rice (1976). Several studies in the context of the RCPSP have shown that
supervised learning techniques can effectively address the algorithm selection problem by
learning mappings from instance features to algorithm performance. However, a potential
shortcoming of these aggregating features is that they compress complex information of a
problem instance into low-dimensional representations. This mapping may not be injective
and different problem instances may have identical feature representations, thus obscuring
meaningful structural differences that distinguish instances.

To address this limitation, graph neural networks (GNNs) have emerged as a promising
tool for learning directly over combinatorial structures. Unlike traditional machine learning
models that require fixed-size tabular inputs, GNNs can process variable-sized inputs,
making them suitable for learning over scheduling problem instances of differing sizes and
complexities. Here, we utilize the canonical Activity-on-Node representation of scheduling
problems, where the precedence graph serves as the computation graph of the machine
learning model.

We formulate the algorithm selection problem for the RCPSP as a supervised learning
task, focusing on GNN models to predict algorithm performance for given problem in-
stances. The initial algorithm portfolio consists of 22 static priority rules, used in combina-
tion with the serial schedule generation scheme. In our computational study, we investigate
the impact of different GNN architectures, loss functions, and the inclusion (or omission)
of traditional instance characteristics in our model.
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2 Related literature

Recent research includes the works of Messelis and De Causmaecker (2014), Guo et al.
(2021), and Guo, Vanhoucke and Coelho (2023).

Messelis and De Causmaecker (2014) address the algorithm selection problem for the
multi-mode resource-constrained project scheduling problem (MRCPSP), employing two
different methodological perspectives: First, they treat the algorithm selection problem as a
regression task, developing separate prediction models for each available solution approach
and aim to directly predict the objective function value of the considered algorithm-instance
pair. Second, they treat the ASP as a classification problem by labeling the training data
with which algorithm performs best on any given instance.

Guo et al. (2021) address the ASP for the single-mode RCPSP considering an algo-
rithm portfolio of 39 priority rules and similarly to Messelis and De Causmaecker (2014)
focus their work on decision tree-based approaches. The authors frame the learning task
as a multi-label classification and a multi-class classification, using the binary relevance
approach and label powerset transformation, respectively.

Guo, Vanhoucke and Coelho (2023) focus on exact solution approaches for the RCPSP
and introduce an algorithm configuration model that determines tree search strategy,
branching order and lower bound calculations of a branch-and-bound algorithm. Especially
relevant to our research is the framing of the learning task as a label ranking problem, as-
signing each training instance a strict ordering of the considered algorithm configurations.

Although these previous contributions in the field of algorithm selection for the RCPSP
differ in what problem variant and solution approaches are considered or how the learning
task is handled, they all share a similar approach for generating an informative instance
feature set for their respective learning models. They mostly rely on established RCPSP
instance features that have been proposed in the past. Here, we believe that a prediction
model for the algorithm selection problem can benefit from GNN-based approaches, as
they have shown promising results in related domains such as Reinforcement Learning for
the RCPSP (Zhao et al. 2022) or custom GNN-based heuristics (Teichteil-Kénigsbuch et
al. 2023, Verhaeghe et al. 2024).

3 Methodology

We formulate the ASP for the RCPSP as a supervised learning task with the objective
of minimizing the average critical-path-normalized makespan, denoted as ¢, of an unseen
test set.

For the development of our algorithm selection model, we focus on GNN-based ap-
proaches and leverage the Activity-on-Node representation of RCPSP instances. Each
RCPSP instance is partially defined by its precedence graph G = (V, E) where the set
of vertices V represents activities and the set of directed edges E describes the precedence
relations between activities. Each activity ¢ € V is associated with a duration p; and re-
newable resource requirements r; ;. This precedence graph serves as the input graph for
our proposed GNN models. In order to increase the information content of the precedence
graph, we extend the aforementioned attributes of activities with common activity features
from the scheduling literature, e.g., earliest start time, free float or number of predeces-
sors. Thus, each activity 4 is associated with a node feature vector ; € R? that includes
attributes directly from the problem instance, as well as derived features.

We denote the set of candidate algorithms, also known as algorithm portfolio, as ). Our
learning task can then be formalized as follows. We learn a mapping Fp : G — R‘Q‘, zZq =
Fy(G), i.e., a function that maps each instance’s precedence graph to a logit vector over
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the algorithm portfolio. Based on zg, We then select a single priority rule that is expected
to perform best on the given instance.

Prior works have mostly framed the ASP for the RCPSP as a classification problem,
i.e., encoding the best-performing algorithms as a multi-hot vector and employing a cross-
entropy loss function. However, this approach ignores the severity of misclassifications,
which should be proportional to the makespan. An accurate model that manages to fre-
quently identify the best-performing algorithms does not necessarily coincide with also
generating the lowest average makespan for the considered instance set.

In order to investigate the impact of loss function choice, we also treat the problem as a
(multi-label) classification problem, employing a cross-entropy loss function. However, we
additionally frame the problem as a ranking problem to better align the loss function with
the objective of achieving a low average makespan on the test instance set. Our ranking
approach is based on determining regret values for each instance-algorithm pair, which then
serve as the ground truth labels for the machine learning model. We denote the makespan

when instance ¢ is solved with algorithm ¢ € @ as C; 4, and the critical-path-based lower
Ciq—mingeq Cit
cpm;

bound as cpm;. The regret values p; , are calculated as p; 4 = and directly

represent, the ordering of algorithms for problem instance 1.

4 Computational study and preliminary results

In our computational study, we examine the performance of multiple different GNN
architectures, two loss functions and different sizes of algorithm portfolios. We limit our
study to the GNN models Graph Convolutional Networks (GCN) and Graph Isomorphism
Networks (GIN), which mainly differ in their neighborhood aggregation schemes. Addition-
ally, some architectural choices are embedded in a hyperparameter study. This includes
the number of GNN layers, the pooling operator, dimensions of a preproccessing MLP, and
whether to use residual connections or not, among others. The considered loss functions
are the binary cross-entropy loss for the classification approach and a ListNet loss for the
ranking approach.

A preliminary investigation of the dataset revealed that the potential improvement of
using an algorithm selection approach compared to the single best-performing priority rule
is rather small. We also found that the marginal benefit of using a larger algorithm portfo-
lio quickly diminishes, as a perfect predictor that considers only a subset of eight of the 22
priority rules already manages to realize 90% of the aforementioned potential improvement.
In a more realistic scenario, where the prediction model is bound to misclassify instances, a
large algorithm portfolio may actually lead to a deterioration of the model’s performance,
as it allows for the selection of generally inferior priority rules. In contrast, a small al-
gorithm portfolio might not include the priority rule that yields the lowest makespan on
a specific instance, yet still lead to an overall better performance due to the decreased
odds of misclassification. To investigate this trade-off between improvement potential and
prediction accuracy, we limit the number of candidate algorithms to |Q| € {2,4,8,12}.

We assess the quality of our proposed models in terms of the the average critical-
path-normalized makespan ¢ as well as the accuracy on unseen test sets. The metric ¢
is determined based on the makespans achieved by the predicted priority rules on the
unseen test set Pes (lower is better) and calculated, for example, for the GCN model

as (GCN) = m > icPi., % where GCN (i) denotes the priority rule predicted
with the GCN for instance i. When determining accuracy, we treat every problem instance
where the prediction matches any of the best-performing priority rules as a positive sample

(higher is better).
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We also include the myopic approach of only using the single best priority rule (SBS), as
well as an oracle predictor (VBS) in our reported results, as they provide lower and upper
bounds for any viable algorithm selection model. The SBS is determined by the single
priority rule that achieves the lowest average normalized makespan ¢ on the training set,
while the VBS represents the hypothetical approach of always selecting the best-performing
priority rule for each problem instance.

Our considered dataset consists of 13,413 RCPSP instances.

Table 1 summarizes the results for the GCN and GIN models in comparison to the
oracle approach (VBS) and single best-performing priority rule approach (SBS). We find
that even though our proposed models consistently outperform the single priority rule
approach, they do not manage to fully leverage larger algorithm portfolios. We attribute
this to the fact, that the models limit their predictions to only few algorithms, even when
more candidate algorithms exist. The choice of classification or ranking approach seems
to have only a small effect on the achieved makespans, however, we generally observe a
slightly lower accuracy for the models trained with a ranking-based loss function.

Table 1. Results for GCN and GIN models in comparison to oracle and single priority rule

) Accuracy (%)

Q| VBS GCN GIN SBS VBS GCN GIN SBS

2 2.1063 2.1265 2.1264  2.1359 100.0 75.7 76.1 67.0

Classification 4 2.0916 2.1259 2.1257 2.1359 100.0 60.2 60.5 52.0
8 2.0806 2.1260 2.1263 2.1359 100.0 51.7 51.3 44.3

12 2.0761 2.1259 2.1259 2.1359 100.0 48.8 48.9 41.4

2 2.1063 2.1277  2.1273 2.1359 100.0 75.1 75.3 67.0

Ranking 4 2.0916 2.1262 2.1258 2.1359 100.0 59.6 60.1 52.0

8 2.0806 2.1261 2.1259 2.1359 100.0 51.5 51.4 44.3

12 2.0761 2.1258 2.1264 2.1359 100.0 48.9 48.8 41.4
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1 Introduction

In the field of Earth Observation, a generic problem is the scheduling of satellite ob-
servation tasks. On the one hand, this problem consists in selecting the pictures to take
starting from a set of requests that are submitted by end-users, and on the other hand it
requires to schedule the selected observation tasks. These two types of decision lead to an
extremely combinatorial problem, particularly when it comes to satellite constellations. In
order to lower this complexity, the main idea in this paper consists in building a mathe-
matical model based on an abstraction of the schedulability problem of a set of observation
tasks to try to return good quality selections in a short amount of time. In that fashion,
we defined an approach which allows us to represent a schedulability constraint of a set
of observation tasks for a satellite thanks to a neural network. The equations that are
learned and memorized within its layers are then exploited throughout a mixed integer
linear programming model. This method refers to a well-known approach in the literature
called Empirical Model Learning (EML (Lombardi et. al. 2017)

2 Learning a schedulability constraint

For the considered use case, a task corresponds to observing a mesh of interest on the
Earth surface with the satellite on an orbit portion (cf. figure 1). Because of observation
angle constraints, each of these tasks can only be accomplished during a certain time
window, which is the time frame during which the satellite passes over the corresponding
mesh. Additionally, transition times are required between each following observations for
the satellite to have enough time to reorient its observation instrument in the right direction
every time. On top of that, these transition times are time-dependent. Indeed, their duration
depends on the satellite position when starting the transition, which depends on the date
at which the observations are performed.

Given a set of meshes M to be observed, determining whether there is an order that
allows all meshes to be observed while satisfying all temporal constraints is a NP-hard
problem. In terms of learning, this schedulability problem can be seen as a problem of
classifying such M sets. To address it, we propose to use not the raw data defining all
possible sets M (Barrault et. al. 2025), but more targeted features. In particular, the space
of meshes overflown by the satellite is represented by a grid of size W x H. On this grid, we
define a set of mesh blocks B. Each block b € B corresponds to a subgrid of size W x Hy,
and it is possible to calculate, from a set of selected meshes M, the number of meshes
nMeshes, activated in each block b and the horizontal dispersion hDisp, of the activated
meshes (the difference between the largest and smallest columns occupied by a mesh).
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Fig. 1. (a) Surrogate model in order to determine whether a mesh selection is schedulable for the
satellite; (b) model with computation of a precise observation sequence

Using a sample database, we optimize the parameters of a neural network whose inputs
are {nMeshes, |b € BYU{hDisp, |b € B} and whose output is 0 or 1. This network consists
of a hidden linear layer followed by a layer involving n ReLu nodes. Other features were
also tested, such as the weight of a minimum spanning tree over M.

3 Optimization model for selecting the observations

The neural network that approximates the schedulability constraint is used within an
optimization model that maximizes the sum of rewards provided by observations selected
from among the candidate observations. This model contains various variables:

— for each candidate mesh m, a boolean variable select,, € {0,1};

— for each bloc b € B of size W x Hy, variables nMeshes, € RT et hDisp, € RT which
represent the formerly mentioned features;

— for each node k within the neural network approximating the schedulability constraint,
a variable zOutput,, representing the output value of node k.

Then, linear constraints allow us to formulate : (1) the link between variables nMeshesy,
hDisp, and initial decision variables select,, ; (2) the relations between each input and
output within the network’s nodes, with a specific coding of ReLu nodes taken from existing
works (Grimstad B. et. al. 2019); (3) the fact that the network’s output should be equal
to 1 for the mesh selection to be judged as schedulable. Other models using a threshold
derived from the computation of the weight of a minimum spanning tree have also been
explored. The selection returned by the previous MILP model is then used as the initial
solution for a second optimizer, which precisely handles the computation of a sequence of
observations and the corresponding temporal constraints.

4 Experiments

The classifier was trained on a dataset containing more than 28,000 instances of the
problem obtained via a realistic simulator. In fact, our realistic simulator is able to compute
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Fig. 2. From left to right : dense, sparse, mized, flat and borders instance

maximal instances for our problem, which means that each computed set of observations is
schedulable, and any additional mesh activation would make the observation set unschedu-
lable. Due to problem complexity, this maximality feature is only approximated since it
is obtained thanks to a greedy method, but having an exact method would allow us to
add only a handful of other meshes. This set of maximal instances is then used to obtain
positive instances for our problem, by deactivating some activated meshes, since any subset
of a schedulable mesh set is also schedulable, and negative instances for our problem by
activating some additional meshes, because of the maximality of the initial set. By choos-
ing to activate or deactivate only a handful of meshes in most cases, we designed our train
and test dataset as very close to the schedulability frontier since it is the zone at stake for
optimization purpose. On top of that, all instances were separated in 5 types, which differ
in observation density and position. Figure 2 displays an instance example for each of
these 5 types. The dense instances show a high geographical density in activated meshes,
both vertically and horizontally. The sparse instances on the other hand only have isolated
activated meshes. The mized instances stands in-between, with both isolated observations
and small local hubs of these. The last two types are more specific : the flat have several
horizontal observation hubs, and borders instances are sparse ones with most of their ob-
servations very close to the lateral borders. These last types are designed for the classifier
to learn the difficulties for the satellite to perform lateral transitions since they are perpen-
dicular to the satellite’s movement. On the 7101 test instances, it showed an accuracy rate
of 85% and performed better and better as the instances moved away from the feasibility
boundary.

Fig. 3. Classification results for the designed classifier. On each graph, each dot corresponds to
a test instance classified by the model, green if correctly classified and red otherwise. Negative
instances are represented by crosses and positive instances by pluses. The z-axis is for the instance
number and the y-axis is the amount of activated meshes in the instance.
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Figure 3 displays the classifier’s result. It showed an average error rate of 14.52%, with
a higher performance dense instances. The schedulability frontier is clearly visible on these
results as a horizontal red zone, which position on the y-axis reveals the typical size of the
first unfeasible instances. The fact that this zone’s position and height differ from a type to
another (except between sparse and borders which are very similar) show that this dataset
division is relevant.

Our results also showed that the error rate drops under 10% on average on instances
that differ from the maximal instance used to create it from more than 4 meshes, and under
5% on instances differing from more than 7 meshes, which is a very satisfying characteristic.
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Fig. 4. Error rate of designed neural networks in function of the amount of added meshes (positive
value) or substracted (negative) from its mother maximal instance, from from —10 to +10 meshes

Figure 4 shows the classifier’s average performances. It is no surprising that the highest
error rate is on maximal instances (z-axis 0) since they are the hardest to classify. It also
shows that the error rate drops under 10% for instances with 5 added or substracted
meshes, and 5% with 7 added or substracted meshes, which is a satisfying certainty zone.
Finally, the average performance better on negative instances.

We were therefore able to implement this model within a planner using an EML (Lombardi
et. al. 2017)-type approach, whose results were equivalent in quality to those of a good plan-
ner (Barrault et. al. 2025) while reducing the average time to obtain an optimal selection
by a factor of 5.
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1 Introduction

The resolution of combinatorial optimization problems using quantum computing is a
rapidly expanding research field. Scheduling problems are popular among the combinatorial
optimization problems due to their complexity and their practical importance. We focus
here on the resolution of a Job Shop Scheduling Problem (JSSP) with n jobs and m
machines (nm operations), with makespan minimization.

In the context of NISQ computers, variational quantum algorithms are currently one of
the most promising quantum approaches for combinatorial optimization. They rely on short
and simple circuits, suited to the high level of noise of current machines. Another major
constraint of today’s quantum machines lies in the limited number of available qubits,
which encourages us to develop binary encoding schemes that are as compact as possible
to represent our solutions.

Several quantum encoding schemes for the JSSP have already been proposed in the
literature. QUBO formulations make it possible to express the JSSP in binary form by
integrating all constraints into a penalized quadratic function. The most popular QUBO
formulation is based on time-indexing and requires nm1 binary variables, where T repre-
sents the discretized time horizon (Aggoune and Deleplanque 2023). A second approach,
suggested in two different papers, uses Bierwirth vectors and mixed-radix ranking. The
total number of valid Bierwirth sequences for a JSSP with n jobs and m machines is
(nm)!/m!™, which can be rank-encoded using mixed-radix ranking. The required num-
ber of qubits is therefore [log,((nm)!/m!™)] (Bourreau et al. 2024, Schmid et al. 2024).
This encoding leads to a surjective mapping over feasible solutions, with many encodings
corresponding to a single solution.

2 Variational quantum algorithm

Our solution scheme falls within the framework of a variational quantum algorithm or
VQE (Variational Quantum Eigensolver) (Grange, Poss and Bourreau 2023). VQE is a
hybrid algorithm using both a classical computer and a quantum computer.

It relies on the preparation of a parameterized quantum circuit, called an ansatz,
whose parameters are optimized by an iterative classical meta-algorithm. The parame-
terized quantum circuit represents a probability distribution over the solution space of a
combinatorial problem, controlled by its parameters. The optimization of the parameters
therefore aims at concentrating the amplitude and increasing the probabilities of low-cost
solutions (for a minimization problem).

For our application, we use a very basic parameterized quantum circuit (ansatz) com-
posed of only a single rotation R, around the Y-axis of the Bloch sphere on each qubit
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i by an angle ;. The quantum circuit can be written as the following tensor product,
¢, Ry,(6;). The parameter vector # € RY is optimized by a gradient descent algorithm
guided by measurements of the quantum circuit from which we obtain solutions and their

associated costs.

3 Contributions

We propose an alternative encoding for the JSSP, based on the representation of solu-
tions by the sequences of jobs on each machine, corresponding to m permutations of size
n. There are n!™ possible encodings, and each of these encodings can be decoded into a
directed acyclic graph representing a solution of the JSSP. Interpreting the permutations
as strict orders would lead to infeasible solutions being encoded. Instead, each permutation
is interpreted as a priority list using a simple constructive deterministic heuristic. Using
this decoding procedure, all feasible solutions can be obtained from at least one encoding,
with a surjective mapping between the encoded space and the space of feasible solutions.

3.1 Ranking

In order to obtain a compact encoding in terms of the number of qubits, we rank all
solutions and encode only the rank of a solution. This approach relies on the ability to
efficiently associate a rank with each solution and similarly, to reconstruct a solution from
a given rank. Importantly, this must be achieved without explicitly enumerating the n!™
solutions.

We start by associating an integer rank between 1 and n! with each permutation, then
concatenating these m ranks in base n! into a unique representation. This final represen-
tation is interpreted as an integer, thus defining a global rank between 1 and (n!)™. This
rank is then binary-encoded using only [log, ((n!)™)] qubits.

Multiple procedures exist to enumerate permutations in a specific order. Many of these
permutation orderings can be interpreted as walks on a structured graph whose vertices are
permutations and whose edges correspond to a fixed set of simple transformations. Gen-
erating permutations in a prescribed order can be reduced to constructing a Hamiltonian
path in a given permutation graph, such as a permutohedron (see Figure 1).

We are able to define ranking and unranking procedures for some ordering of per-
mutations. For lexicographical orderings, we rely on classical factoradic representations,
also known as Lehmer codes. They provide a bijection between permutations of size n
and integers in {0,...,n! — 1}. Ranking corresponds to computing the Lehmer code of
a permutation and interpreting it as a mixed-radix integer, while unranking is obtained
by the inverse factoradic decoding. For Steinhaus-Johnson-Trotter (SJT) (Johnson 1963)
orderings, which generate permutations through adjacent transpositions, we can define
dedicated recursive ranking and unranking procedures in O(n?). These procedures exploit
the self-similar structure of the SJT sequence and its reflect-and-insert construction, al-
lowing one to compute ranks and permutations directly, without storing or traversing the
full permutation list.

These ranking and unranking functions provide a surjective and computable mapping
between ranks and permutations, enabling a compact and scalable encoding suitable for
variational quantum algorithms.

This encoding requires significantly fewer qubits than the previously mentioned repre-
sentation. For example, a scheduling problem of 3 jobs and 3 machines would require at
least 27 binary variables and qubits using a QUBO formulation and 11 qubits for Bier-
wirth vectors. Our encoding would use only 8 qubits for the same problem size. This gap
widens for larger instances, where a problem of size 5 jobs and 5 machines would require
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respectively 625, 50 and 35 qubits for the QUBO representation, Bierwirth vectors and our
encoding.

Fig. 1: Hamiltonian path in : 2
a permutation graph 1

Fig. 2: Mapping between binary and combinatorial Gray code

3.2 Binary encoding

An initial naive approach would consist in encoding the rank of our solution as its
standard binary representation. However, in a variational quantum algorithm, the circuit
parameters act directly on the qubit register, and therefore on the binary structure of the
encoding. As a result, we hypothesize that the choice of the binary representation is not
neutral and may significantly impact both the landscape explored by the quantum circuit
and the quality of the gradient descent meta-algorithm. The following work is done with
this hypothesis in mind.

We notice that under the Steinhaus-Johnson-Trotter ordering, two consecutive ranks
correspond to permutations that differ by a single adjacent transposition, a distance of one
adjacent transposition in permutation space. Our goal is to preserve this property in the
binary representation such that the binary encoding of two consecutive ranks in the SJT
ordering differ only by a Hamming distance of 1. This is reminiscent of the notion of Gray
codes. A binary Gray code is an ordering of binary strings in which two consecutive binary
strings differ by exactly one bit flip.

Figure 2 shows a mapping between a Hamiltonian path on a binary structure (binary
Gray code) and a Hamiltonian path on a permutation graph (combinatorial Gray code) as
presented in the seminal work of Gaggini (2025). As shown in this figure, we can partition
the binary encoding into subspaces. The encoding shown in this figure uses 2 bits to encode
which of the 3 subspace (cube), and 3 bits to encode the 8 Gray code rank within the
subspace, which corresponds to 3 x 8 = 24 = 4! permutations.

By associating the rank of a solution to its position in a binary Gray code, we ensure
that consecutive ranks are both adjacent in the solution space by an adjacent transposition
and in the binary encoding by a bit flip.
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Fig. 3: Evaluation of the parameterized quantum circuit

For a given set of parameters 6, the quantum circuit prepares a superposition over binary
strings, which are measured to obtain solutions using the methods described above (see
Figure 3). The quality of the resulting solutions and schedules are then evaluated through a
classical cost function, here the makespan, to compute the expectation value of our current
parameterized circuit. This expectation value is finally used by the classical optimizer
to update the circuit parameters 6 using a gradient descent algorithm. This hybrid loop
is repeated until convergence, allowing the variational circuit to progressively bias the
probability distribution toward binary encodings associated with high-quality scheduling
solutions. The largest size of JSSP (with arbitrary processing times) solved by quantum
computers is 13 operations (Schmid et al. 2024) or 4 X 4 operations (Bourreau et al.
2024). Using the proposed encoding and this resolution approach, we have managed to find
solutions to instances of size 5x 5 operations, which requires 35 qubits. Initial computational
results on simulators show a gap of up to 15% from the optimum in a time budget of 15
minutes. Further developments, including instance size or different permutation spaces are
currently under evaluation and will be presented.
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1 Introduction

France’s prestigious engineering schools, known as Grandes Ecoles, train students from
the third year of bachelor’s degree (L3) to the second year of a master’s degree (M2).
Admission is determined by performance in major groups of written examinations and, if
successful, oral examinations. Each group targets a distinct student profile and range of
schools. The largest academic track, MP (Mathematics and Physics), historically accounts
for the majority of candidates, with approximately 6,500 to 7,000 students taking the
exams annually. The largest academic track, MP (Mathematics and Physics), historically
accounts for the majority of candidates, with approximately 6,500 to 7,000 students sitting
the exams each year. The newer track, MPI (Mathematics, Physics, and Computer Science)
has a more modest contingent, around 1,000 candidates annually. While both tracks share
the same written exam bank, their specific oral exams reflect the stronger emphasis on
computer science for the MPI track.

The organization of oral examinations is entrusted to the Service des Concours Com-
muns Polytechniques (SCCP), hosted by Toulouse INP University.. The SCCP is respon-
sible for operating the oral examinations of CentraleSupélec, Mines-Ponts, and Concours
Commun INP (CC INP), which provide access to a wide range of schools (approximately
80 schools with 5,700 available places). The organization is complex, as a single student
may be eligible for several oral examination groups, each with its own constraints, requiring
careful coordination of the individual exam timetables.

The oral examinations consist of offering each successfully admitted candidate a sched-
ule of oral exams, i.e., a specific time slot for each exam for which they are admissible.
The timeline is very tight, as schedules must be built within only a few days following
the release of the admissibility results. During each scheduled slot, a candidate may take
several tests (e.g., practical work, modern language oral exams). Therefore, the duration
of a slot depends on the type of the exam. This is a large scale schedule problem as there
are more than 7,000 candidates to accommodate over a 4-weeks time horizon. It is also
complex as each candidate can be eligible for several types of oral exam, which requires to
avoid overlapping slots. Furthermore, the specific modern language chosen by the candidate
must be carefully considered, as not all languages are available in every slot. In addition,
for a given exam type, there are several possible slots, and each is characterized by its own
constraints: time length, type of slot (MP, MPI, or both), maximum number of candidates,
modern languages available, maximum number of candidates for each language. Finally,
since the oral examinations take place in Paris, the proposed schedule must account for the
candidate’s place of origin. For instance, since accommodation in Paris is expensive, the
slots offered to candidates from outside Paris must avoid long idle times. For non-French
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candidates, the time required to obtain a visa must be accounted for, meaning that only
late slots, scheduled towards the end of the four-week period, should be proposed.

This paper tackles this peculiar Oral Examination Timetabling Problem (OETP). It
first shows how this problem can be advantageously modeled as a Multidimensional Knap-
sack Problem (MKP), and the pros and cons of such an approach are discussed. The
paper also provides an initial set of experiments on the real 2025 SCCP MP/MPI prob-
lem instance, utilizing an open-source MILP solver. These initial results demonstrate the
effectiveness of the approach. The remainder of the paper is structured as follows. Sec-
tion 2 presents a brief literature review of the OETP. Section 3 details our BMP-oriented
modeling, which is formulated as a mixed integer linear program. Section 4 details the
experimentation made. Conclusion and perspectives are drawn in Section 5.

2 Brief literature Review

The Oral Examination Timetabling Problem (OETP) can be viewed as a special case
of the University Examination Timetabling Problem (UETP), which has been extensively
studied over the past decades due to its inherent computational complexity. UETP is de-
fined as the assignment of a set of exams into a limited number of time slots and rooms while
satisfying a variety of hard and soft constraints, making it a classic NP-hard combinatorial
optimization problem. Seminal work by (Carter et al. 1996) established the foundational
methodology for UETP, primarily modeling the problem as a Graph Coloring Problem. In
this paradigm, exams are represented as vertices and conflicts (shared students) as edges;
the objective is to assign colors (time slots) such that no adjacent vertices share the same
color. Following these early graph-theoretic formulations, the literature has expanded to
include a wide variety of solution techniques. As detailed in comprehensive surveys such as
the one by Qu et al. (Qu et al. 2009), approaches have evolved from constructive heuristics
to sophisticated metaheuristics, including evolutionary algorithms, simulated annealing,
and tabu search. Moreover, as discussed in (Tomas Miiller 2016) based on a real large-scale
UETP, Constraint Programming (CP) is a powerful approach capable of conveniently han-
dling most complex constraints, yet scalability remains a challenge for large instances.

Most existing studies address the room assignment problem using matching algorithms
or network flow models, typically after the time slots have been fixed. Few studies, however,
explore the simultaneous optimization of time and resources using a packing perspective,
although assigning exams to rooms with heterogeneous capacities shares structural prop-
erties with the Knapsack Problem. The Multidimensional Knapsack Problem (MKP) is
a well-known variation of the Knapsack Problem where items (exams) consume multiple
resources (e.g., seats, invigilators, equipment) simultaneously. Given the increasing com-
plexity of modern university requirements, where constraints are not merely about "fitting"
students into rooms but about optimizing multi-attribute resources, an MKP-oriented ap-
proach could be relevant. Therefore, this paper investigates such an approach, tackling the
OETP using an MKP-based Mixed Integer Linear Programming (MILP) formulation.

3 Modelling

To model the OETP, one could employ a direct method involving the creation of an
assignment variable for each candidate-slot combination. While this method offers the
substantial advantage of ensuring comprehensive consideration of all potential assignments,
it suffers from significant drawbacks as it leads to a combinatorial explosion due to the
creation of an excessive number of variables and constraints, drastically increasing the
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overall model complexity. Specifically, integrating intricate operational constraints, such as
non-overlapping slots or candidate origin constraints, is not trivial.

Alternatively, our approach considers only a predetermined set of existing timetables,
potentially derived from historical data, and assigns one of these pre-validated schedules
to each candidate. The primary benefit of this strategy is its ability to severely restrict the
total number of variables and constraints, thereby simplifying the model. It also naturally
supports a human-in-the-loop validation process, as schedules can be specifically designed
to accommodate candidates. However, its main limitation is the requirement for a separate
mechanism to dynamically construct new consistent schedules.

Formally, the OETP can be defined by the tuple (C,P,R,{P;},{Px}). C is the set of
candidates, P denotes the set of schedules (or timetables), and R is the set of resources,
each resource k£ € R having a capacity by. P; C P is the subset of compatible schedules for
candidate i. Symmetrically, Py C P is the subset of schedules that utilize resource k.

The objective is to maximize the total number of assigned candidates subject to capacity
constraints. This problem is mathematically formulated as a Multidimensional Knapsack
Problem (MKP) below. The notation is defined as follows (see Figure 1 for illustration).
yi; € {0,1} are binary decision variables. y;; = 1 if candidate ¢ is assigned to schedule
j € P;, and 0 otherwise. The objective function (1) expresses the goal of maximizing the
total number of assigned candidates. Constraints (2) are the resource capacity constraints,
ensuring that the total usage of resource k by the selected schedules does not exceed the
capacity bg. Finally, constraints (3) are the assignment constraints, ensuring that each
candidate i is assigned to at most one schedule j € P;.

R1, by R2, by R3, bs

Fig. 1. Illustration of the formulation

max Z Z Yij (1>

ieC jeP
subject to Z Z vij by, VkeER (2)
1€C JEPy
JEP;:
Yij € {07 l}a V(Z:J) eCxP (4)
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4 Experiments

This experiment evaluates the performance of SCIP (Solving Constraint Integer Pro-
grams) on a large-scale assignment problem derived from the 2025 SCCP examination
process. SCIP is a state-of-the-art framework for integer and linear optimization. It is
freely available for academic use and distributed with its full source code. Its Apache 2.0
license allows unrestricted use, including in commercial contexts.

The studied MP/MPI instance involves 7,804 candidates, each characterized by a
highly heterogeneous profile. The overall search space comprises 7,759 feasible schedules
(or timetables). A dedicated greedy heuristic was implemented to explore all admissible
assignments, derived from the 1,123,321 candidate-schedule compatibility relations. Each
assignment simultaneously utilizes up to four resources from a pool of 103 available re-
sources, each with its specific capacity. The greedy procedure produces an initial feasible
solution, assigning 7,759 candidates (out of the 7,804 total). This solution utilized 606 dis-
tinct schedules. This solution was injected into SCIP as a warm start, along with the 606
schedules actually utilized by the greedy solution. A set of 100 still unsaturated plannings
were also provided to SCIP, enabling the solver to focus its search on the most promising
region of the solution space, under a time limit of 20 minutes. SCIP successfully computed
an optimal solution accommodating 7,796 candidates among 7,804, thus demonstrating
the benefit of combining a fast constructive heuristic with a powerful MILP solver. Assign-
ing more candidates would require increasing the pool of available schedules (or to relax
unsatisfiable constraints).

5 Conclusion and Future Work

Formulating the OETP as an MKP provides a rigorous mathematical structure, en-
abling the effective management of the complexity associated with capacity and resource
constraints. This approach is particularly relevant in planning contexts where multiple re-
source dimensions compete for a set of discrete items (schedules). By framing the selection
of schedules under these multiple resource constraints, the MKP model not only facili-
tates the exploration of the solution space but also offers theoretical guarantees for the
application of exact optimization algorithms and specialized heuristics, thus validating its
relevance for solving complex application cases.

To overcome the computational limitations inherent in large-scale instances, a promising
direction is the adoption of a Branch-and-Price approach. This decomposition allows the
Restricted Master Problem to be treated as an MKP instance, while the resulting pricing
subproblem focuses on efficiently generating new columns (improving schedules) with a
positive reduced cost. Once a set of interesting columns is determined, future directions
could expand to integrating auxiliary objective functions, such as establishing a balanced
parity across the involved academic tracks, thereby better aligning the final solution with
operational needs.
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1 Problem Description

The aviation industry relies on distributed production networks where compo-
nents are manufactured at specialized sites before being transported to Final
Assembly Lines (FALs). Strategic decisions such as production allocation and
operational scheduling are typically handled separately. We address this Multi-
Factory Planning and Sequence-Dependent Scheduling problem jointly using
a Logic-Based Benders Decomposition (LBBD) approach [Hooker, 2023]. We
present the scheduling levels involved, introduce the proposed LBBD model, and
compare it against a global Constraint Programming (CP) formulation.

High-Level Scheduling Problem. Production involves a set of distinct aircraft
designated by MSN (Manufacturer Serial Number) where a MSN encompasses
an unique identifier for a given aircraft, some specific tasks and a delivery date.
A MSN is associated with Major Components Assembly (MCAs) (e.g., wings,
fuselage), produced at specialized, multi-line sites (often referred to as pre-FALs).
Once ready, all MCAs for a specific MSN are assembled at a FAL chosen in a
set of candidate FALs available. Similarly, each MCA may be produced on one
of multiple compatible assembly lines. The production process, whether on a
component line or at the FAL, operates on a pulsed line system, where units
move through workstations according to a fixed cycle time.

Due to asynchronous production, MCAs are often not completed at the same
moment, requiring storage, for the ones that are finished sooner. This defines
the high-level scheduling problem, with three associated sets of decisions: i)
assignment of MCAs to production lines and MSNs to FALs, ii) sequencing of
MSN and MCA on each line, iii) assigning a start production date for each
product, as well as transit dates for MCAs when moving from Pre-FAL to
FAL. The left part of Figure 1 illustrates the high-level scheduling problem. We
consider a unique MCA, the wings ¢, two candidate Pre-FALs and two candidate
FALs for the assembled aircraft W=. Pre-FAL 1 is organized with 2 workstations,
whereas Pre-FAL 2 has 3 workstations. For this high-level scheduling problem,
decisions are as follows: allocations of all elements to candidate lines, e.g. {",
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Fig. 1: Hlustration of scheduling problems at each level

4. 1, } to Pre-FAL 1, sequence of elements on the line, e.g. (4, 1) for
Pre-FAL 1, dates for transiting, e.g. entry date of ¢ in storage of FAL-2 until
its production start date for the MSN = in the line.

The objective is to minimize storage costs and delivery deviations. However,
this high-level planning relies on aggregate capacity estimates and overlooks
detailed station-level scheduling, which can lead to sequences that violate opera-
tional constraints—such as workforce availability or fixed cycle times—making
the plan infeasible.

FAL Scheduling Problem. The Final Assembly Line (FAL) is a manufacturing
environment comprising multiple assembly lines, each consisting of several work-
stations. At each station, a specific set of resource-consuming tasks depending
on the MSN must be scheduled. Resources are cumulative, allowing parallel
execution of tasks and therefore requiring their precise scheduling. The objective
is to minimize the makespan within each station while strictly respecting total
resource capacities and the maximum lead time in every station called takt.
Crucially, these resources form a shared pool across all stations, deeply coupling
the scheduling decisions of individual workstations. Furthermore, because task
requirements are MSN-specific, the workload at any given time depends entirely
on the exact sequence of MSNs currently occupying the neighboring stations.
Consequently, the FAL scheduling problem is highly sequence-dependent. As
this problem generalizes the classical Resource-Constrained Project Scheduling
Problem (RCPSP) it is inherently NP-hard [Ganian et al., 2021].

2 Methodology

To address this hierarchical scheduling problem, we explore a Logic-Based
Benders Decomposition (LBBD) model. In LBBD, a master problem determines
high-level structural decisions, while subproblems check feasibility or compute
refined costs; their feedback is returned as Benders cuts to guide the master
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toward convergence. We adapt this framework to our setting as shown in Figure 2,
decomposing the problem as follows:

— Master Problem (Allocation & Sequencing) — MP — The MP assigns
MSNs and MCAs to production sites and determines the global production
sequence. It uses estimates for storage duration, delivery deviations, and
station lead times that will be updated according to cuts provided by
subproblems.

— Subproblem 1 (Timing) — Given the fixed sequence provided by the
MP, this subproblem optimizes start times to minimize storage and delivery
deviations. It returns lower-bound cuts on these costs to the Master Problem.

— Subproblem 2 (Task Scheduling) — This subproblem validates station-
level feasibility by scheduling tasks under shared worker and cycle-time
constraints. It computes lower-bound cuts on station lead times. Moreover
this scheduling problem can be decomposed by FAL (as there are no shared
resources between FALs), allowing parallel resolution.

Subproblem 2 addresses the low-level scheduling, while the MILP Master
Problem and Subproblem 1 handle high-level allocation and sequencing, Subprob-
lem 2 uses CP to manage low-level scheduling. This hybrid approach leverages
MILP’s strength in sequencing and CP’s efficiency in modeling storage as a
cumulative resource. At each iteration, once the Master Problem produces a
feasible solution, both subproblems are solved and return their respective Ben-
ders cuts, after which the master continues its search. LBBD allows to decouple
the scheduling problems in every FAL: coupling constraints are handled in the
Master, allowing to solve the scheduling problem in every FAL independently.

Master Problem
Allocation & Sequencing

’ N

Fixed MSN &
Component Sequences

Fixed MSN &
Component Sequences

Storage & Delivery .+~ Y~ . Lead Time
Lower Bound Cyts”~ ~ bower Bound Cuts
. N

’ N
, \

Subproblem 1
Production Start times for each product

Subproblem 2
Task Scheduling

Fig. 2: Logic-Based Benders Overview

3 Results and conclusion

We compare our LBBD approach with a global CP model, using instances of 10
to 25 MSNs. CP performs well on resource-constrained problems

[Pucel and Roussel, 2024] and therefore has been selected as a baseline for our
approach. As shown in Figure 3a, LBBD consistently outperforms CP for the
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Fig. 3: Relative performance of CP and LBDD for several number of MSNs.

station-level lead-time objective, mainly because the decomposition enables
parallel resolution of the task-scheduling subproblems.

In contrast, for high-level objectives such as earliness/tardiness and storage
minimization, performance depends on instance size. LBBD is superior for small
instances (10 MSNs), but its efficiency decreases for larger ones (25 MSNs),
where the CP model performs better (Figure 3b). Overall, the two methods are
complementary: CP handles complex global storage constraints more effectively,
while LBBD is better suited to detailed, decoupled scheduling objectives.

Future Works. Because of the complementary of the two approaches explored,
we believe that a hybrid approach that first utilizes the CP model to fix the
primary storage and delivery targets, followed by the LBBD approach to optimize
the secondary lead time per station with those constraints fixed should be
investigated. Moreover, other decomposition strategy could be foreseen such as
auction based multi-agent scheduling model in which each line could be seen as
an agent and bid on MSNs.
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1 Introduction

Since the benchmark instances of the job-shop scheduling problem were in-
troduced by Fisher and Thompson in (Fisher, H., Thompson, G.L. 1963), JSSP
has become one of the most extensively studied problems in operations research.
Although exact techniques guarantee global optimality and remain effective for
small instances, their computational requirements grow rapidly with problem
size. As a consequence, significant research effort has been directed towards
metaheuristic frameworks and hybrid optimisation strategies that balance so-
lution quality and computational tractability (van Hoorn, J.J. 2018). These
developments provide a natural methodological context for exploring alterna-
tive optimisation paradigms within computational science, including emerging
quantum algorithmic approaches. Despite rapid progress in both theoretical re-
search and hardware development, the practical impact of quantum technologies
on real-world computational problems remains an open question partially ad-
dressed in our research.

2 Problem formulation

In the job-shop scheduling problem, a set of dedicated machines is used to ex-
ecute operations associated with multiple jobs. Each job consists of a predefined
sequence of operations, where each operation requires a specific machine for a
known processing duration. The objective is to minimize the makespan. The for-
mulation we consider is defined as follows. There are J jobs J = {j1,...,77},
each consisting of O; operations O; = {Oj1, ..., 0,0, }. Each operation Oj; s has
a duration time [;; and must be processed on a specified machine from a set
M = {ml,...,mM}.

We define binary variables that encode starting times:

1 if operation Oj ) starts at time ¢
Tjkt = .
0 otherwise.
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In this work, the term problem Hamiltonian refers to the quadratic cost
function used as Quadratic Unconstrained Binary Optimization (QUBO) for-
mulations, i.e., the weighted sum of penalty terms mapped to quantum annealing
hardware. The hard constraints of the problem, as well as additional optimiza-
tion objectives such as the minimal makespan soft constraint and a regulariza-
tion factor, are added to the cost function as a weighted sum (Kurowski, K.,
Wojciechowski, K., Weglarz, J. 2023).

Single-start constraint hq(z): Each operation must start once and only once.
Precedence constraint ho(x): Operations within jobs must respect execution
order.

— Machine sharing constraint hz(x): At a given time no two operations may
run on the same machine.

Minimal makespan term h4(x): Promotes low-makespan schedules.

All these constraints are encoded in the coefficients of the () matrix:
4
Q=> w;-hi(x). (1)
i=1

3 Discrete Quadratic Model Formulation

With the D-Wave Advantage annealer we explored Discrete Quadratic Mod-
els (DQMs), where variables are internally represented using one-hot binary
encodings. The hybrid solver integrates classical components, including decom-
position heuristics and tabu search, therefore the obtained results reflect hybrid
classical and quantum optimisation rather than a purely quantum process. The
DQM formulation follows the same modelling principles as the QUBO repre-
sentation introduced above. In particular, the objective contains penalty terms
corresponding to the single-start, precedence, and machine-sharing constraints.
The single-start term ensures that each operation is assigned exactly one start-
ing time. The precedence term enforces the technological order of operations
within each job, i.e., a successor operation cannot begin before its predecessor
has been completed. The machine-sharing term penalises overlapping assign-
ments of operations that require the same machine as discussed in (Kurowski,
K., Weglarz, J., et al. 2020).

4 Quantum Approximate Optimization Algorithm (QAOA) Formu-
lation

The Quantum Approximate Optimization Algorithm (QAOA) is a varia-
tional optimisation framework designed for combinatorial optimisation problems
expressed in a quadratic binary form. From an operations research perspective,
QAOA can be interpreted as a parameterised search procedure operating on a
probabilistic representation of feasible schedules, where the objective function
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is encoded as a quadratic cost operator as discussed in (Kurowski, K., Woj-
ciechowski, K., Weglarz, J. 2023). The corresponding cost Hamiltonian repre-
sents the encoded objective function together with feasibility penalties. QAOA
constructs a parameterised quantum state through alternating applications of a
cost operator and a mixing operator, starting from an initial uniform superpo-
sition state. The variational parameters are then optimised by a classical outer
loop. Due to current quantum hardware limitations, only shallow circuit depths
and small scheduling instances are considered. Consequently, QAOA is used here
primarily as a modelling and evaluation framework rather than as a method in-
tended to demonstrate computational advantage. Nevertheless, the formulation
provides a unified interface between the QUBO-based representation used for
quantum annealing and the gate-based trapped-ion platform studied in this
work.

5 Experimental studies

The proposed benchmarking methodology applied in expermental studies is
based on formulations of the job-shop scheduling problem for selected quan-
tum computing platforms. Using different encoding strategies, we implement
and analyse quantum algorithms in the context of computational science ap-
plications, evaluating their behaviour on representative small-scale scheduling
instances with respect to fidelity and time-to-solution (TTS).

Table 1. Probability Ps and TTS measured on two different quantum computers,
quantum annealer (D-Wave Advantage) and trapped-ion (EuroHPC PIAST-Q). Be-
cause the hardware paradigms differ significantly, the values should be interpreted
qualitatively rather than as a direct performance ranking.

Quantum computer (instance J x M) Pg TTS [s]
D-Wave Advantage (6 x 6) 2.56- 107" 8.41-1071
EuroHPC PIAST-Q (3 x 3) 6.93-1072 3.20

The objective is not to establish a direct performance ranking between hard-
ware architectures, but rather to analyse modelling choices, algorithmic work-
flows, and practical limitations arising from contemporary quantum computing
systems. Because the JSSP problem is strongly NP-hard and difficult to solve
(van Hoorn, J.J. 2018), only small instances are currently feasible on NISQ
hardware. The goal of the experiments is therefore exploratory benchmarking
rather than demonstrating computational advantage.

In our experiments, we used the hybrid D-Wave Advantage DQM solver
and obtained all global minima during 500 shots for the Fisher and Thompson
(FT06) benchmark. The FT06 instance has multiple equivalent optimal sched-
ules with makespan 55, and therefore many optimal solutions correspond to
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distinct schedules with identical objective value. For the new EuroHPC PIAST-
Q trapped-ion quantum computer, we applied QAOA to a simplified JSSP in-
stance (3 jobs and 3 machines), as reaching the global optimum for larger JSSP
instances was not feasible. Probability Ps denotes the empirical probability of
measuring an optimal solution, while TTS represents the expected runtime re-
quired to obtain at least one optimal solution with confidence level 0.99, see
Table 1.

6 Conclusions

This study investigates modelling aspects of the job-shop scheduling problem
within two emerging and relevant quantum-oriented optimisation frameworks
tested on quantum annealing and trapped-ion quantum computers. However,
the obtained results should be interpreted primarily from the perspective of for-
mulation design and implementation feasibility rather than computational supe-
riority. The hybrid D-Wave approach enabled experiments on a larger instance,
but the observed performance reflects the contribution of integrated classical op-
timisation procedures and therefore does not constitute a direct comparison of
quantum hardware capabilities. Given the differences in modeling assumptions,
solver architecture, and hybrid classical-quantum workflows, the presented ex-
periments should be viewed as a preliminary methodological study rather than
as a direct performance comparison between EuroHPC PIAST-Q and D-Wave
systems.
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1. Startup training — the problem

Entrepreneurs develop products and services that provide value to customers. The development
success depends on the knowledge and skills from different disciplines, but entrepreneurs are
frequently experts in one field and lack knowledge in others. Very little attention is paid to integrated
training in Systems Engineering and project management in entrepreneurship courses (Mwasalwiba,
2010).

There are many methodologies for addressing specific engineering challenges; however, there
is a gap in understanding which engineering methodologies are suitable for start-ups. We address
these gaps by developing a new approach to entrepreneurship education and training focusing on
new product development projects. An integrated systems engineering and project management
workshop prototype was tested focusing on the needs of entrepreneurs in start-up incubators. This
new workshop was tested in the Runway incubator of Cornell Tech University in the United States.
The training relied on tools and techniques of new product development, project management and
training simulators.

This paper focuses on the selection and integration of tools and methods that are suitable for
entrepreneurs developing new products. The insights can support entrepreneurship education and
training programs and improve new product development processes.

2. Background

2.1. Entrepreneurship

Entrepreneurship the process of discovering and exploiting profitable opportunities. In many
start-ups, market needs are not well understood. Due to the uncertainty and the fact that some
entrepreneurs lack organizational, managerial, and legal skills.

Entrepreneurs occasionally develop new products without a clear understanding who needs and
who will buy these products. As a result, some entrepreneurs fail to understand the suitability of
their solution to the problem they try to solve. In successful organizations, the development process
typically involves iteration and feedback from potential stakeholders to ensure a valuable system
that satisfies the customer's needs and expectations.

There are different methodologies for new product development. For example, "design thinking"
intends to understand customer needs and expectations in order to discover market opportunities,
while "agile" development is aimed at incremental improvements (Thesing et al., 2021).

2.2. New Product Development Projects

New product development projects attempt to provide value while operating in an uncertain
environment (Marzi et al., 2020). Such projects require extensive development and testing efforts
and sometimes the construction of prototypes along the way. In some failed projects the underlying
causes of failure can be attributed to the pre-development phase of new product development
projects. This project front end phase includes generating and evaluating ideas, developing a system
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concept, and setting priorities. Reaching the right solution depends on engineering and or scientific
knowledge and technical expertise, as well as on design thinking, problem solving, and project
management (Schuelke-Leech, 2021).

2.3. Systems Engineering

"Systems Engineering (SE) is an interdisciplinary approach that enable the realization of
successful systems. It focuses on a holistic and parallel understanding of the needs and expectations
of stakeholders; Examining opportunities; Requirements documentation; and synthesis, validation
and development of solutions considering the complete problem, from the research of the system
concept to the scrapping of the system. (SEBoK 2022).

Development requires an understanding of the principles of systems engineering. However,
Systems Engineering tools and methods are not always used by small organizations and startups
because they are difficult to understand and to implement. The International Council for Systems
Engineering INCOSE tries to establish tailored practical guidance to improve product development
through proven Systems Engineering methodology. It is important to note that sometimes, a product
is not considered complex enough to warrant a complete Systems Engineering undertaking (SEBoK
2022,).

Startups may have little experience in using development processes; therefore, tools and
methods are opportunistically selected to provide value under constraints. Startups can benefit from
Systems Engineering methods; however, few studies deal with the application of these methods for
early-stage startups. For example, Klotins et al. (2019) studied 88 start-up companies and found that
the main cause of project failure is due to requirements engineering deficiencies. When there is no
user involvement early on, it is impossible to correctly define requirements for potential solutions
(SEBoK 20222). Therefore, agile techniques are used for early trial of functions and incremental
development of requirements (Ebert & Kirschke-Biller, 2021).

Startups usually prefer simple tools that require little training. There are many methods designed
to deal with specific engineering challenges. However, there is a need to help entrepreneurs focus
on adapting approved methodologies and validating methodologies specific to startups.

2.4. Project management

The goal of the project management process is to systematically plan and execute project tasks
to meet project objectives. Studies that have examined startup management methodologies have
focused primarily on business and financial planning, but startup project management is rarely
examined. This is because many startups perceive traditional project management as a "waste of
time" their assumption is that uncertainty makes the long-term scheduling effort pointless. However,
Entrepreneurs seeking funding from investors are required to present a business plan. The business
plan typically includes a Gantt chart with project activities and milestones, which is based on
traditional project management principles. Advanced methods of project planning are rarely
implemented due to their complexity and lack of managerial knowledge.

Project management of start-ups is typically supported by maintaining short, informal internal
milestones. This approach is especially common in software and information technology
development projects, where scope and requirements change rapidly during the project lifecycle
(Azenha et al. 2021).

2.5. Enterprise Development Programs

Incubators have been established around the world since 1959 to encourage the creation of new
businesses by offering services to entrepreneurs and start-ups, including training sessions. Some
incubators provide workshops that help shape the system's ideas. Since most entrepreneurs in an
incubator are starting a company for the first time, the survival and growth of their new businesses
depend on these services. While incubator business development training has received a lot of
attention, most training is lacking in new product development projects. Thus, it is important to
identify appropriate requirements engineering techniques for start-ups and develop appropriate
training methods for these techniques.
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3. The solution
3.1. Steps taken

The first step in implementing the proposed solution was to define the basic knowledge and the
skills that entrepreneurs need to develop a new product. The second step was to develop and test a
methodology for the integrated training of this knowledge focusing on simple tools and methods
that can be applied easily. The third step was to run a workshop in the Runway incubator integrated
with a simulator for planning and executing projects.

The workshop focused on very basic questions such as:

a) Do you understand the uniqueness and superiority of the proposed system?

b) What tools and techniques can be used to improve product design?

¢) Do you understand the project plan (schedule, cost, and resource management)?
d) What tools and techniques can be used to improve the project plan?

3.2. Product Design Tools and Techniques
Statement of Intent

New projects typically begin with an exploratory research phase that involves business analysis
and understanding the needs and expectations of stakeholders (SEBoK 2022). Since in some cases
early-stage entrepreneurs fail to understand these needs and expectations they fail later. To succeed,
startups must first research the problem and then validate the proposed solution. Few startups
implement market-driven requirements engineering methods to discover and validate ideas before
releasing their new product. The market-driven demand estimates are primarily based on
entrepreneurs' assumptions and interpretations of the market.

A statement of intent outlines what the system will do and what its purpose is (SEBoK 2022).
Structured formulation of the system idea helps identify high-level requirements, which are broken
down into more specific functional and qualitative requirements.

FAST - Function Analysis System Technique

Unclear requirements can cause the system to be over-engineered or under-engineered. Because
the requirements aren't known, a possible approach starts with creating a sustainable Minimum
Viable Product (MVP) to test the concept. However many Entrepreneurs prefer simple tools for
writing a list of features rather than outlining requirements.

FAST diagrams are useful in the early stages of product design to describe functions (SEBoK
2022). The technique contributes to the design of the product by encouraging thinking about
functions rather than physical components. The diagrams distinguish between basic functions that
are essential to the product and secondary functions that may be unnecessary and do not add much
value. This function-based approach helps teams better understand the underlying reasons behind
the product.

3.3. Project Management Tools and Techniques
Project Management Simulators

Many fields, including new product development, use simulations for training. Simulation-based
training relies on learning by doing. We used two simulators in the workshop. The first simulator is
designed for traditional (Waterfall) project management training, where project scope, cost, time,
and quality are planned in advance. The second simulator is designed for Agile project management
training, which relies on short-term planning and constant re-planning of the work.

Project Team Builder Training PTB, Simulator enables traditional training in new product
development in a dynamic environment (Solan & Shtub, 2023). Entrepreneurs can simulate any
NPD project, analyse compromises, and take risks without suffering the consequences they will face
in the real world. The PTB simulates case studies called scenarios. Entrepreneurs can learn to
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efficiently plan, execute, supervise, and control possible project plans using the simulator's ability
to simulate various scenarios subject to schedule, budget, and resource constraints.

The Agile Management Simulator enables training in agile project management in a
dynamic environment. Entrepreneurs can simulate agile projects and take risks without
worrying about real-world consequences. The AGASIM simulates case studies called
user stories. Entrepreneurs can learn to plan, execute, monitor, and control project sprints
by planning product backlog items, managing changes, and updating product backlogs.

3.4. Lessons learned

The methodology forms the basis of a course that combines project management and systems
engineering tools while integrating project scope and product scope. A similar course developed at
the Technion about ten years ago focused only on the project scope of new product development.
This course is available on the Coursera platform (https://www.coursera.org/learn/new-product-
development). This course introduces the importance of the voice of the customer (Cooper, 2019),
a Kano model developed by Noriaki Kano in the 1980s to understand how different features of a
system or service affect customer satisfaction, the AHP (Analytic Hierarchy Process) technique
developed by Thomas L. Sathi in the 1970s to quantify the relative importance of product
requirements. In addition, the integrates the PTB methodology simulator that demonstrates the
planning, analysis, and execution processes of the project.

The combination of product scope and project scope within the framework of the proposed
methodology was tested in a workshop at Runway the technological incubator of Cornell Tech. The
participants feedback was very positive and provided evidence that a methodology for managing
new product development projects is needed and could help startup companies by reducing the
probability of mistakes made early on in the project life cycle.
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1 Introduction

We are studying a scheduling problem where tasks can be split and processed by mul-
tiple machines. A setup time is required on a machine to switch from one task to another.
During this setup, a machine cannot process or prepare another task. Setup times are
independent of the task, the machine, and the sequence. Tasks have a minimum process-
ing time, and machines must be in use at all times within a fixed horizon. The goal is
to minimize the number of setups required. Figure 1 shows an example of scheduling on
four machines, a five-hour horizon, and the following minimum durations: 77 > 6, Ty > 2,
T3>2,T,>1,Ts>1,Ts > 1,T7 > 1.

1h [2n 4h [5h
machine 1] task 1 task2
machine 2 task 3 tache 4
machine 3 task 1
machine 4 task5 setup setup task 7

Fig. 1. Example of scheduling seven tasks on four machines over a five-hour time horizon. Tasks
1 and 3 take one hour longer than their minimum duration.

This problem is very similar to the one studied by Schalekamp et al., whose objective is
the minimization of the makespan. Their study describes properties of optimal solutions,
demonstrates the NP-hard complexity of the problem, and proposes a polynomial-time
approximation scheme.

Our problem differs slightly in two points: our tasks have a non-fixed minimum duration
and our objective is to minimize the number of settings.

2 Problem modeling

We chose to discretize the time horizon (24 hours) into one-hour slots. During each slot,
the machine either performs a task or is in a setup phase. Each setup phase lasts one hour.
Using the following notation:

M: the set of machines, i € M a machine

N: the set of tasks, j € N a task

N’ = N |J{0}: the set of tasks and settings, j € N’ a task or a setting

(T}),cn: the set of minimum assignment times per task (7; is the minimum time in
hours for task j)

C': the set of 24 one-hour slots.
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o (X;;+€{0,1})ienm : the set of decision variables assigning the task j on the machine
JEN'

, teC
7 at the slot ¢.

The problem can therefore be written as follows:

minimize Y, X; o, (P.x)
ieM
teC

subject to Y X, ;=1 v ieM (P.1)
JEN'

€M

Xijt > Xijer1 +Xiop1 ¥V teé‘e\]{\[%} (P.2)

Xi01 =0 Vie M (P.3)

> Xiji > Ty VjeN (P4)
ieM
teC

The objective (P.*) is to minimize the number of settings across all machines and time
slots. (P.1) requires that one and only one task or setting be selected on each machine and
each time slot. (P.2) indicates that a task (other than a setting) is followed by itself or
another setting. (P.3) prevents a setting from being selected on the first time slot. (P.4)
requires that each task be allocated enough time to meet its minimum duration.

To help in finding a solution, certain properties of the solutions are sought:

Proposition 1: Given a task j such that T; > 24, there exists an optimal solution in
which 24 slots are allocated on a machine to this task.

In other words, for every task j such that 7 > 24, there exists a solution in which all the
slots of a machine are allocated to task j. It is then possible to remove that machine and
24 units from T}, thus simplifying the instance.

Proof: Assume without loss of generality that T; < 48, otherwise repeat the following
steps as many times as necessary. Since 24 < T; < 48, assume an optimal solution such
that task j appears on two different machines. The two sets of slots EJ1 and E]2 are such
that £} > 24/2 and E} > 24 — Ej. Therefore, there exists a simple transformation (see
Figure 2) that swaps all the remaining slots from the first machine with an equal number
of slots at the end of E]2 By doing so, the number of setups either remains unchanged (and
the new solution is therefore also optimal) or decreases by 1, which would contradict the
optimality assumption. |

1achine 1
1achine 2
t=1 2 3 4 5 6 7 8
1achine 1
1achine 2

Fig. 2. A simple transformation that transform any optimal solution that respect the hypothese
to an optimal solution respecting Proposition 1.

Thus, we will preprocess all our instances to search only for optimal solutions that
respect proposition 1. It is then possible to reduce the instance size by removing groups of
24-hour assignments. From here on, we assume that Vj,T; < 24.
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Proposition 2: In an optimal solution, if a task is assigned to a machine, then the set
of slots for that task on that machine is contiguous.

Proof: Let’s assume an optimal solution, where t} and t} are respectively the start and
end slots of the first contiguous set assigned to task j, and tfl and t?c are respectively the
start and end slots of the second contiguous set assigned to the same task j. There are
three possibilities (see Figure 3):

Case 1: If t} + 1 = t7, then the two sets are contiguous.

Case 2: If t}c +1 =2 —1, then the slot separating these two sets is a setup according to
the constraint (P.2). It suffices to replace it with task j to obtain a better solution, which
contradicts the optimality assumption.

Case 3: Otherwise, there are at least two setups (at t; + 1 and at ¢ — 1). Let us then
consider the following exchange operator: with Dy =17 — 3+ 1 and L =7 —t} — 1

Xije Vit €{0,--- 17}

Xi,j,t—i—L Vi,j,t S {t} + 1, ',t} + DQ}

,Xvi’jy,g_D2 Vi,j,t S {t}c + DQ + 1, ce ,t} —+ DQ + L}
Xijio Vi jte{ty+Da+L+1,---,24}

F(Xijt)

The operator allows the creation of a new valid solution (the setups between the two
sets of task j ensure this). However, the setups around the second set of task j end up
side-by-side after the exchange operator. This contradicts the optimality assumption.

.. t 4 i i
ase 1 [ I

t t} 1 t} tf

rase 2 [ I

ase 3
\/ They will be next

to each other

Fig. 3. If two parts of a task are assigned to the same machine, there can be only three possible
configurations.

3 Upgraded model

While Proposition 1 helps us to reduce the instances size, the proposition 2 can be
formulated as valid constraints and added to the model.

With (Y; ;. € {0,1})2’61\/[/ : the set of variables representing the fact that task j is
e
starting on the machine ¢ at the slot t.

Then, we can add the following constraints:

Yijii =X v zee% (P.5)
ieM
Yijie 2 Xije—XijeaV tefce\ff{’l} (P.6)
> Y <1 v IEN (P.7)
feC

(P.5) requires that the task assigned at time 1 is started (in Y sense). (P.6) forces Y; ; ;
to be equal to 1 if task j is assigned to machine ¢ at time ¢ but not at time ¢ — 1. Finally,
(P.7) keeps Y at most to 1 for each task and machines over the time horizon.
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4 Experimentations

We used CPLEX and C++17 on random instances based on an industrial real problem
with the following characteristics:

o M € [5,20]
o N e [1.5M,3M]

o Tj=men 4 | I | where mean = |0.75 x (24— |

Those characteristics were chosen because the objective value of the optimal solution is
very close (equal in most cases) to N — M.

As each task that isn’t assigned to a machine in the first time slot will require at least
one setup (if not split), we know that the objective is at least N — M. To help the solver,
this lower bound is added to the formulation.

In the following tables, U B denotes the best integer solution’s objective value, LB is
the best dual value and Time is the CPU time to compute the solution. We stopped at
300 seconds because more computation will not yield better results in scheduling problems
in general, and proved to be the case in our problem too.

The first table shows the results of our problem with constraints (P.1) to (P.4) and the
second table shows the results with all the constraints.

M N |UB LB | Time M N |UB LB |Time
5 8 3 3 0.1 5 8 3 3 0.6
5 10 5 5| 0.51 5 10 5 51 0.67
5 13 8 8 1.5 5 13 8 8| 0.05
5 15| 10 10| 0.02 5 15| 10 10| 0.05
10 15 5 5| 3.64 10 15 5 5 1.6
10 20| 10 10| 20.5 10 20| 10 10 12.31
10 25| 15 15| 139.7 10 25| 15 15| 16.75
10 30| 20 20| 94.2 10 30| 20 20| 22.42
15 23 9 8 | 300.0 15 23 8 8 | 40.01
15 30| 18 15| 300.0 15 30| 15 15| 54.02
15 38| 29 23| 300.0 15 38| 23 23| 755
15 45| 32 30| 300.0 15 45| 30 30| 179.7
20 30| 13 10| 300.0 20 30| 13 10 300
20 40| 39 20| 300.0 20 40| 31 20 300
20 50| 38 30| 300.0 20 50| 37 30 300
20 60| 56 40 | 300.0 20 60| 54 40 300
Table 1. Results of 16 instances with con- Table 2. Results of the upgraded model on
straints (P.1) to (P.4). the same 16 instances.

5 Conclusions et perspectives

This problem is close in its definition of Schalekamp and al. problem, yet the optimal
solution’s characteristics are very different. We showed that adding those characteristics
to the model yield better solutions than without, and is promising for the bigger problem
we want to study: some couple of tasks should be done at the same time on two different
machines. What will be the characteristics of this new problem’s optimal solution? Can
part of them be inferred from the problem we studied in this paper? Also, as the industrial
project is much larger, we will create approximation schemes to solve them.
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1 Introduction

Shop scheduling problems constitute one of the most studied classes in operations research because they
capture in different contexts the essence of allocating scarce processing resources to interdependent tasks
over time. Classical variants (job shop, flow shop, open shop) have quite different structures, and real
applications add a large diversity of constraints (e.g., release dates, sequence-dependent setups, non-linear
routes, or flexible multi-resource operations (Pinedo, 2016; Dauzeére-Péres et al., 2024)). Most objectives
are regular, i.e., non-decreasing in job completion times; makespan is the most studied, but min-sum
criteria such as total weighted tardiness are often more relevant in practice.

Since these problems are NP-hard, good quality schedules are usually obtained with heuristics. Con-
struction heuristics build a solution greedily from scratch, while improvement methods (local search, tabu,
evolutionary algorithms) start from one or several such solutions and refine them. Despite the success of
improvement methods, comparatively less attention has been paid to making construction heuristics both
efficient and broadly applicable.

In practice, offline construction heuristics or real-time scheduling are mostly based on dispatching/priority
rules because they are simple, transparent and fast (Artigues et al., 2005). However, insertion-based heuris-
tics (e.g., NEH Nawaz et al. (1983)) are known to produce superior schedules, and similar ideas exist for
open and job shops (Brésel et al., 1993; Werner and Winkler, 1995). The limited adoption of these methods
stems largely from their higher computational cost and the lack of generic insertion schemes. This work
addresses these challenges by proposing an insertion-based construction heuristic targeting the broad class
of problems representable as a directed acyclic graph (DAG) with non-negative arc weights and regular
objectives. By building on Tamssaouet and Dauzeére-Péres (2023) and generalizing insertion techniques
typically reserved for improvement heuristics (Mastrolilli and Gambardella, 2000; Artigues and Roubel-
lat, 2002; Kis, 2003), this approach enables a generic yet efficient construction method. From a practical
standpoint, this unlocks dual value: the heuristic serves as a superior standalone alternative to dispatching
rules in time-critical contexts, or as a mechanism to provide high-quality initial solutions for warm-starting
exact approaches and metaheuristics.

2 Problem modeling

The problem is specified in a general way so that many shop scheduling environments appear as special
cases. We are given a set of jobs J to be processed on a set of resources R. As in most machine scheduling
settings, we assume (a) each resource can handle at most one operation at a time (disjunctive constraint)
and (b) processing is non-preemptive. Each job j € J is described by a route graph, i.e., a simple directed
acyclic graph G; = (V}, A;). The nodes v € V; represent the operations of job j and each node is associated
with a set of modes M,; a mode M) € M, specifies the subset of resources M, C R that must process
that operation simultaneously. The arcs A; encode the technological or precedence constraints between
operations of the same job. Jobs may additionally have attributes such as due dates or weights, which are
required to evaluate the objective function.

To initialize an empty schedule, we build a single global DAG G = (V, A) by introducing two dummy
nodes: a unique start node o and a unique end node w. The node « is connected to every source node of
every job graph G, and every sink node is connected to w. For each resource r € R, we add an arc (o, w)
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that represents the (currently empty) sequence of operations on that resource. We assume a weight function
w : A = R>( assigning non-negative lags to all arcs, and that these lags satisfy the triangle inequality. With
this modeling, we can represent shop scheduling problems with non-linear routes, multi-mode operations,
sequence-dependent setup times, and, more generally, any problem with a regular objective whose solution
can be expressed on a DAG with non-negative weights.

3 Overview of the insertion heuristic

The construction process in Algorithm 1 can be described as follows. Each iteration considers the full set
of still unscheduled operations, i.e., C = £. This differs from most construction heuristics, which restrict
attention to the currently available operations (those whose predecessors are already scheduled),i.e.,C C &.
The candidate operation is selected using a priority function 7. In the computational results, the operation
with the largest processing time is selected. For every candidate operation e and for every feasible mode
M € M., we compute the set of feasible insertion positions induced by that mode and select the position
that yields the best value of the objective. Once an insertion has been applied, the schedule data (heads
and tails) must be updated. Recomputing longest paths from scratch at every iteration would make the
heuristic too slow on large instances. Instead, we rely on the incremental update algorithm proposed in
Katriel et al. (2005).

Algorithm 1 General Template of a Greedy Construction Heuristic

1: procedure BUILDSOLUTION(E, 7)
2: Initialize empty or partial schedule S
while £ # () do
Select candidate elements C C £ eligible for scheduling
e+ 7(C,9), €« E\{e}
Determine set of feasible and admissible insertion positions Z
Select an insertion position I. € Z, for e
S S (e le)

return S

4 Efficient enumeration of insertion positions

For the heuristic to be effective and efficient, it must evaluate many candidate insertion positions quickly
while avoiding the enumeration of dominated ones. This challenge is problem-dependent: in flow shop
problems feasibility is essentially guaranteed, whereas in job shop problems every insertion may create a
cycle in the conjunctive graph, so feasibility tests become the bottleneck. Early approaches such as Werner
and Winkler (1995) test feasibility by actually inserting operations and checking for a cycle, which is
computationally expensive when many positions must be checked. More efficient schemes are often used
in the context of improvement heuristics. To solve the flexible job shop scheduling problem (FJSP) with
makespan minimization, Mastrolilli and Gambardella (2000) propose an insertion scheme that exploits
monotonicity of reachability along a machine sequence and combines constant-time sufficient conditions
with binary search to determine only a small set of feasible and dominant positions. Kis (2003) later exploits
the results of Mastrolilli and Gambardella (2000) to improve the simultaneous insertion approach of Brucker
and Neyer (1998) on several machines. A similar approach is designed in Artigues and Roubellat (2002)
to efficiently insert an operation in multiple sequences while considering maximum lateness. However, this
last work shows that the introduction of sequence-dependent setup times invalidates the nice pruning
properties, and it was proposed to use computationally expensive traversal algorithms to ensure feasibility
of the insertion positions. It is also possible to build examples showing that the approaches of Mastrolilli
and Gambardella (2000) and Kis (2003) can miss optimal positions for min-sum objectives such as weighted
number of tardy jobs or total weighted tardiness.
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To overcome these limitations we adopt the parameterized reachability procedure of Tamssaouet and
Dauzere-Péres (2023). The procedure asserts the absence (or presence) of a path between two nodes by
running a breadth-first search with a cutoff depth; a path is confirmed or refuted during the traversal,
otherwise sufficient conditions similar to those of the works above are evaluated using the deepest layer of
the BFS tree. Because this check is parameterized, we can tune the cutoff to the difficulty of the instance:
small cutoffs are sufficient for classical variants, while larger cutoffs ensure feasibility in the presence of
constraints such as sequence-dependent setup times and dominance with regard to min-sum objectives.
Coupled with efficient enumeration over machine sequences, this yields a unified mechanism that identifies
feasible and dominant insertion positions for any regular objective, with a controllable trade-off between
speed and accuracy.

4.1 Preliminary comparison with reference methods

This subsection reports a preliminary comparison between the proposed insertion-based construction
heuristic and representative methods from the literature on four classes of scheduling problems: (i) the flex-
ible job shop with non-linear routes (Birgin et al., 2015), (ii) the flexible job shop with multiple resources
per operation (Dauzeére-Péres et al., 1998), (iii) the classical job shop problem (Mati et al., 2011), and
(iv) the job shop with sequence-dependent setup times (Artigues et al., 2005). All problems are considered
under a makespan objective, except for Mati et al. (2011) where the weighted number of tardy jobs is
optimized. For each problem class we report the average upper-bound gap (UB gap, in %) with respect to
the best upper bounds. Our goal is not to outperform every specialized method, but to assess how far a
single, relatively problem-independent insertion heuristic stands from the basic and advanced procedures
proposed in those papers. Table 1 summarizes the results. For every paper we identify two baselines:

— Birgin et al.: Birgin et al. (2015) propose a simple list algorithm (basic baseline) and a beam search
(advanced baseline). The proposed heuristic clearly improves on the list algorithm. Its UB gap remains
slightly above the beam search, but the running time is in the order of milliseconds, whereas the beam
search reported in Birgin et al. (2015) requires more than 10® seconds on average.

— Dauzére-Pérés et al.: Dauzere-Péres et al. (1998) also combine a list-based construction (basic)
with a tabu search algorithm (advanced). The insertion heuristic outperforms the list construction
while keeping the average CPU time below 0.5 seconds.

Table 1. Average UB gap (%) compared to reference methods.

Method Birgin et al. Dauzeére-Péres et al. Mati et al. Artigues et al.
Basic 20.3 129.4 185.9 8.2
Advanced 1.0 4.8 0.0 3.2
Insertion Heuristic 4.0 31.2 160.2 12.8 (6.3)

— Mati et al.: Mati et al. (2011) propose an insertion procedure (basic) and a tabu thresholding
inspired method (advanced). Here again, the proposed heuristic is closer in spirit to the basic method
and should be compared primarily with that baseline.

— Artigues et al.: Artigues et al. (2005) study a job shop with sequence-dependent setup times and
combine six schedule generation schemes with nine priority rules. They run these combinations either
once (single pass) or 1000 passes. The basic figure for Artigues et al. corresponds to the best results of all
single-pass combinations, while the advanced figure corresponds to the best result over all SGS/priority-
rule combinations when 1000 passes are allowed. The insertion heuristic, when executed once, yields
an average UB gap of 12.8%, which is worse than their best single-pass configuration. When we run
the heuristic 1000 times and keep the best solution, the average gap decreases to 6.3%, showing that
the proposed construction method also benefits from multi-start.
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Overall, these results suggest that a single insertion-based heuristic can outperform the basic/list-type
constructions reported in three different studies, and can approach the quality of more elaborate methods
when the latter rely on multiple passes or problem-specific improvements.

5 Conclusions

The proposed heuristic shows that a single, insertion-based constructor can remain both generic and
efficient for shop scheduling problems that admit a DAG representation with non-negative arc weights and a
regular objective. By combining a reachability-driven enumeration of feasible positions with an incremental
update of heads and tails, it builds schedules that systematically outperform basic/list constructions from
the literature and come reasonably close to more elaborate methods. This makes it a practical starting point
for improvement heuristics and a small but concrete step toward more “generalist” scheduling heuristics
that can be transferred across problem variants.
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1 Introduction

Integrated scheduling and vehicle routing problems have received growing and sus-
tained attention in recent years dues to both their scientific relevance and their practical
applications (Berghman 2023). Their aim is to jointly coordinate production planning and
distribution organization in order to minimize costs while meeting delivery deadlines. Al-
though many studies focus on single-criterion or multi-criteria approaches, these studies
generally assume that production and transportation decisions are made in a centralized
manner or by stakeholders operating at the same hierarchical level. Such an assumption
can be restrictive in real-world supply chain contexts, where scheduling and transportation
activities are often handled by distinct entities with different decision-making levels.

In many real-world settings, the manufacturing company handles production plan-
ning, while distribution is outsourced to a transport provider. Upstream decisions such
as scheduling sequences and product release times shape the operating conditions under
which the carrier must construct its delivery routes.

This hierarchical interaction, where internal production optimization is combined with
minimization of transportation costs, cannot be accurately captured by traditional inte-
grated models, which generally assume a single compromise between objectives. In practice,
each decision maker pursues their own objective function and responds to the decisions of
the other. In this context, a bi-level modeling approach becomes particularly relevant to
represent the resulting decision hierarchy. In a bi-level framework (Dempe 2002), a leader
first selects a strategy optimizing its objective while constraining the subsequent decisions
of a follower.

2 Problem description

In this study, we consider a production unit responsible for fulfilling a set O of cus-
tomer orders. Once the orders are completed, their delivery is outsourced to an external
carrier. In this bi-level setting, the production unit acts as the leader and seeks to minimize
delivery delays, while the carrier assumes the role of the follower and aims to minimize
their transportation costs. Each order is characterized an earliest possible production start
date r; (for instance, due to raw material availability), a processing time p;, and a due
date d; set by the customer. The workshop consists of a single production line modeled as
a single machine. Scheduling is carried out without preemption. Moreover, the production
line operates continuously for efficiency reasons: no idle times may be deliberately inserted
during the production horizon.

The follower provides a vehicle with limited capacity @, that can perform multiple
delivery tours, starting from a date agreed upon with the leader. Storage space at the
loading dock is limited, as is commonly the case in warehouses. As a result, orders are
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loaded onto the vehicle as soon as they are completed. When the vehicle is out on a tour,
completed orders are temporarily stored at the dock and loaded upon its vehicle’s return.
After each tour, the vehicle returns to the workshop and immediately departs again with
the newly available orders. With every couple (7, j) of customers is associated a distance
t; ;. For every tour, the carrier determines the delivery sequence in order to minimize the
total distance traveled.

The schedule set by the leader largely determines the composition of each vehicle load,
as the follower still retains some flexibility by adjusting the delivery tours in order to control
the return time to the depot and, consequently, part of the composition of the subsequent
tour. Once the follower has optimized the routes, the leader evaluates the total cost of
delivery delays induced by the interaction between the two decision levels.

3 Bi-Level MILP Model

To formalize the problem, we propose a bi-level mixed-integer linear programming
(MILP) model. The leader aims to minimize ), ., T; where T; is the tardiness of the
order i to its delivery location. The leader’s decisions are modeled using binary variables
x;j, equal to 1 if order i precedes order j on the machine, and 0 otherwise. Unlike most
bi-level formulations in the literature, our model features a non-convex lower-level problem
corresponding to the follower’s decision process, which makes its resolution particularly
challenging. The follower’s objective is to minimize » ;. > ico ZheTtijyfj, where yfj is
the follower decision variable, equal to 1 if vehicle delivers customer i then j during trip h,
and 0 otherwise.

Most commercial LP solvers, such as CPLEX or Gurobi, are not suited for direct bi-level
model resolution. Initial tests confirmed their performance is inadequate for our problem.
Dedicated tools exist (e.g., (Fischetti 2017)), but its application to our model quickly
revealed significant limitations. These observations motivate developing a tailored exact
method capable of handling larger instances while guaranteeing optimality.

4 Branching Search Procedure

To overcome the limitations of the MILP approach, we propose an exact solution
method tailored to the specific characteristics of our bi-level problem. The main idea is
to solve the scheduling problem (leader problem) using a Branch-and-Bound (B&B) proce-
dure that explores the space of all possible order permutations. At each relevant leaf node
of the search tree, the corresponding routing problem (follower problem) is then solved
exactly using a "Label Correction Procedure”. We now present the main components of the
proposed method.

Branching Strategy and Node Selection: Let O denote the finite set of customer
orders. A partial schedule is represented by a sequence: o = (Jpy, ..., Jp)), i € {1,...,|0|},
where Jj;; denotes the it" order. The root node is associated to o = 0.

At each branching step, an unscheduled order J; € O\ ¢ is appended to the end of the
sequence, generating a child node o’ = (o, J;).

Nodes are explored in increasing order of their lower bound LB(c). When multiple
nodes share the same bound, they are explored according to a depth-first strategy. A LB
is computed only if the completion time induced by o exceeds the departure time of the
first vehicle tour.
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Lower Bound: The lower bound LB(o) provides a tight underestimation of the minimal
total tardiness achievable from a given node. It is calculated as the sum of two parts:

1. Tardiness of Scheduled Orders T'(0): To estimate the tardiness of the current sequence
o, we determine how orders are partitioned into delivery trips. Since the optimal routing
is not yet known, we apply a recursive procedure that evaluates every feasible trip
partition s € S. For each partition s, the departure time of trip h, denoted S"™*, is
defined as the earliest time at which all orders assigned to trip A have been completed
and the vehicle has returned from the previous trip. The return time from trip h — 1
can be estimated by S"~1 42 x maziey;  (to,i) where Hy , denotes the set of orders
assigned to trip h—1 in partition s. The earliest delivery time of customer i assigned to
trip h is D?’s = §™% 4+ tg ;. Tardiness T? of each order for the partition s is computed
as TF = max(0; D! — d;) where d; is the due date of order i. Finally, the value T, is
defined as the minimum total tardiness over all feasible trip partitions.

2. Tardiness of Unscheduled Orders: for the remaining orders, we adopt a direct-delivery
assumption to estimate their contribution to tardiness. We assume each order i € U(o)
is delivered individually as soon as it is completed, either after is release date (r;) or
immediately after the completion time of the last order in o (CZ,,..). The estimated
tardiness for each remaining order is T; = max(CZ,,,.7i) + pi + to,; — d;. Hence the
overall lower bound is the sum of these two parts: LB(0) = To + 3,170 Ti-

Upper Bound Initialization: The upper bound UB is initialized using two comple-
mentary heuristics: i. Farliest Due Date (EDD) where orders are sorted by increasing order
of their due dates, providing a deterministic initial sequence; ii. Random sampling where
ten random permutations of the orders are generated. For each permutation, the follower’s
routing problem is solved optimally through the label correction procedure described be-
low, allowing to obtain the final bi-level solution. The best evaluated sequence defines the
initial UB.

” Label Correction Procedure” to solve follower problem: At each leaf node, when
all orders in ¢ have been scheduled, the routing problem is solved optimally using a label
correction procedure on a graph in which nodes correspond to the orders in the sequence
o. An arc (4, j) is added if order J; precedes order J; in ¢ and if the total load of all orders
between J; and J; in the sequence does not exceed capacity @) of vehicle. A label associated
to a node i is characterized by the arrival time at the production site and the accumulated
routing cost. Each label is propagated along feasible arcs, taking into account arrival times
and the release constraints imposed by the production sequence. For each propagation,
multiple new labels are generated, corresponding to the possible delivery tours. Dominance
rules are applied only between labels with identical arrival times or complete sets of tours,
and only based on the routing cost. Symmetries, notably palindromic tours, are eliminated,
reducing roughly half of the solution space. The algorithm continues until no further label
extension are possible. The best non-dominated terminal label at the node of the last
order provides the optimal routing cost for the complete schedule . Thus every leaf node
is evaluated exactly, guaranteeing bi-level optimality of the solution.

5 Experimental results

Experiments were conducted on 20 instances for each problem size (5, 10 and 15 orders).
All the approaches ran on a computer 8-core with processor AMD Ryzen 7 7800X3D, 4.20
GHz and 32 GB of RAM and a time limit of 3600 seconds (1 hour). Instances are generated
as follows. Customers are first placed randomly according to a uniform distribution within
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a 16 x 16 square, with the production unit located at the center. Travel times d;; between all
locations are then computed and rounded down to the nearest integer. Processing times p;
are drawn uniformly at random from [1, 10]. Release dates r; are sampled uniformly between
0 and ), pi, while due dates d; are drawn uniformly from [r; + p; + 16, 2(r; + p; + 16)],

where 16 corresponds to the size of the square. Order sizes ¢; are uniformly sampled between
3X Zieo qi
—=ee—,

10 and 20, and the vehicle capacity is set to Q =

Table 1. Results of both exact methods on a set of instances of size 5, 10 and 15

MILP Branching Search
n #opt time(s) gap(%) #feas|#opt time(s) gap(%) #feas
5 20 1.232 0 20 20 0.002 0 20
10 1 3436 95 18 20 62 0 20
15 0 3600 100 0 2 3296 69 20

In Table 1, the columns report: #opt the number of instances for which the optimal
solution was found; gap the percentage deviation relative to the best solution found and
LB; and # feas the number of instances for which a feasible solution was obtained, without
guaranteeing optimality.

As shown in Table 1, the branching search outperforms the MILP solver on small
instances, especially those with 10 orders. In these cases, all optimal solutions are found
within a few minutes, whereas the MILP solver requires up to one hour and finds only a
single optimal solution. For size n = 15, the branching search method successfully identified
feasible solutions for all 20 instances and two optima, whereas the MILP solver failed to
find any feasible results within the time limit.

6 Conclusion and perspectives

We addressed an integrated production within a bi-level modeling framework. Branch
search algorithm was proposed, and computational experiments on small instances yielded
encouraging results, highlighting the potential for obtaining bi-level optimal solutions.

For future work, a major avenue for improvement lies in strengthening the LB. Promis-
ing directions include deriving more accurate bounds based on combinatorial structures,
such as those proposed in (Hougardy 2014), and integrating dominance conditions between
nodes in the search tree to prune infeasible or suboptimal sequences earlier.
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1 Introduction

The classical workload balancing (WB) problem in scheduling (Shtmoyashiro, Tsoda
and Awane 1984, Cigolini, Portioli-Staudacher 2002) focuses on optimally allocating tasks
across resources to minimise imbalances, thus enhancing system efficiency by preventing
both overload and underuse. This challenge is particularly critical for large enterprises
operating distributed production networks. In such contexts, the optimisation goal extends
beyond the traditional minimisation of total production time (makespan) or total job
delay. A key additional objective is to balance the workload across the various production
facilities. This is essential for managing critical resources, such as specialised machinery or
skilled personnel, which often require a specific, sustained workload level to function at peak
operational and economic efficiency. This introduces a multi-criteria optimisation problem
that integrates scheduling with strategic resource utilisation across a network. The WB can
be formalised as a Mixed Integer Linear Programming problem, but in many real-world
scenarios, the large number of tasks, facilities, and resources make the problem intractable
for traditional solvers; hence, there is a need to develop efficient heuristics. One of the main
approaches is represented by constructive heuristics (Perez-Gonzalez, Fernandez-Viagas,
Zamora Garcia and Framifidn 2019) based on dispatching rules which consist of priority
rules to select the best next assignment job-resource to do at each time step. Although
these algorithms provide feasible solutions without requiring great computational effort,
they generally do not provide high quality solutions.

To overcome these challenges, this work proposes a novel divide-and-conquer solution
approach that combines exact optimisation methods with machine learning techniques.
This hybrid framework is designed to efficiently tackle large-scale instances of the prob-
lem where traditional monolithic solvers fail. Rather than addressing the entire problem
directly, our method employs a strategic iterative refinement process. It begins by con-
structing an initial feasible solution using a fast greedy heuristic. The core of the algorithm
then iteratively selects and solves optimally sized sub-problems, each considering a small
subset of facilities. This procedure repeats until a predefined stopping criterion is met.

However, for rapid convergence to high-quality solutions, the sub-problem selection
(performed at each iteration) plays a crucial role. To this end, we leverage a Graph Atten-
tion Network (GAT), trained to predict which subset of facilities, once locally re-optimised,
is expected to yield the greatest global improvement in the objective function. This learned
heuristic guides the decomposition, ensuring that computational effort is focused on the
most promising areas of the solution space.
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Extensive computational experiments show how our approach overcomes the scalability
limitations of exact solvers like Gurobi, consistently delivering high-quality solutions with
stable performance as the instance size increases.

2 Problem formulation

Given a set of facilities F', a set of resources K; for each facility ¢ € F', a set of critical
resources KC; C K; for each facility ¢ € F, and a set of jobs J, the Multi-Facility Load
Balancing Problem consists of finding a feasible assignment of jobs to facilities and time
periods that respects resource capacities while minimising a weighted sum of total tardiness
and imbalance across critical resources. In this framework, we assume that each job can
be performed by all facilities and that each facility can perform multiple jobs in the same
time period. We define the decision variables as follows. Let z; ;+ € {0,1} equal to 1 if job
j € J is assigned to facility ¢ € F' and processed in time period ¢ € T, and 0 otherwise;
d; > 0 denote the tardiness of job j € J; and yx ; > 0 represents the total load imposed on
resource k € K; at facility ¢ € F' during time period ¢t € T'.

min aZdj + 8( Z Wkt — Y| + Z max(0, Yt — Wk,t)) (1)

jeJ i€ F i€ F

keKC; kelC;
teTy teTy
it
in,j,t “Pjk =Ykt Vie F\Vke K;VteT (C2)
j
Yot <crpe Vi€ FVke K, VteT (C3)
N @iyt <Tj+d; Vie FVje . (C4)
teT

Constraint C1 ensures the assignment of all jobs. C2 quantifies the load of each resource
k € K; of the facility ¢ € F at each time period (where p;, is the load required by k to
process j), and C3 ensures that its value must respect the resource’s capacity ¢, , which
might variate depending on the time period. Finally, C4 quantifies the delay (if any) of
each job j with respect to its due date Tj. The first term of the objective function (1)
represents the overall delay. The second, instead, the deviation from the optimal workload
of all critical resources, which is further divided into two components. The first component
accounts for deviation during the regular period 77, while the second component applies to
the additional buffer period T3, during which underload is not penalised. While not linear
in its current form, the objective function can be linearised through the introduction of
auxiliary variables and a small set of additional constraints.

3 Owur Approach

We propose a hybrid divide-and-conquer framework that iteratively decomposes and
refines the multi-facility load balancing problem. The method alternates between exact
optimisation of small sub-problems and efficient selection of which sub-problems to solve
next, guided by a machine learning model. The main steps of our approach are summarised
as follows:

Initial Solution. A constructive heuristic (EDD and assignment to the available facil-
ity with the shortest processing time) provides a feasible schedule, i.e., the starting point.
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Decomposition. The full problem (|F| facilities over |T'| periods) is split spatially and
temporally. The horizon is divided into © contiguous segments, creating © copies of each
facility. Each iteration selects a small subset of (facility, time-segment) pairs together with
their assigned jobs, forming a tractable sub-problem.

Iterative Optimization. At each iteration, we extract the current assignments for the
selected subset and formulate the corresponding sub-problem as a MILP. This restricted
problem is solved to optimality using a commercial solver. Because the sub-problem is
small, the solver finds the provably optimal reassignment of jobs within this subset very
quickly-often in seconds. Reintegrating this improved partial solution guarantees that the
global objective function value does not increase. The process repeats, gradually improving
the overall schedule through a sequence of localised optimisations.

3.1 Selection via GAT

The choice of which (facility, time period) pairs to optimise critically affects convergence
speed. To make this selection efficiently, we model the current state as a fully connected
graph. Each node represents a unique (facility, time period) pair, with node features encod-
ing its current load, capacity, processing-time statistics, penalties related to its job assign-
ments. Edges encode relationships between the pairs, including job punctuality, similarity
in processing times, coordination on critical resources, and correlations in their temporal
processing patterns. A pre-trained GAT processes this graph and assigns a scalar score to
each edge, which represents the normalised improvements in the global objective if the two
connected nodes were jointly optimised. The edge with the highest score (highest predicted
improvement) is selected for the next optimisation step. After each step, node features are
updated to reflect the new schedule. The GAT is trained offline in a supervised fashion on
data generated by an exhaustive greedy oracle. For each problem instance, the oracle (the
exact solver) computes the true objective decrease for every possible edge; these values are
normalised as target labels.

4 Results

We compare our approach against two benchmarks: the exact formulation and a ran-

dom variant of our algorithm (Section 3) that selects sub-problems uniformly.
We test 20 medium instances (12 facilities, 20 periods, 30 min time limit) and 20 large
instances (16 facilities, 28 periods, 60 min time limit), with © = 4 sub-periods. Resources
per facility follow a Bin(4,0.5) distribution. The 1300 * | F'| jobs have due dates uniformly
distributed over 52 periods; job loads are uniform between 105-165 min for critical resources
and 90-135 min for others. The code has been implemented in Python, using the PyTorch
Geometric library for the GAT and Gurobi for the exact solver. For mesuring the solution
quality we considered the improvement (in percentage) of the solution with respect to the
initial solution obtained with the greedy heuristic. The GAT has been trained on 900 prob-
lems solved to optimality. All experiments have been performed on a Intel(R) Core(TM)
i7-14700K 3.40 GHz CPU computer (Windows 11, Python 3.13.9, Gurobi Optimizer version
13.0.0 build v13.0.0rcl) with 32GB RAM.

As shown in figure la, in the medium size instances, after half an hour of computa-
tion our method almost matches the performance of Gurobi, providing an average gap of
4.4% to the Gurobi best solution (3.0% standard deviation), and outperforms the random
method, which reaches an average gap of 15.8% (3.8% standard deviation).For the large
size instances our method outperforms also Gurobi solver (figure 1b), improving its so-
lutions by the 6.2% on average (8.0% standard deviation). Instead, the random method
remains on average 6.4% worse than Gurobi (7.8% standard deviation).
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Fig. 1: Results on instances of medium and large size

Figures la and 1b show that our approach finds high-quality solutions faster than
Gurobi, which requires significant time to initialise and find a first feasible solution, and
in particular in the large case, our method shows more consistent improvement. Further-
more, in these experiments, we have focused on instances that remain within Gurobi’s
solvable range. However, for larger problems (more factories and longer planning hori-
zons) the memory requirements for Gurobi could become prohibitive. In such cases, our
decomposition-based strategy remains viable, enabling the solution of problems beyond the
reach of conventional solvers.

5 Conclusions

In this work we developed a machine learning-based heuristic using a divide-and-
conquer approach to tackle the MFLBP, effectively addressing large real-world instances
where exact solvers fail. Our method consistently outperforms a random baseline, partic-
ularly as instance size increases, demonstrating the efficacy of our refined graph neural
network scoring mechanism for sub-problem selection. Comparative analysis against the
Gurobi solver across medium, and large instances revealed a key strength of our heuristic:
scalability. While Gurobi performance degraded significantly with size, suffering from high
runtime memory and large optimality gaps, our heuristic maintained stable performance,
finding high-quality solutions faster and more reliably at scale.

In conclusion, the proposed heuristic provides a robust, scalable, and effective approach
for large-scale MFLBP instances.
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1 Introduction and Related Work

Semiconductor manufacturing is a long and highly complex process in which lots (jobs)
of wafers are routed through multiple workshops comprising numerous processing steps (or
operations) (Moénch Lars et. al. 2011) on production machines. Thus, each job requires a
given number of consecutive operations, called a route. Jobs are also regularly controlled
on measurement tools. Both production machines and measurement tools have limited
capacity. Hence, measuring every job is infeasible, and manufacturers rely on selective
sampling. A positive measure (i.e., the products in the lot are not defective) ensures that
all products processed on the same machine since the positive measure are not defective.
However, because the operations of a job occur at different times and on different machines,
only jobs processed earlier on the same machine can be validated, creating a strong coupling
between scheduling, maintenance, and sampling decisions.

This study aims to minimize the risk of product defects by jointly coordinating these
three types of decisions. Although each type has been extensively studied, fully integrated
approaches remain scarce. Surveys on sampling strategies (Nduhura-Munga Justin et.
al. 2013) report methods ranging from static sampling with fixed sampling rates to dy-
namic sampling that explicitly considers the capacity of measurement tools. Health indices
offer a compact representation of machine degradation and support maintenance and qual-
ity decisions (Kao Yu-Ting et. al. 2018), often derived through data-driven techniques such
as spectral clustering or autoencoder-based modeling. Metaheuristics have also been devel-
oped for scheduling with maintenance constraints, e.g., in (Tamssaouet Karim et. al. 2018)
for the job-shop scheduling problem (JSP).

Departing from these individual lines of work, this study adopts a fully integrated per-
spective by jointly optimizing production scheduling, maintenance, and sampling decisions.
We use a health-based indicator, the weighted WAR (Wafer-At-Risk) (Nduhura-Munga
Justin et. al. 2013), which evaluates the risk of product defects in each job due to machine
degradation while simultaneously guiding maintenance decisions. The resulting framework
aims to minimize the overall risk and to detect potential issues on production machines as
early as possible. The contribution is an integration of the JSP and risk default.

2 Problem Formalization and Resolution Methods

The workshop under study consists of several production machines and a single mea-
surement tool. We assume that all measures are positive, i.e., no defective products are
detected. Otherwise, another process starts to locate, stop and maintain the defective pro-
duction machine. The measurement tool processes one job at a time.
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We consider a Job-Shop Scheduling Problem (JSP). Two sets are considered: the set of
production machines and the set of jobs. Each job follows an ordered sequence of operations,
called a route, where each operation needs to be performed on a given machine. In this
study, all jobs visit all machines, though not necessarily in the same order or with identical
processing times.

2.1 Dynamic Behavior of the System
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Fig. 1: Evolution of the variables

Figure 1 illustrates the evolution of key variables for two machines (M1 and M1) and
six jobs. Each machine is associated with three dynamic components:
1. The schedule with the sequence of operations and maintenance actions,
2. The Equipment Health Index (EHI) that models the machine degradation, and
3. The Weighted War (WW), that captures the accumulated risk.

The weighted war (WW) of machine m increases at the completion time of an operation
proportionally to the EHI at its start (1), while the EHI decreases while the job is being
processed (2). A job can be measured once the last operation in its route is completed
(3). A positive measure resets the WW of the machine performing the last operation (4)
and partially reduces the WW on other machines previously visited by the job (5). The
reduction corresponds to the risk level when the job left each machine.

Maintenance actions are performed to prevent the EHI of machines to reach zero,
i.e. to avoid a machine failure. When maintenance is performed, the EHI returns to its
maximum value (6). Measures and maintenance are governed by two thresholds: A measure
is triggered when the EHI is smaller than T'H; (7), whereas maintenance occurs only when
it is smaller than T'Hy (8). These thresholds avoid unnecessary corrective maintenance
operations and ensure stable system behavior.

The objective is to minimize the cumulative risk, expressed as:

Fi = E g Wyt
meM teH

where w,,, ; denotes the WW of machine m at period ¢, M is the set of machines, and H
is the scheduling horizon.

2.2 Solution Approaches

Two complementary solution approaches are proposed: (1) An integer linear program
that can only solve small instances, and (2) A Genetic Algorithm (GA) for solviong
industrial-sized instances.

Figure 2 presents the chromosome structure. The first genome (1) encodes the job
schedule following a classical JSP representation. A second genome (2) specifies the action
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Fig. 2: Chromosome and corresponding decoded solution

assigned to each machine over time, choosing among four possibilities: (1) -, no action
(normal production), (2) T, measurement of a job that has completed its last operation,
(3) M, maintenance, and (4) TM, combined measurement and maintenance.

The decoding process is illustrated in Figure 2. For each machine, the first graph dis-
plays the sequence of operations and maintenance operations, the second graph shows the
evolution of the EHI, and the third graph depicts the WW. During a measure (3), the WW
decreases, while maintenance operations (4) restore the EHI to its maximum value.

3 First Numerical Results

Computational experiments were conducted on an HP EliteBook 840 G11 with an
Intel@®) Core™ Ultra 5 125U processor and 32 GB of RAM running Ubuntu 24.05.2 LTS. All
implementations were developed in C++ using the CPLEX API. Instances were randomly
generated using a uniform distribution. The input parameters are the number of jobs, the
number of machines, and the scheduling horizon. For each instance, the generator defines
the routes of jobs, the maintenance durations, and the processing times. The route of
each job is explicitly specified to ensure instances consistent with industrial conditions.
Two groups of instances are considered. The first group includes small instances used to
validate the mathematical model and verify that the GA gives optimal solutions. These
include two machines with a scheduling horizon of 10, with ten instances of two jobs and
ten instances of three jobs. The second group consists of industrial-sized instances with
10 machines, 50 jobs, and a scheduling horizon of 250. The processing times of operations
range from 1 to 3 time units, and of maintenance operations from 2 to 6. The EHI of each
machine decreases by 0.5 units per unit of processing time.

Table 1 reports the numerical results for the small instances. For each instance size,
the optimal solution determined by the mathematical model is compared with the best
solution determined by the GA. The mathematical model solves all instances to optimality
within 15 minutes, and the GA reaches the same solutions in less than 1,000 iterations.

Table 1: Optimal results for small instances

Stop 2/2/10 2/3/10

Model 15 min |450 450 700 650 700 500 700 650 600 550|950 650 500 800 1000 550 900 1000 550 1350
GA 1000 iter|450 450 700 650 700 500 700 650 600 550{950 650 500 800 1000 550 900 1000 550 1350

For the two industrial-sized instances, 10 independent runs were executed. Figure 3
summarizes the results, with the x-axis showing the number of iterations (up to 10,000,
sampled every 100 iterations). Figures 3a-3d present the average WW over the 10 rumns,
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while Figures 3b—3e show the corresponding standard deviation. Figures 3c—-3f report the
relative standard deviation (standard deviation divided by the mean).

Most improvements occur within the first 1,000 iterations. Beyond this point, the ob-
jective stabilizes and variability across runs remains low. The relative standard deviation
remains close to 6% for both instances, indicating good algorithmic robustness. Average
computational times were 225-227 seconds for 100 iterations, 2052-2167 seconds for 1,000
iterations, and 21,597-22,778 seconds for 10,000 iterations.
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Fig.3: Numerical results with GA for industrial-sized instances

4 Conclusion

In this work, an integrated approach that jointly optimizes production scheduling, main-
tenance, and sampling decisions in semiconductor manufacturing is proposed. By incorpo-
rating a health-based risk indicator, the approach explicitly links equipment degradation
to quality control actions. An integer linear programming model only solves small instances
to optimality, while the proposed GA efficiently handles industrial-sized instances and pro-
vides stable results across runs. Overall, the study shows that coordinated decision making
can effectively reduce risk and improve operational robustness.
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1 Introduction

In Operations Research (OR), algorithms generally rely on some parameters that need
to be specified in advance. Their values are crucial since they have a big impact on their
efficiency. In practice, these values are determined empirically and manually. Finding a
"suitable" collection of parameters is made possible by this laborious process, which typi-
cally does not ensure the best choice of parameters. The process is complicated by the fact
that the ideal set of parameters of an algorithm varies depending on the instance that is
solved (Doerr & Doerr 2020).

Although automated tuning is widely used in Artificial Intelligence (AI) and machine
learning (ML), its adoption in Operations Research (OR) is still at an early stage. A num-
ber of recent studies have shown a growing interest in parameter tuning and parameter
control, whether dynamic or static (Doerr & Doerr 2020). Most automated configuration
approaches focus on identifying a single high-performing configuration over a set of in-
stances. In contrast, our work aims at deriving parameter values that depend explicitly
on instance characteristics. We investigate how the different parameters are correlated and
how they influence the efficiency of the algorithm. The focus is set on the solution of
scheduling problems.

For our experiments, we consider a two-machine flowshop scheduling problem with n
jobs. Each job j € {1,...,n} has a processing time p; 1 on machine 1 and p;2 on machine
2. Let C; be the completion time of job j on the second machine. We focus on two criteria:
the makespan C), 4z, defined as the maximum completion time of jobs on machine 2 and
the total completion time Y C;, defined as the sum of completion times of jobs on machine
2.

The problem denoted by F2||Lex(Ciaq, » C;) consists in finding a schedule that min-
imises the sum of completion times under the condition that the makespan is optimal.

Problem F2||Cypnqz is polynomial, and solvable by Johnson’s algorithm (Johnson 1954),
while problem F2[|3" C; is strongly N'P-hard. As a result, the combined lexicographic
problem F2||Lex(Chyaz, y. C;) is also N'P-hard (T’kindt & Billaut 2006).

This problem has been the subject of multiple studies over the years, and both exact
methods (T’kindt et al. 2003) and heuristics (Gupta et al. 2001, T’kindt et al. 2002, T’kindt
et al. 2003) have been proposed. Among them, the SACO heuristic introduced in (T kindt
et al. 2002) is very efficient and based on Ant Colony Optimisation. In their publication,
the authors suggest values for the parameters (evaporation coefficient of 0.9, number of ants
Nbants = 20 and number of iterations Nbjte,- = 100) based on "preliminary experiments".

Our contributions are the following: first, in Section 2, we propose a method to au-
tomatically determine values for the parameters that maximise the efficiency. Next, in
Section 3, we investigate existing correlations between the parameters and the impact of
the instances of the scheduling problem on these correlations.
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2 Bayesian optimisation for ACO tuning

A popular approach for global black-box function optimisation is Bayesian optimisation,
which is primarily used in ML. Bayesian optimisation is a technique that aims at computing
the maximum of a mathematically unknown function f. The only requirement is to have
an oracle capable of computing the value f(z) for any input z € RY. Assuming that
the function can be modelled by a Gaussian process, this technique iteratively builds an
approximation of f. At each iteration, an acquisition function is used to determine the
next point z' on which the oracle is called to compute f(z!). Then, (x?, f(x!)) is used to
update the approximation of the function f. This process avoids exploiting the solution
space in a brute-force way to derive x*, the solution that maximises f.

Bayesian optimisation can be used to learn a good set of parameters for the SACO
heuristic on the scheduling problem. The parameters are the evaporation coefficient EC,
the number of ants Nb,,:s, and the number of iterations Nb;ze,.

A first question emerges: which learning model is suitable for predicting these pa-
rameters? Since some problem characteristics may influence their value, we formulate the
preliminary hypothesis that the instance size n is the most significant factor. Moreover,
we focus on configuring only Nbg,:s and Nb;er, as the evaporation coefficient is fixed at
0.9 following consistent evidence in the literature that this value performs well (T’kindt
et al. 2002). Under these assumptions, we model the parameters as linear functions of n:
Nbants = a1 X n+ ag and Nbje, = /Bl X n—+ /82~

Thus, using the above notations for Bayesian optimisation, we set = [, as, f1, B2
The function to maximise is then defined as the average efficiency of the SACO heuristic
for a given z, on a learning database Bjcq:n, 0Of scheduling instances that are randomly
generated. We also generate a separate validation database B, to verify that the learned
parameters generalise to unseen instances. More specifically, let us denote by > y CJA(I )
(resp. >, CJZ?A(I ,x)) the value of the objective function computed by the SACO heuristic
with the default values (resp. with parameter values z). On a given instance I of the
scheduling problem, we have:

fl@y=Y

I€Bicarn

>, G = 3,0 (U )

S CA(D) @

Table 1. Performance comparison between default and learned SACO parameters

Baseline Learned

n tavg(s) devavg (%) Nbants Nbite'r tavg(S) devavg (%) Nbants Nbite'r
50 | 0.44788  0.07038 20 100 | 1.04573  0.01278 63 122
100] 3.012984  0.14222 20 100 |20.50486 0.00273 113 170
150| 8.66312  0.13803 20 100 {126.33169 0.00027 163 219

The application of the Bayesian optimisation led to coefficients a; = 0.99683, ap =
13.78554, 81 = 0.96902 and (o = 74.08415, after 50 iterations corresponding to three days
of computation. Table 1 presents a computational comparison on B,,,; of the baseline SACO
(i.e. with the default parameters) and the SACO heuristic with the learned parameters. The
columns t4,4 report the average running time, in seconds, computed over 50 instances for
each problem size. The columns devq.4 give the average deviation value of f, also computed
over the same 50 validation instances. Smaller values of dev,,, are better; dev = 0 means
the method reaches the best known upper bound.
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On average, the learned parameters provide better solution quality, with only a slightly
higher computation time. The gap in computation time increases with the instance size,
but the performance improvement also becomes larger for bigger sizes.

This shows that a relationship between the instance size and the parameters exists
and can be exploited to improve the algorithm’s performance. The experiments with our
method show that better performance can be achieved by choosing more suitable parameter
values for the SACO heuristic, compared to the values manually proposed in the literature.
This naturally raises the question: can performance be further improved by identifying and
exploiting correlations between parameters, or between parameters and the instance of the
problem?

3 Correlations between the parameters

The Bayesian optimisation framework introduced in section 2 assumes that the pa-
rameters are independent once conditioned on the instance size. However, many heuristics
involve parameter roles such as exploration intensity (Nbgnts in the case of SACO), and
computational budget (Nbjzer). Understanding their interaction is therefore important to
reveal structure within the configuration space.

To explore these relationships, we run a grid search on SACO to evaluate a sampling of
configurations (Nbgnts, Nbjter) using the function f(z). This procedure is applied to 700
randomly generated instances with sizes ranging from 20 to 150 jobs, and because SACO
is stochastic, each configuration is evaluated over 10 repetitions. To each configuration
(Nbants, Nbiter) is associated the corresponding value of f on Bjegrn, and we only keep the
ones with a value greater than or equal to 85% of the maximum of f. Figure 1 presents the
corresponding configurations for instances with n = 50. We also indicate the configurations
corresponding to the literature parameters and the ones obtained by Bayesian optimisation.
To each point is shown the value of f.

Next, we identify the configurations that are Pareto optima of rank 1 and 2, in order to
build an interpolation of the relation of Nb,,+s and Nb;te, when looking for a performance
guarantee of at least 85% of the best configurations.

We consider ranks 1 and 2 for two reasons. First, in several cases, the points on the
first Pareto front are too few or too sparsely distributed to allow a reliable interpolation.
Second, the points on the second front are very close in performance to those on the first
front, and therefore provide additional near-optimal configurations that help obtain a more
robust approximation.

We then fit a global model linking Nb;e,r, Nbants, and the instance size n, using all
selected Pareto configurations simultaneously and conditioning the relation on n. Formally,
we consider a model of the form Nbjer = f(n, Nbants; z), where x denotes the global
parameters estimated through weighted least squares. In this way, we obtain an explicit
relationship describing how coupled parameter values evolve with the instance size.

The preliminary experiments on SACO indicate a clear correlation between the pa-
rameter values and the instance size. Once this process is completed and generalised, it
should yield a model that adapts the parameters to the instance size while capturing pos-
sible interactions between them. This model could then be integrated into the Bayesian
optimisation framework to further improve the quality of the resulting configurations.

4 Perspectives

This work shows that Bayesian optimisation can be used to outperform manual-based
tuning and is a first step towards automated configuration in Operations Research. The
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Fig. 1. Filtered high-quality SACO configurations (> 85%) and extracted Pareto fronts for n = 50.

purpose is not only to improve parameter values for SACO, but also to analyse how pa-
rameter interactions evolve with instance characteristics, with a perspective of transferring
this reasoning to algorithms showing comparable behaviours. We identify meaningful cor-
relations between parameters and instance size, and future work will investigate additional
instance features, such as the total processing times ZZ P, in order to build predictive
models capable of recommending parameter values tailored to each instance. Future re-
search will aim at completing and validating such a model for the SACO heuristic, and
then extending the methodology to other heuristics with similar structures or parameter
roles.
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1 Introduction

Classic packing problems often fail to reflect situations where packing time is as critical
as the cost of unused space. Such situations frequently arise in industries that employ
cutting machines, where the trade-off between productivity and efficient material utilization
must be managed. Consequently, a body of literature has sought to integrate packing and
scheduling decisions simultaneously, often under various assumptions regarding processing
times. Recently, Marinelli, Pizzuti, Wu, and Yagiura (2025) reported an interesting problem
that combines both decisions, named as the one-dimensional BIN PACKING WITH VARIABLE
PATTERN PROCESSING TIME (1BP-VPT), while their focus was on the packing perspective,
the 1BP-VPT has many similarities with the BATCH SCHEDULING PROBLEM (BSP), which
has been widely studied during the last couple of decades.

The 1BP-VPT aims to minimize a convex combination of a packing and a scheduling
objective. Given weights wi,ws > 0 with w; + we = 1, the objective is to minimize
Z = w1 N + w6, where N is the number of bins used and © is a regular cost function
of the completion times Cy,Cy, ..., Cy, of the n items (jobs). Each item ¢ € {1,...,n} has
an integer length [;, and all bins have identical integer capacity [. Using a bin requires a
constant setup time s > 0, incurred before processing its assigned items and each item
requires a constant processing time ¢ > 0. Particular emphasis is placed on the case where
O = Tinax, with the due dates of item i defined as d;, tardiness as T; = max{0, C; —d;}, and
Tmax = maxi<;<pn 1;. Except for a specific assumption regarding how completion times are
defined, the 1BP-VPT is analogous to the bounded BSP with parallel batching (p-batch),
classified as 1|p-batch, p; = p, dj|wi N +w26. In the 1BP-VPT, items assigned to the same
bin keep their own completion times, whereas in parallel batch scheduling all jobs in a
batch share the batch completion time. Both 1BP-VPT and its BSP variant are AN'P-hard
problems (Marinelli et al. 2025).

Marinelli et al. (2025) introduced solution approaches for the 1BP-VPT: an exact
branch-and-price (B&P) procedure and heuristic methods based on sort-and-fit (S&F) and
sequential value correction (SVC), the latter being the current state of the art. Notably,
these methods rely on well-established concepts from the bin packing and cutting stock
literature, with no direct connection to the BSP. Since both problems are typically treated
in isolation, this study shows that combining ideas from the two domains can yield clear
benefits. We derive a variable neighborhood descent (VND) procedure based on neighbor-
hood structures inspired by the BSP literature, providing an improvement phase for the
SVC heuristic. The hybrid method, denoted SVCynp, produces new best-known solutions
(BKS) while incurring only a marginal increase in computational cost.
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2 Variable neighborhood descent

The rationale for adopting a VND procedure is that a solution may be locally optimal
with respect to one neighborhood but not another, whereas any global optimum must be
locally optimal for all neighborhoods. VND therefore explores the solution space through
multiple neighborhoods, which can be applied sequentially, in nested or composite forms,
or in mixed-nested schemes (Mjirda, Todosijevié, Hanafi, Hansen, and Mladenovié¢ 2016).
In this study, we propose a basic VND in which the search restarts from the first neigh-
borhood whenever the best improving solution, if any, is accepted as the new incumbent.
We also introduce five neighborhood structures adapted from the intensification strategies
of Queiroga, Pinheiro, Christ, Subramanian, and Pessoa (2021), with minor modifications.
Algorithm 1 outlines the VND procedure. Starting from an initial solution I7, the method
explores the neighborhoods in sequence. A candidate solution I’ is accepted whenever it
improves the current solution, in which case the search restarts from the first neighborhood.
The process continues until no further improvement is found.

— Item insertion (N;): Each item is removed from its current bin and considered for
reinsertion into every other feasible bin. It may also be placed before the first bin, after
the last bin, or between two consecutive bins, which allows for the creation of a singleton
bin containing only that item. The neighborhood requires n- (n —1) = n? —n = O(n?)
moves, since in the worst case there can be up to n singleton bins. Evaluating the
insertion of singleton bins also takes O(n2), and computing the objective function
for each move requires O(n). Therefore, the overall computational complexity of this
neighborhood can be bounded by O(n?).

— Item swap (N3): Each item is considered for swapping with items from a different
bin. A swap move is feasible only if the maximum bin length [, is not exceeded in
either bin. In the worst case, with n singleton bins, the neighborhood contains at most
n-(n —1)/2 candidate swaps, which can be estimated in O(n?) time. Since evaluating
a single move requires O(n), the overall complexity of finding the best swap move is
O(n?).

— Bin insertion (N3): Each bin is removed from its current position and reinserted into
every other possible position. The complexity of this neighborhood is estimated to be
O(n?’)7 since in the worst case, when all bins are singletons, the operator reduces to
item insertion.

— Bin swap (N,): Each bin is swapped with a different bin. The neighborhood size is
O(n?), as there are n - (n — 1)/2 possible swaps when all bins are singletons. Conse-
quently, in the worst case, the overall complexity is O(n?), analogous to the item-swap
neighborhood.

— Bin merge (N5): Two distinct bins are merged, and the resulting bin is placed at the
earliest position of the two bins being merged. A merge is valid only if the resulting
bin length does not exceed the maximum bin capacity. As in neighborhood Ny, there
are at most n - (n — 1)/2 possible moves. Since evaluating the objective function for
each move requires O(n) time, the overall complexity is O(n?).

The VND is embedded within SVC, a sequential heuristic that constructs the solution
bin by bin while continuously updating pseudo-prices. These pseudo-prices are analogous to
shadow prices in column generation, guiding the selection of promising bins by repeatedly
solving a 0-1 KNAPSACK PROBLEM (KP). Each KP maximizes the sum of pseudo-prices
subject to the bin capacity. After a complete solution is generated, an update phase per-
turbs the pseudo-prices according to criteria that reflect the quality of the most recently
constructed solution. We follow the scheme proposed by Marinelli et al. (2025) and set
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Algorithm 1 Variable Neighborhood Descent (VND)
Require: 11, N = {Ni,Na,...,|N|}
Ensure: IT*

1. II" + 11

2: k+1

3: while k < [NV do
4: II' «+ BestImprovement(II*, Ny)

5. if Z(II') < Z(IT*) then
6.

7
8

T « Ir
k+1 > Restart the search
: else
9: k<« k+1 > Move to the next neighborhood
10: end if

11: end while
12: return IT*

SVC to terminate after 1000 iterations, than the resulting solution is further improved by
VND, resulting in SVCynp.

3 Results and discussion

The procedure SVCynp is implemented in C++, compiled with g++ 15.2.0, and exe-
cuted on a machine equipped with an Intel® Core™ i7-12700 CPU @ 2.10 GHz, 16 GB
DDR4 RAM (4400 MHz), running Windows 11. Its parameters were tuned using irace
4.2.0 and configured as 11 = 50, o = 0.3, and 13 = 1. The results are compared with
those obtained from the executable provided in the repository of Marinelli et al. (2025),
also implemented in C++. This executable reports the best solution produced by the primal
heuristics S&F! and the basic SVC2. Since this is the only benchmark available in the liter-
ature, we take the outputs of their executable as the current BKS. Specifically, we compute
the relative percentage deviation (RPD) using the best objective value Z* obtained after
ten runs, each run terminated after 1000 iterations, as

Z* — BKS
RPD = BKS 100%.

The experiments are conducted on a set of instances that do not satisfy the integer
round-up property, hereafter denoted non-IRUP3. This set consists of 53 instances with sizes
n € [20,200] and bin capacity { = 1000. According to Marinelli et al. (2025), these instances
exhibit the largest average optimality gaps, especially when greater weight is assigned to the
scheduling component relative to the packing term. Therefore, we set w; = 0.2, wy = 0.8,
t = 0.2, and s = 1. We compare three algorithms: (i) the executable by Marinelli et al.
(2025), which serves as the literature reference for BKS, (ii) SVC with parameters tuned
by irace, denoted SVCp, and (iii) SVCynpD.

Table 1 reports the results for the non-IRUP instances, grouped by number of items,
presenting for each group the average RPD and the number of wins, draws, and losses (W—
D-L) relative to the BKS, where negative RPD values indicate improvements and positive
values indicate gaps. The aggregated results show that parameter tuning with irace often

! S&F is deterministic and runs in O(nlogn).

2 As reported by Marinelli et al. (2025), SVC is set to terminate after 1000 iterations.

3 Due dates were added by Marinelli et al. (2025) to the packing instances of the Dresden Cutting
and Packing Group (CaPaD).

264



Table 1. Results on non-IRUP instances.

Size (n)|#Inst. SVCrp SVCvnp
RPD W-D-L Time (s)] RPD W-D-L Time (s)
20 1 |-5.405 1-0-0 0.039 |-5.405 1-0-0 0.039
40 3 |-4.630 1-2-0 0.128 |-5.484 2-1-0 0.128
60 9 |-4471 9-0-0 0.306 |-4.929 9-0-0 0.291
80 3 |-5.838 3-0-0 0.466 |-5.838 3-0-0 0.486
100 4 -1.709 3-1-0 0.724 |-4.180 4-0-0 0.734
120 10 |-1.241 7-3-0 1.250 |-3.041 9-1-0 1.232
140 3 |-0406 2-0-1 1.730 |-1.627 2-0-1 2.450
160 7 1-0.670 4-0-3 2433 |-4.820 7-0-0 2.383
180 5 0.074 2-1-2 3.607 |-5.261 5-0-0 3.715
200 8 0.095 4-0-4 5.079 |-6.269 8-0-0 5.086

enhances solution quality, though not uniformly across all instance sizes; for instance, when
n € {180,200}, the performance of SVCp fluctuates around the BKS, balancing wins and
losses and yielding a slight increase in average RPD. In contrast, SVCynp improves on the
BKS in all groups, with the VND-based improvement phase proving especially effective on
larger instances. Despite some variation in running times across instances, Table 1 indicates
that the average CPU time of SVCynp increases only marginally.

4 Conclusion

In this extended abstract, we examine the connections between machine scheduling and
packing, highlighting how techniques from one domain may benefit the other. To illustrate
this, we develop a flexible VND framework that incorporates neighborhood structures
adapted from the BSP literature. To validate our approach, we first analyze the SVC
procedure proposed by Marinelli et al. (2025), currently the state of the art for solving the
1BP-VPT. We then perform additional experiments using irace and embedding a VND
procedure as an improvement phase within SVC. The results show that the VND has the
potential to improve current BKS while incurring only a marginal increase in CPU time.
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